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MATHEMATICAL ASPECTS OF SHOR’S ALGORITHM
CHRISTOPHE PITTET

ABSTRACT. Given a large n-bits integer N < 2", Shor’s algorithm
finds with positive probability a factor of N after
O(n?lognloglogn)

quantum steps. We describe some of the mathematical aspects of
Shor’s algorithm. We mainly follow a description due to M. Batty,
S.L. Braunstein, A. J. Duncan and S. Rees.

1. INTRODUCTION

There exist (determistic) algorithms, based on the Agrawal-Kayal-
Saxena primality test, which decide wether a large n-bits integer N is
prime or not in O(n®) classical steps (see [5] and [3]). But the best
known algorithms (including probabilistic ones) which deliver a factor
of N, all require a superpolynomial number of classical steps in n. For
example, the Schnorr-Seysen-Lenstra probabilistic algorithm factorizes
N < 2™ in

exp(O((nlogn)*))
classical steps [4]. In constrast, Shor’s algorithm [7] delivers (with
positive probability) a factor of N < 2™ in O(n?log nloglogn) quantum
steps.

Implementing efficiently a quantum algorithm on a quantum com-
puter is a major goal in today’s science and technology. It involves sta-
bility issues in quantum technology. But the mathematical aspects of
Shor’s algorithm are elementary: the algorithm relies on the structure
of cyclic groups, on Fourier transform on cyclic groups, on orthogonal
projections in finite dimensional Hilbert spaces, on continued fraction,
on properties of the Euler function, and on the Euclidean algorithm.
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2 CHRISTOPHE PITTET

The goal of this note is to explain how those tools beautifully com-
bine in Shor’s algorithm. We mainly follow [2] where the interested
reader will find more details. It is obvious from our exposition that
O(n*) bounds the complexity of the algorithm. Shor’s tight bound
O(n?lognloglogn)) is more technical and we do not attempt to ex-
plain it.

2. REDUCING THE FACTORIZATION PROBLEM TO A PERIOD
FINDING PROBLEM

2.1. The Euclidean algorithm is efficient. Let a,b € N, b # 0,
a > b. It is convenient to define r_; = a and ry = b. For ¢ > 0, the
Euclidian division

Ti-1 = Qiy17i + Tit1,

with ¢;+1 € Nand 0 < r;11 < r;, defines the Euclidean algorithm: the
smallest n € N with r, = 0 is such that the greatest common divisor
of a and b is

GCD(a,b) =1p-1.
It also defines the continuous fraction
a " 1
- = q -
b ' g2 + iL

an

Any truncation of it is called a convergent of the continuous fraction.
It is easy to check that r;1o < r; hence the algorithm finds GDC(a, b)
after O(log a) divisions.

2.2. The first steps in Shor’s algorithm are classical and they
involve the structure of the unit group (Z/NZ)". We are given a
large integer N < 2" and the goal is to find a factor of N. We choose
an integer

l<y< N

at random. We compute GCD(y, N) (on a classical computer) with
the Euclidean algorithm. As explained above it requires at most O(n)
divisions. If it turns out that GCD(y, N) # 1 then we have found a
factor of N and the algorithm stops. In the case GCD(y, N) = 1, that
is if y has an inverse modulo N, then we consider y as an element of
the multiplicative group of units (Z/NZ)" of the ring Z/NZ. Let r be
the order of y in (Z/NZ)".
Assume we are lucky in the sense that r is even. We have:

(" =1)(y?+1) =y —1=0[N].
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That is N divides (/2 — 1)(y"/2 +1). So at least one of the prime
factors of N must divide y"/2 + 1 (otherwise N would divide y"/2 — 1
and this would contradict the definition of ). This implies

1 <GCD(y"*+1,N).
Assume we are super lucky in the sense that r is even and
y"/? +1# O[N]

(see the proposition below for a lower bound on the probabiliy of being
super lucky in the above sense). In this case,

1<GCD(y"*+1,N)< N

is a non trivial factor of N and we can efficiently compute it with the
Euclidian algorithm, provided we know 7.
If E is a finite set, let |E| denotes its cardinal.

Proposition 2.1. (A lower bound on the probability of picking y with
good properties.) Assume N is odd. Let m be the number of distinct
prime factors of N. The set

{y € (Z/NZ)" : the order r of y is even and y"'* + 1 # O[N]}

contains at least
1

elements, where o(N) = | (Z/NZ)"| is the Euler function.

(The proof is based on the fact that if p is an odd prime and m € N
then (Z/p™Z)" is cyclic.)

As it is obvious to find a factor in the case N is even and as it is
easy to find a factor if N is a power of a single prime (compute the
d-root of N for d < log N/log3 and check if it is a factor of N), we
may apply the above proposition, with m > 2. In this case, we see that
we are super lucky in the above sense more than half of the time. So if
we have a device which efficiently compute the order r of y, then the
strategy is straightforward: first we efficiently compute a candidate for
a factor of N as explained above. Then we check if the candidate is
indeed a factor. If not, we pick another y and try again. The chance

we don’t get a factor after 10 tries for example, is less than 2%0 = ﬁ.

3. MATHEMATICAL CONCEPTS FOR CLASSICAL/QUANTUM
COMPUTATIONS

3.1. Classical bits versus quantum bits. A (classical) bit is the
field Z/2Z with two elements. It has two states 0 and 1.
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A quantum bit, (a g-bit), is the group algebra over the field of complex
numbers of the group with two elements:

Clz/2Z) = C* = {a0+ 1 :a,B € C}.

It has two fundamental states O and 1. A state of a ¢-bit is a unit
vector in C? for the standard hermitian product on C? which makes 0
and 1 an orthonormal basis. Hence any state v of the ¢-bit C[Z/2Z] is
a complex superposition

v=a0+ p1
of the fundamental states with the condition
a? +[8° = 1.

We will view C[Z/2Z)] as a Hilbert space with two distinguished ele-
ments 0 and 1.

3.2. Classical memory versus quantum memory. An n-bit regis-
ter (or memory) is the Z/2Z-vector space (Z/2Z)". Tt has dimension
n over Z/27Z. A state of it is any of its 2" elements.

An n-q-bit register (or memory) V,, is the Hilbert tensor product of
n copies of the ¢-bit C[Z/2Z)]:

V, = C[z/22)®" = (C*)*".

The Hilbert product of two pure tensors is

(Ul & .- ®Un7w1 Q- ®wn) = H(wal)
i=1
Hence if we denote
€y = 0, €1 = ].7
then the 2" fundamental states

{€i, ® - ® €, Fi,.in)e(@/22)>

form an orthonormal basis of V,,. A state of V,, is any of its unit vector.
Hence any state v is a complex superposition

v = Z afrer
I1e(Z/2Z)"
of the fundamental states with the condition
> =1
1€(2/22)"™

We may view a quantum n-register as an enhancement of a classi-
cal n-register: not only it contains the 2™ fundamental states but it
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contains also any of their complex superposition (of unit norm). This
makes possible to consider the homogeneous state

1
g 2 O
1€(z/22)"
of the quantum register V,, which entangles all fundamental states in a
single quantum state. This entanglement of information is a common
feature in quantum algorithms and as we will see, it is the first step in
the period finding part of Shor’s algorithm.
We will use the following identifications:

C[z/2Z)®" — C[(Z/22)"] — C[Z/2"Z],

n
. . . -1
6i1®"'®62‘n'—>(11,---,2n)'—>E 0281
k=1

The two maps are isomorphisms of Hilbert spaces: each of the above
three families of elements, on which we have specified the maps, forms
an orthonormal basis with respect to the chosen Hermitian product on
the complex vector space it belongs to. In any of the three models of V,,
we will refer to the above orthonormal basis as the set of fundamental
states.

3.3. Classical computation versus quantum computation. A com-
putation is a map

f(z)22)" — (Z)2Z)"

from the m-register to the n-register. A quantum computation is a
unitary transformation

Uu:V, ="V,

from the quantum n-register V,, to itself.

Notice that a classical computation may not be reversible (for exam-
ple if m > n), whereas a quantum computation always is, by definition
of a unitary transformation. Nevertheless any (classical) computation
can be handled with a quantum computation. Indeed, if f is as above,
we define

U - Vin @ Vi = Vi @ Vi,
TRy (flx)+y).

Some caution about notation is in order here. The element z varies
among the 2™ fundamental states of V,, and y varies among the 2"
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fundamental states of V,,. Hence x ® y varies among the 2" funda-
mental states of V,,,.,, = V,, ® V,, which form an orthonormal basis.
The right hand side of the tensor

r®@(flr)+y) €V V,
is best described in the model
Vo =C[(Z/22)"]

where the sum f(x) + y makes sense (because f(z) € (Z/2Z)" and we
may see y € C[(Z/2Z)"]) and is by definition a fundamental state.

Obviously f(z) + f(z) = 0 in (Z/2Z)". Hence Uy is a well defined
unitary involution. We can recover f from Uy by choosing y = 0®- - -®0
and projecting

U(z®0®---®0) =2 ® f(2),

to the second register.
The Walsh-Hadamard transform

Wy:Vi =WV

is defined as the unitary transformation of the ¢-bit V; = C[Z/2Z] into
itself whose matrix in the basis of the fundamental states 0, 1 is

A(1%)

(It is the complexification of the orthogonal reflexion in the real plane
generated by 0 and 1 whose axis forms an angle with RO of measure
7/8.) The Walsh-Hadamard transform

W, :V, =V,

is defined as
W,=W&---Wj.

It is obviously a unitary transformation because W is a unitary trans-

formation. For example, if we allow ourself to denote also by W; the

matrix of the unitary transformation W; in the orthonormal basis of

the fundamental states, then the matrix of W5 in the orthonormal basis
of the fundamental states is

1 Wy W 1 -1 1 -1

E(W1 —W1)§ 1 -1 -1

-1 -1 1

—_ = =
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It is easy to check that

1
Wn(()@...@()): Z er

is the homogeneous state.

3.4. Measurements on a quantum register. Let V' be a finite di-
mensional Hilbert space over C. A measurement on V is a finite col-
lection of orthogonal projections
P,....B:V =V,
(hence P? = P; and P = P;) such that
(1) PP =0ifi#j,
(2) idy = Z?:l B

If V is a quantum register in a state v € V, ||v]| = 1, and if the
measurement
(P17 T Pk)
is applied, the result of the measurement is the integer
1<i<k

with probability
P(i) = || Pi(v)|*.
Notice that according to Pythagoras

D_P@) = IR@IP =13 R@I? = llof* =1

If the measurement (Py,--- , Py) is applied to a register V' in the state
v € V and if the integer ¢ is observed, then the register after measure-

ment is in the state
Pi(v)

1P ()|l
(Notice that if 7 is observed then P;(v) # 0 because obviously P(i) # 0.)

4. THE FOURIER TRANSFORM ON FINITE CYCLIC GROUPS

Let n be an integer. Let C[Z/nZ] be the complex group algebra of the
cyclic group Z/nZ and let L?(Z/nZ) be the Hilbert space of complex
valued functions on Z/nZ. We perform the natural identification

C[Z/nZ] — L*(Z/nT),

Z Ay Z a0z,

T€ZL/NL x€EL/NL
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where a, € C and J,(y) = 0 if x # y and 6,(zr) = 1. The basis
{02 }sez/mz 1s an orthonormal basis of L*(Z/nZ) for the scalar product

(6, 0) = > o(x)v(x).

x€ZL/nZ

It is easy to check that the characters
X¢:Z/nZ — C*

x +— exp(2imcx /n),

1)
\/ﬁ cEZ/nZ

also form an orthonormal basis of L?*(Z/nZ). We define the Fourier
transform F as the unique unitary transformation which extends

LX(Z/nZ) — L[*(Z/nZ)
XC

Jn

Fl DY f@e | = > flos.,

z€ZL/NL cEZ/NZ

when normalized as

— 0.

That is

where

Although the following proposition is not needed in building Shor’s
algorithm (a more elaborated version of it is needed; see Proposition
8.1 below), it is helpful to have it in mind.

Proposition 4.1. Assume r is a factor of n. Let
f:Z/nZ — C
be a function of period r. Then

fle)=0
excepted if
06{0;;;--- ;(7“—1);}

Proof. The subspace of periodic functions of period r has dimension r.
It is generated by

n/r

X . ’X(rfl)n/r

) Xn = 1Z/nZ~
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5. CONSTRUCTION OF THE DOUBLE QUANTUM REGISTER IN
SHOR’S ALGORITHM

As explained in the first section, the factorization problem is reduced
to a finding period problem. We explain how a double quantum register
encodes the relevant periodic function. Let N be the large integer we
want a factor of. Let n be the unique integer such that

2" < NP <2

Let
L = [log, N1.
Let 1 <y < N such that GCD(y, N) = 1. Let
f:Z)2"7 — 7.)2"7

x — y*mod[N].

In the definition of f it is understood that
y* € {0;1;...;N -1} C Z/2"7Z.

(Notice that there is no reason for the order r of y in (Z/NZ)"
to divide 2", hence strictly speaking, the function f is not necessary
periodic. But as we will see, f captures enough of the periodicity of

7 — (Z/NZ)"
=y’

so that the order r of y can be extracted from it.)
Let V,, ® V1, be a double quantum register. Let it be in the state

0 - ®0)0® ---®0)eV,® V..
We have:
Up(Wy @idy,)(0® - ®0)® (0®---®0)

x€EL/2"L

:27}/2 S 2w f).

TE€Z/2"T.

The unitary operator Uy can be theoretically implemented on a quan-
tum computer as the composition of O(n3lognloglogn) elementary
quantum gates because the classical modular exponentiation y*mod[N],
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with N < 2" needs less than O(n®lognloglogn) classical gates: ex-
ponentiation by squaring needs O(n?) multiplications between n-bits
numbers, and multiplication of two n-bits number needs less than
O(nlognloglogn) classical gates. On the other hand W,, needs O(n)
elementary quantum gates.

At this point, it may seem that the goal is reached: it is possible to
entangle all the values of the function f(x) = y*mod[N] in a single state
of a quantum register which is the tensor product of O(log N) quantum
bits, using O(n?log nloglogn) elementary quantum gates, where N <
N? < 27, In fact there are two obstacles left. First, as mentioned above,
the function f is not really periodic. A well-known rigidity feature from
number theory handles this issue (see Proposition 9.1 below). The
second obstacle is the measurement problem: extracting information
from a quantum register perturbs its state. So it is not obvious to
extract a period from it. This problem is solved by first measuring the
second register V7, then applying a Fourier transform, then measuring
the first register V,,. We explain these points in what follows.

6. MEASUREMENT ON THE SECOND REGISTER

Let L = [log, N, as in the previous section. Let
Vi, = C[z/2"7Z).
Let b € Z/2'7Z C C[Z/2"Z) be a fundamental state. Let
BV, =V

be the orthogonal projection onto the complex line Cb. The family of
projectors

{idv, ® Pi}vezarz

obviously forms a measurement on V,, ® Vi. If this measurement is
applied to the state

2,}/2 >z f(a),

x€L/2"L
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then b € Z /27 is observed with probability

lidv, @ B | 5 3 7® f@) | I

z€L/2"L
1 2
:HW Z |
z€f~1(b)
0]
on

Notice that if b is observed, then after measurement the double register
is in the state

T

Notice also that if b is observed then the above formula for the proba-
bility of observing b implies that f~!(b) is nonempty. Let us denote

by ZJ2"Z — C,

the normalized characteristic function of the set f~!(b):

I ()
SV =IO

With this notation, the state of the double register can be written as

Z Up(x)x | @ b.
T€L/2"T
7. APPLYING THE FOURIER TRANSFORM

As explained above the Fourier transform F on the group Z/2"Z is
a unitary transformation of V,, = C[Z/2"Z]. We have

(Feidy) | Y, @)z ]| b

x€L/2"L
= Z y(c)e | @b.
cEZ/2"Z

It can be performed by running O(n?) elementary quantum gates.
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8. MEASUREMENT ON THE FIRST REGISTER

Let c € Z/2"Z. Let
P.:V,—=V,
be the orthogonal projection onto the complex line Cc. The family of
projectors
{P. ®@idy, }eez)omz
obviously forms a measurement on V,, ® Vi. If this measurement is
applied to the state

Z Qﬁb(c)c ® b,

cET/2T,
then ¢ € Z/2"Z is observed with probability

ls(e)e ® BII* = [dhy(c) .
Recall that the order r of y € (Z/NZ)" satisfies r* < N? < 2",

Proposition 8.1. The probability of observing 0 < ¢ < 2™ with the
property that there exists an integer s such that 0 < s < r with
GCD(s,r) =1 and

1

272’

C S

2n

s2(-3)

where ¢ denotes the Euler function.

1S greater or equal to

Notice that the inequality in the above proposition can be rewritten

as
on
c—s—| <
r

127

272

As r? < 2", the above inequality imposes a weaker constrain on ¢ than
the inequality

2TL
C— S§—
r

1
5
But in the special case of periodic functions we have seen that there
exists an integer s such that the left hand side of the above inequality
vanishes. Hence, it is expected that the almost periodic distribution
of the set f~!(b) implies the existence of an s satisfying the above

inequality. Technically, notice that there exists 0 < a < r, where r is
the order of y in (Z/NZ))", such that

') ={a+kr:k=0,...,K,—1}

<
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where K, is the largest integer such that a + (K, — 1)r < 2". Hence
by definition | f~!(b)| = K, and the probability of observing c is

c

[G0(e)* = (0, 375)

2
1R < 2i7rc(a+k:r))'
Z exXp _2—n .

K, on
k=0

The above formula enables one to prove the proposition.

9. END OF THE ALGORITHM: RECOVERING THE PERIOD THROUGH
THE CONVERGENTS OF A CONTINUOUS FRACTION

The final step of Shor’s algorithm is based on the following well-
known number theoretical property of continued fractions.

Proposition 9.1. Let x € Q. Let s, # 0 be two integers. Assume

Then s/r is a convergent of x.

The quantum computer provides us with the integer ¢. According to

Proposition 8.1, with positive probability, the integer ¢ satisfies
1

n ol 2r?’
for some integer s such that 0 < s < r and GCD(s,r) = 1. So with
positive probability, Proposition 9.1 applies with z = 5%, r = order(y)
in (Z/NZ)*, and some s such that 0 < s < r and GCD(s,r) = 1.
Therefore with positive probability, the order r is a denominator of the
reduced form of one of the convergents of 7. The Euclidean algorithm
computes efficiently the convergents in reduced form of ;. So it is
possible to efficiently list their denominators.

C S

10. A LOWER BOUND ON THE EULER FUNCTION

The efficiency of the algorithm depends on the lower bound

220

from Proposition 8.1. When N goes to infinity the period r, which is
by definition the order of a random element in (Z/NZ)*, may also go
to infinity. The bad new is that for infinitely many integers m,
p(m) _ 1
m exp(7) loglogm’
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where v = 0,57... denotes Euler’s constant (see for example [1, The-
orem 13.14 (b)]). The good new is that the quotient admits a lower
bound which goes to zero extremely slowly: for m > 2,

p(m) 1
> 2.50637

m eXP(V) 1Og 1Og m + loglogm

(see [6]).
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