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Abstract

Concurrentwith recenttheoreticalinterestin theproblemof metricembedding,a growing bodyof
researchin the networking communityhasstudiedthe distancematrix de�ned by node-to-nodelaten-
ciesin the Internet,resultingin a numberof recentapproachesthatapproximatelyembedthis distance
matrix into low-dimensionalEuclideanspace.Thereis a fundamentaldistinction,however, betweenthe
theoreticalapproachesto the embeddingproblemandthis recentInternet-relatedwork: in additionto
computationallimitations, Internetmeasurementalgorithmsoperateundertheconstraintthat it is only
feasibleto measurea linear (or near-linear)numberof nodepairs,andtypically in a highly structured
way. Indeed,themostcommonframework for Internetmeasurementsof this typeis abeacon-basedap-
proach:onechoosesuniformly at randoma constantnumberof nodes(`beacons')in thenetwork, each
nodemeasuresits distanceto all beacons,andonethenhasaccessto only thesemeasurementsfor the
remainderof thealgorithm. Moreover, beacon-basedalgorithmsareoftendesignednot for embedding
but for the morebasicproblemof triangulation, in which oneusesthe triangleinequalityto infer the
distancesthathavenotbeenmeasured.

Herewe give algorithmswith provableperformanceguaranteesfor beacon-basedtriangulationand
embedding.Weshow thatin additionto multiplicativeerrorin thedistances,performanceguaranteesfor
beacon-basedalgorithmstypically mustincludea notion of slack — a certainfraction of all distances
maybearbitrarily distorted.For metricsof boundeddoublingdimension(which have beenproposedas
a reasonableabstractionof Internetlatencies),we show that triangulation-basedreconstructionwith a
constantnumberof beaconscanachieve multiplicative error1 + � on a 1 � � fractionof distances,for
arbitrarily small constants� and� . For this sameclassof metrics,we give a beacon-basedembedding
algorithmthatachievesconstantdistortionona1� � fractionof distances;thisprovidessometheoretical
justi�cation for thesuccessof therecentGlobalNetwork Positioningalgorithmof Ng andZhang,andit
formsaninterestingcontrastwith lowerboundsshowing thatit is notpossibleto embedall distancesin
a doublingmetricwith constantdistortion. We alsogive resultsfor otherclassesof metrics,aswell as
distributedalgorithmsthatrequireonly asparsesetof distancesbut donotplacetoomuchmeasurement
loadonany onenode.
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ySupportedby thePackardFellowshipof the�rst author.
zSupportedby NSFgrant0311333.
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1 Intr oduction

Thepastdecadehasseenmany signi�cant andelegantresultsin thetheoryof metricembeddings(for recent
surveys, seee.g. [16, 25, 28]). Embeddingtechniqueshave beenvaluablein the designandanalysisof
algorithmsthatoperateon anunderlyingmetric;many optimizationproblemsbecomemoretractablewhen
thegivenmetricis embeddedinto onethatis structurallysimpler.

Meanwhile,an active line of researchin the networking communityhasstudiedthe distancematrix
de�ned by node-to-nodelatenciesin the Internet [9, 12, 14, 15, 23, 37], resultingin a numberof recent
approachesthatapproximatelyembedthisdistancematrix into low-dimensionalEuclideanspace[5, 7, 30,
32, 36].1 However, thereis a fundamentaldistinctionbetweenthis Internet-relatedwork andthelargebody
of theoreticalwork on embedding,dueto the following intrinsic problem: in anyanalysisof thedistance
matrix of theInternet,mostdistancesare not available. Thecostof measuringall node-to-nodedistances
is simply too expensive; instead,we have a settingwhereit is generallyfeasibleto measurethedistances
amongonly a linear (or near-linear) numberof nodepairs,andtypically in a highly structuredway. In-
deed,themostcommonframework for Internetmeasurementsof this typeis abeacon-basedapproach:one
choosesuniformly at randoma constantnumberof nodes(`beacons')in thenetwork, eachnodemeasures
its distanceto all beacons,andonethenhasaccessto only theseO(n) measurementsfor theremainderof
thealgorithm.(For example,thedatacanbesharedamongthebeacons,whothenperformcomputationson
thedatalocally.)

This inability to measuremost distancesis the inherentobstaclethat standsin the way of applying
algorithmsdevelopedfrom the theory of metric embeddings,which assume(and use)accessto the full
distancematrix. Thus,to obtaininsightat a theoreticallevel into recentInternetmeasurementstudies,we
needto considerproblemsin following two genres.

(i) Whatperformanceguaranteescanbeachieved by metricembeddingalgorithmswhenonly a sparse
(beacon-based)subsetof thedistancescanbemeasured?

(ii) At anevenmorefundamentallevel, many Internetmeasurementalgorithmsareseekingnot to embed
but simply to reconstructtheunobserveddistanceswith reasonableaccuracy (seee.g.[9, 12, 14, 23]).
Canwe give provableguaranteesfor this typeof reconstructiontask?

Reconstructionvia triangulation. Within thisframework,wediscussthereconstructionproblem(ii) �rst,
asit is a morebasicconcern.Motivatedby the researchof Franciset al. on IDMaps [9], andsubsequent
work, we formalizethereconstructionproblemhereasfollows. Let S be thesetof beacons;andsuppose
for eachnodeu, andeachbeaconb 2 S, we know thedistancedub. Whatcanwe infer from this dataabout
theremainingunobserveddistancesduv (whenneitherv norv is abeacon),assumingweknow only thatwe
have pointsin anarbitrarymetricspace?Thetriangleinequalityimpliesthat

max
b2 S

jdub � dvbj � duv � min
b2 S

dub + dvb; (1)

andit is easyto seethat thesearethe tightestboundsthatcanbe provided on duv if we assumeonly that
the underlyingmetric is arbitrarysubjectto the given distances.We will saythat duv is reconstructedby
triangulation2, with distortion� � 1, if theratio betweentheupperandlower boundsin (1) is at most� .

1Wespeakof Internetlatenciesasde�ning asa“distancematrix” ratherthanametric,sincethetriangleinequalityis notalways
observed; however, onecanview the recentnetworking researchas indicating that severe triangle inequality violationsarenot
widespreadenoughto preventthematrix of node-to-nodelatenciesfrom beingusefullymodeledusingnotionsfrom metricspaces.

2Note that this is oneof several standardusesof the term “triangulation” in the literature;it shouldnot be confusedwith the
processof dividing upa region into simplices,whichgoesby thesamename.
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Sinceit is muchcheaperfor nodesto exchangemessagesthanto actuallyestimatetheir round-tripdistance
on theInternet(thelatter typically requiresa signi�cant measurementperiodto producea stableestimate),
triangulationcanbevaluableasaway to assigneachnodea shortlabel— its distancesto all beacons— in
sucha way thatthedistanceduv canlaterbeestimatedby a third party(or by oneof v or v) just from their
labels. This canbe viewed asa kind of distancelabeling, andwe discussrelatedwork on this topic (e.g.
[10]) below.

To give performanceguaranteesfor triangulation,we alsoneeda notionof slack. Evenin very simple
metrics,therewill besomedistancepairsthatcannotbe reconstructedwell usingonly a constantnumber
of beacons.Considerfor examplea setof regularly spacedpointson a line (or in a d-dimensionallattice);
pointsu andv thatarevery closetogetherwill have a distanceduv that is muchsmallerthanthedistance
to thenearestbeacon,renderingtheupperboundobtainablefrom (1) useless.We thereforesaythata set
of beaconsachievesa triangulationwith distortion� andslack� if all but an� fractionof nodepairsin the
metricarereconstructedwith distortion� .

A fundamentalquestionis thenthe following. Supposewe have an underlyingmetric spaceM , and
desiredlevelsof precision� > 0 and� > 0. Is therea functionf (�; �) (independentof thesizeof M ) sothat
f (�; � ) beaconssuf�ce to achievea triangulationwith distortion1+ � andslack� ? Clearlysuchaguarantee
is not possiblefor every metric; in the n-point uniform metric,with all distancesequalto 1, any distance
thatis notdirectlymeasuredwill have a lowerboundfrom (1) equalto 0. Thusweask:aretherearenatural
classesof metricsthatare triangulablein thisway?

Beacon-basedembedding. Therecentwork of Ng andZhangonGlobalNetwork Positioning(GNP) [30]
showedhow a beacon-basedsetof measurementscouldembedall but a small fractionof Internetdistances
with constantdistortionin low-dimensionalEuclideanspace,andthis result touchedoff an active line of
follow-up embeddingstudiesin thenetworking literature(e.g. [5, 7, 32, 36]). Notethattheempiricalguar-
anteefor GNP naturallyde�nes a notion of � slack for embeddings:an � fraction of all nodepairsmay
have their distancesarbitrarily distorted.Again, it is easyto seethat this notion of slackis necessaryfor
a beacon-basedapproach.The GNP algorithmforms an interestingcontrastwith thealgorithmsof Bour-
gainandLinial, London,andRabinovich [4, 26] for embeddingarbitrarymetrics.Theselatteralgorithms
useaccessto the full distancematrix andbuild coordinatesin the embeddingby measuringthe distance
from a point to a set— in effect, setsthat canbe aslarge asa constantfraction of the spacethusact as
“super-beacons”in a way that would not be feasibleto implementfor all nodesin the context of Internet
measurement.

In order to understandwhy beacon-basedapproachesin general,or the GNP algorithmin particular,
achieve goodperformancefor Internetembeddingin practice,a basicquestionis the following: arethere
naturalclassesof metricsthatareembeddablewith constantdistortionandslack� , usingaconstantnumber
of beacons?

The presentwork: Performanceguaranteesfor beacon-basedalgorithms. We begin by showing that
distancesin a metric spaceM whosedoublingdimensionis boundedby k can be reconstructedby tri-
angulationwith distortion1 + � andslack � , usinga numberof beaconsthat dependsonly on � , � , and
dimensionk, independentof the sizeof M . We de�ne the doublingdimensionhereto be the smallestk
suchthateveryball canbecoveredby at most2k ballsof half theradius(see[1, 13, 21]); wealsocall such
a metric 2k -doubling. The point hereis that we arenot assuminga reconstructionmethodthat explicitly
knows anything aboutthe doublingpropertiesof M ; rather, as long asthe numberof beaconsis simply
largeenoughrelative to thedoublingdimension,oneobtainsaccuratereconstructionusingupperandlower
boundsobtainedfrom the triangleinequalityalone. Doublingmetrics,which generalizethe distancema-
tricesof �nite d-dimensionalpoint sets,have beenthe subjectof recenttheoreticalinterestin the context
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of embedding,nearest-neighborsearch,andotherproblems[13, 19,20, 21, 35]; andanincreasingamount
of work in thenetworking communityhassuggestedthattheboundedgrowth rateof ballsmaybea useful
way to capturethestructuralpropertiesof theInternetdistancematrix (seee.g.[8, 30,31, 38]). Thus,given
thatstrongtriangulationperformanceguaranteesarenotpossiblefor generalmetrics(asnotedabovevia the
uniform metric), this positive resultfor doublingmetricsservesasa plausibletheoreticalunderpinningfor
thesuccessof beacon-basedtriangulationin practice.

Certainnon-trivial metricsexhibit astrongerphenomenonthatwe termperfecttriangulation: onall but
an� -fractionof nodepairs,theupperandlower boundsfrom thetriangleinequalityagreeexactly (i.e. with
distortion1). For example,onecanshow that f (d; � ) beaconssuf�ce to achieve perfecttriangulationwith
slack� on thepointsof a d-dimensionallatticeundertheL 1 metric. It is thusnaturalto askhow generally
this phenomenonholds. Perfecttriangulationturnsout not be possiblefor all point setsin theL 1 metric,
but we show that it canbeachievedfor all densepoint setsin L 1; by a densepoint setwe meanann-point
subsetof Rd in which theratio of thelargestto thesmallestdistanceis �( n1=d).

We next move on to resultsfor beacon-basedembedding.We show that every metric of doublingdi-
mensionk canbeembeddedinto L p (for any p � 1) with constantdistortionandslack� , usinga constant
numberof beacons,wheretheconstantsheredependon � andthedoublingdimension.Moreover, weshow
thatanembeddingwith thesepropertiescanbeachievedby acloseanalogueof theactualGNPalgorithmof
Ng andZhang,providing sometheoreticalexplanationfor its successin practice.It is interestingto notethat
metricsof boundeddoublingdimensioncannotbe embeddedinto Euclideanspace(or L p for any p � 2)
with constantdistortionin general[13, 34], so this is a casewhereallowing slackleadsto a qualitatively
differentresult.

While beacon-basedalgorithmsperforma manageablesetof measurements,they do soby choosinga
smallsetof nodesandplacinga largecomputationalloadon them.Severalrecentnetworking papers[5, 7,
32, 36] addresstheunbalancedloadof beacon-basedmethodsusinguniformprobing: eachnodeselectsa
smallnumberof virtual `neighbors'uniformly at randomandmeasuresdistancesto them;all nodesthenrun
adistributedalgorithmthatusesthemeasureddistances.Weshow how anextensionof our techniqueshere
canbeusedto give performanceguaranteesfor distributedalgorithmssuchasthese.

In particular, to analyzebeacon-basedembeddingalgorithms,we build on the techniqueswe develop
for reasoningabouttriangulation. We considersubgraphsG0 on the setof nodeswith the propertythat
embeddingsthat approximatelypreserve all edgelengthsin G0 musthave constantdistortionwith slack�
for thefull distancematrix. This is akind of “rigidity” property(with slack)thatfollows naturallyfrom the
analysisof triangulation,andwe canshow thatsubgraphsconsistingof node-to-beaconmeasurements,as
well assubgraphsbuilt in amoredistributedfashion,canbeusefullyanalyzedin termsof thisproperty.

Finally, we show thatstrongerguaranteescanbeobtainedin themorerestrictive classof stronglydou-
bling metrics. Following a de�nition of [19], we saythat a metric is strongly s-doublingif doublingthe
radiusof aball increasesits cardinalityby atmostafactorof s. Weshow thataconstantnumberof beacons
suf�ce to embedsuchmetricswith constantdistortion,usingamore“gracefullydegrading”notionof slack:
all but an � -fraction of distancesareembeddedwith distortion � ; all but an � -fraction of the remainder
areembeddedwith distortion2� ; andin general,all but an � j fractionareembeddedwith distortionj � .
We alsoobtain improvementsherefor distributed algorithmsthat engagein uniform probingof random
neighbors,in thestylediscussedabove.

Related Work. As discussedabove, the questionswe considerherediffer from the bulk of algorithmic
embeddingresearch(assurveyed in [16, 25, 28]) becausewe areableto measureonly a small subsetof
thedistances,andwe allow a notionof slackin theperformanceguarantee.Indeedthewholeproblemof
triangulation,which seekssimply to reconstructthe distances,would not be of interestif we alreadyhad
accessto all distances.Allowing slackchangesthekindsof performanceguaranteesonecanachieve; for
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example,asmentionedabove, doublingmetricsbecomeembeddablewith constantdistortionin Euclidean
spaceoncea small slackis allowed. At thesametime, we �nd that techniquesfrom thebodyof previous
work on embedding,combinedwith our resultson triangulation,areusefulin designingalgorithmsunder
thesenew constraints.

Work on distancelabeling[10] seeksto assigna shortlabelto eachnodein a graphsothatthedistance
betweenu andv canbe(approximately)determinedfrom their labelsalone.This is of courseanalogousto
our goalsin triangulation.In themostcloselyrelatedwork in this vein,Talwar investigateddistancelabels
for doublingmetrics[35]. Both theobjective andthetechniquesin [35] differ considerablyfrom our work
ontriangulationhere,however: in [35], theconcernis with labelsof low bit complexity, but theencodingof
distancesinto shortlabelstheremakesextensive useof thefull distancematrix,andit is thusnot adaptable
to our settingin which distancesto only a few beaconscanbe measured.The moreextensive useof the
distancematrix in [35] comesin pursuitof a strictergoal: distancelabelsin which thereis no notion of
slackin theperformanceguarantee.

Work on propertytesting[11] makesuseof a somewhat differentnotion of slack in its performance
guarantees:canan� -fractionof theinput bechangedsothata givenpropertyholds?Therehasbeensome
researchon propertytestingin metricspaces(seee.g. [22, 33], andrelatedwork on samplingfor approx-
imatingmetricpropertiesin [17]), but this work hasconsideredproblemsquitedifferentfrom whatstudy
here,andmakesuseof differentsamplingmodelsandobjective functions.Metric Ramsey theory[2] also
seekssubsetsof ametricsatisfyingspeci�c properties,but it tendsto operatein aqualitatively differentpart
of theparameterspace,exploringpropertiesthathold on thesub-metricinducedby relatively smallsubsets
of thenodes,ratherthanpropertiesthatholdon a largefractionof theedges.Finally, distancegeometry[6]
is a largeareaconcernedwith reconstructingpoint setsfrom sparseandimprecisedistancemeasurements;
our useof triangulationherecorrespondsto thenotionof triangle inequalityboundssmoothingin [6], but
beyondthisconnectionwearenotawareof closelyrelatedwork in thedistancegeometryliterature.

2 Triangulation

Webegin with somebasicde�nitions. For conveniencelet [n] denoteasetf 0; 1; : : : ; ng. In agivenmetric
space,let duv denotethedistancebetweenu andv, let B u(r ) denotetheclosedball f v : duv � r g, andlet
ru(� ) bethesmallestr suchthatjBu(r )j � �n . Let r �

uv (� ) = min(r u(� ); r v(� )) .
Given a setS of beacons,we de�ne lower andupperdistanceboundsfor eachpair (u; v) of points:

d�
uv = maxb2 S jdub � dvbj andd+

uv = minb2 S(dub + dbv). WesaythatS achievesan(�; � )-triangulation if
for all but an� fractionof thepairs(u; v), wehave d�

uv � (1 + � )d+
uv .

Our resultsfor triangulationandembeddingwill generallyinvolve showing that a large enoughsetof
beaconssampleduniformly at randomfrom the metric spacewill have a certaindesiredproperty. (For
brevity, we will refer to sucha sampledsubsetof the spaceas“a constantnumberof randomlyselected
beacons.”) Becausewe will be working in many caseswith constant-sizesamples,our propertieswill
typically hold with a constantprobabilitythatcanbemadearbitrarily closeto 1. Hence,in thiscontext, we
will sometimesusethephrase“with probabilitycloseto 1” asaninformalshort-handfor: with aprobability
thatcanbemadearbitrarilycloseto 1 by increasingthesamplesizeby a constantfactor.

As notedin the introduction,goodtriangulationboundscannotbe obtainedfor all metricssince,for
example,non-trivial lowerboundvaluesd�

uv cannotbeachievedin theuniformmetricin whichall distances
are1. However, it is interestingto notethatin every metricspace,theupperboundd+

uv actuallydoescome
within aconstantfactorof thetruedistanceonall but an� fractionof pairs.

Theorem 2.1 If M is anarbitrary �nite metricspace, thena constantnumberof randomlyselectedbeacons
achievesan upperboundestimated+

uv � 3duv for all but an � -fraction of pairs (u; v) with probability at
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least1 � 
 , where theconstantdependson � and
 .
Proof: Let Bu bethesmallestball aroundu containingatleast�n=2 nodes.For eachpointu in M , andwith
enoughbeacons,atleastonepointin B u will beselectedasabeaconwith probabilitycloseto1. Supposethis
happens,andlet bbea beaconin Bu . Thenall but at most�n=2 pointsv lie outsideB u or on its boundary;
for any suchpoint,we have dvb � dub + duv � 2duv andhenced+

uv � dub + dvb � duv + 2duv = 3duv : 2

The upperboundof 3 in Theorem2.1 is tight, asshown by the shortest-pathmetric of the complete
bipartitegraphG = K n;n with unit-distanceedges.For all non-beaconpairs(u; v) on oppositesidesof
G, we have d+

uv = 3duv . With a modi�cation of this example,we can in fact show that no algorithm
givenaccessto eachnode's distancesto all beaconscanestimateduv to within a factorbetterthan3 for a
large fraction of pairs(u; v). Speci�cally, we randomlygeneratea graphG0 by deletingeachedgefrom
G = K n;n with probability 1

2 . If u andv areon oppositesidesof G0, thenduv = 1 if the edge(u; v) is
present,andotherwiseduv = 3 with probability1 � o(1). But if neitheru nor v is a beacon,thefull setof
node-to-beacondistancesgivesno informationaboutthepresenceor absenceof theedge(u; v), andhence
onecannotresolve whetherthisdistanceis 1 or 3.

For metricsof boundeddoublingdimension,wehave amuchstrongerresult.

Theorem 2.2 In anys-doublingmetricM , a constantnumberof randomlyselectedbeaconsachievesan
(�; � )-triangulation with probability 1 � 
 , where theconstantdependson � , � , 
 , ands.

r u 2r/d

b

v

ruB

vr '

(a) (b)

Balls of radius r '
with > en/3s' points.

Figure1: Triangulationin doublingmetrics.

Proof: Fix any point u. Let r = r u(�=3), andconsidera large ball B = B u(2r =� ). By our de�nition of
r , thereareonly a small numberof pointsat distancestrictly lessthanr from u, andwe will ignoreour
estimateddistancesto thesepoints.By selectingenoughbeacons,wecanensurethatwith probabilityclose
to 1 at leastonebeaconb lies in Bu(r ). Considerany point v =2 B . Sinceb is closeto u andrelatively very
far from v, we canarguethat theupperandlower boundprovidedby b on thedistancefrom u to v will be
good(see�gure 1a). In particular, if d = duv thendvb + dub � d+ 2dub � d+ 2r = (1+ � )d, andsimilarly
dvb � dub � (1 � � )d.

It remainsto considerthe possiblylarge setof pointsin the annulusB � B u(r ). For thesepoints,a
beaconin Bu(r ) will notnecessarilysuf�ce to give thedesiredbound.Instead,weneedto usethedoubling
propertyto show that thepointsin theannuluscanbecoveredwith a boundednumberof very smallballs,
andwith probabilitycloseto 1 we canensurebeaconslie in mostof these.In otherwords,to estimatethe
distanceduv for v 2 B � Bu(r ), we will �nd abeaconcloseto v ratherthancloseto u.
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We would like to cover the annuluswith balls of small radiusr 0 = � r =2. By the doublingproperty,
B (andhenceB � Bu(r )) canbe coveredby s0 = s2+2 log 1

� balls of radiusr 0, asshown in �gure 1(b).
Disregardingballscontainingfewer than�n=3s0 pointsthrows out at most�n=3 points.Again, if we know
thateachof theremainingballscontainsa beacon,thenall pointsin theseballswill have upperandlower
boundsthatarewithin a1 � � factorof their respective distancesto u.

Thus,we concludeby arguing that if we chosea suf�ciently large (constant)numberof beacons,with
probabilitycloseto 1 a beaconwill beselectedin all but an�=3 fractionof ballscontaining�n=3s0or more
points.Combiningtheseresultsshows thatall but 1

3 �n pointshave goodestimateddistancesto all but 2
3 �n

points.This is thedesiredresult. 2

Thefollowing lemmais implicit in theproofof Theorem2.2,andit will beveryusefulin oursubsequent
discussionof doublingmetrics.To statethelemma,we introducethefollowing de�nitions. If E is a setof
pairsof pointsin M , we saythatE is an� -setif it includesall but an� fractionof all pairs,andwesaythat
it is astrong� -setif it includesall but an� fractionof all pairsof theform (u; v) for eachpointu.

Lemma 2.3 Consideran s-doublingmetric d and �xed � and � . Let � 0 = �s 2 log � � 1. Thenfor a strong
2� -setof nodepairs uv wehavemin(r u(� ); r v(� 0)) � � duv andtherefore r �

uv (� 0) � � duv .

Perfect triangulation. As mentionedin the introduction,the strongernotion of perfecttriangulation is
sometimesachievable,whend�

uv = d+
uv = duv for all but an� -fractionof nodepairs,usingonly a constant

numberof beacons.A naturalexamplewherethis occursis for thepointsof a �nite d-dimensionallattice
underthe L 1 metric (this is a consequenceof Theorem2.4 below). It is naturalto ask whetherperfect
triangulationis possiblefor all �nite pointsetsin theL 1 metric,but this is toostrong;considerfor example
theunionof thepointsf (i; n � i ) : i 2 [n]g andf� i; � (n � i ) : i 2 [n]g in theplane.

As a way to understandhow generalthis phenomenonis, we usethefollowing notionof a densepoint
setasa generalizationof thed-dimensionallattice: We saythata �nite subsetof Rd undertheL 1 metricis
denseif thecoordinatesof all pointslie in theinterval [0; kn1=d] for aconstantk, andtheminimumdistance
betweeneachpairof pointsis 1. (Wewill referto k asthedensityparameter.)

Theorem 2.4 In any densepoint set M under the L 1 metric, a constantnumberof randomlyselected
beaconsachievesa perfecttriangulationwith � slack andwith probability1� 
 , wheretheconstantdepends
on � , 
 , thedimension,andthedensityparameter.

Proof Sketch: Due to spacelimitations, we only provide a sketchof the proof here; the detailsare in
AppendixA. Also, for easeof expositionwe assumethatd = 2, but thesametechniquesextendnaturally
to any constantdimension.

Given a densepoint setM in [0;
p

kn]2, we divide M into squarecells with width andheight�
p

kn,
for a smallconstant� . Wepartitionthesecellsinto two types:heavyandlight, whereroughlyspeakingthe
heavy cells arethosethat containat least
( � 2n) points. We arguethat with probability closeto 1, each
heavy cell will containabeacon.Also, wecanignoreerrorsonpairsthatinvolve pointsin light cells,or that
involve two pointsin thesameheavy cell, sincetherearerelatively few pairslike this. Thus,we only need
to considerpairsof pointsthatbelongto distinctheavy cells.

We thenarguethat for mostheavy cells C, thereareheavy cells K 1; K 2; K 3; K 4 in eachof the four
“quadrants”of thesquare[0;

p
kn]2 de�ned by treatingC astheorigin. This requiresageometricargument

basedon thedensityproperty;however, oncetheexistenceof K 1; K 2; K 3; K 4 is established,onebeaconin
eachK i is suf�cient to provideatight lowerboundonany distancepair involving apoint in C. Analogously,
for the upperbound,we show by anotherapplicationof thedensitypropertythat for mostpairsof heavy
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cells C andC0, thereis a heavy cell K in the rectanglewith cornersat C andC0; onebeaconin K is
suf�cient to provide a tight upperboundondistancesbetweenpointsin C andC 0. 2

3 Embedding with a Small Setof Beacons

Wenow turnto theproblemof beacon-basedembedding.Let f mapthepointsof M into sometargetmetric
spaceX with distancefunctiondX ; wesaythatf is anembeddingof M , andfor nodesu; v 2 M , wewrite
d0

uv for dX
f (u);f (v) . Wede�ne thedistortionof f on asetof nodepairsE � M � M to betheratiobetween

the maximumamountby which distancesareexpanded,max(u;v )2 E d0
uv =duv , and the minimum amount

min(u;v )2 E d0
uv =duv . Wewill saythatf hasnon-contractingdistortion� onE if nodistancein E is shrunk

underf , andno distanceis expandedby morethana factorof � . Following our discussionearlier, we can
saythatf hasdistortion� with slack� if f hasdistortion� on some� -setof pairs.

We will beableto useour triangulationanalysis(particularlyLemma2.3)via thefollowing de�nition,
which is phrasedat a level of generalitythatwill beusefulin boththis sectionandthenext. Givena setE
of nodepairsin a metric,we canconsidertheweightedgraphG(E) in which thesepairsform theedges,
andeachedge(u; v) is labeledwith thedistanceduv . We saythata uv-pathP in G(E) is � -skewedif for
somee 2 P, thetotal edgeweightof P n f eg is at most� duv , ande is incidentto oneof u or v — in other
words,P consistsof an initial “long hop” followedby a numberof shortones.Finally, we saythat theset
of pairsE is a (strong)(�; � )-frameif G(E) containsa � -skewed pathfor all pairsin a (strong)� -set. We
will assumethroughoutthissectionthat� is suf�ciently small,speci�cally � < 1=4.

FramesE asde�nedherehaveauseful“rigidity” property, asthefollowing resultshows: anembedding
with boundeddistortionon thepairsin E mustalsohaveboundeddistortiononall but an� -fractionof node
pairs. In this sense,frameshave a similar �a vor to spanners, but they includea slackparameterandalso
requiretheapproximatelydistance-preservingpathsto have aparticular“skewed” structure.

Lemma 3.1 Considera metricM with (�; � )-frameE, andsupposean embeddingf : M ! X hasnon-
contractingdistortion� on E, where � � 1

4� . ThentheembeddinghasdistortionO(�) with slack � .
Proof: Supposethepair(u; v) hasa� -skewedpathP in G(E), with longedge(u; p). By thede�nition of a
framecombinedwith thetriangleinequality, wehave (1 � � )duv � dup � (1 + � )duv . Sincetheembedding
hasnon-contractingdistortion� on E, we have (1 � � ) � d0

up=duv � �(1 + � ) anddvp � � � duv ; hence,
usingtheassumptionsthatX is a metricandthat� < 1=4, wehave

d0
uv 2 [d0

up � d0
vp; d0

up + d0
vp] � duv [1 � � � � � ; �(1 + 2� )] � duv [

1
2

;
3
2

�] :

It follows that thedistortionof f is O(�) on thesetof all pairsthat have a � -skewed path,andthis is an
� -set. 2

We arenow in a positionto discusstheperformanceof beacon-basedembeddingalgorithms.Webegin
with a “black-box” result: in any doublingmetric,anembeddingwill have low distortionwith smallslack
providedit haslow distortiononall measurementsto a randomsetof beaconsof constantsize.

Theorem 3.2 Let M bean s-doublingmetricspace, andsupposewehavea black-boxalgorithmthat for
each size-k setof beaconsS � M will producean embeddingf S of M into a target spaceX with non-
contracting distortion � on the setof all node-beaconpairs. (That is, thesetof all pairs (u; v) where at
leastoneof u or v belongsto S.) Thenprovidedk is largeenoughrelativeto theparameters � , � , s, and
 ,
thefollowingholdswith probabilityat least1� 
 for a randomchoiceof S: theembeddingf S hasdistortion
O(�) with slack � .
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Proof Sketch: Choose� smallenoughsothat � � 1
4� . Now Lemma2.3 impliesthatwith a largeenough

constantnumberof beaconsrelative to � , � , s, and
 , thesetof all node-beaconpairswill form an (�; � )-
framewith probability at least1 � 
 . HenceLemma3.1 implies that an embeddingof M into X with
non-contractingdistortion� on thissetof pairswill have distortionO(�) with slack� . 2

We now turn this black-boxresultinto analgorithmthatembedsa doublingmetricin Rd with constant
distortionand� -slack.For reasonsof space,weonly provide asketchof theproof.

Theorem 3.3 Let M bean s-doublingmetricspace, andchoosea constantk so that log k
log log k = �(log s

� ).
There is an algorithmthat,with probability at least1 � 
 , embedsM into Rd with distortionO(log k) and
slack � , usingmeasurementsto a randomlyselectedsetof k beacons;here 
 andd areconstantsthatdepend
on k.

Proof Sketch: Denotethesetof node-beaconpairsby E. First we claim thatwith probabilitycloseto 1,
E is an(�; � )-framefor � = O(log� 1 k), wheretheconstantcanbeadjustedby tuning theconstantin the
de�nition of k. Indeed,lettingk = �( x logx) andskippingsomeeasydetails,wehave log x

log log x � 
(log s
� )

andlogs(�x ) � 
(log logk), wherethe constantscanbe adjustedsimilarly. The claim follows sinceby
Lemma2.3E is an(�; � )-framewith probabilitycloseto 1, aslongaslog 1

� = 1
2 logs(�x ).

Now, by Theorem3.2, it suf�ces to embedM into Rd sothat thedistortionon pairsin E is O(log k).
(The embeddingcanbe re-scaledso that it is alsonon-contractingon E.) We performthis embeddingas
follows. Let B be the setof beacons;we �rst embedB usingthealgorithmof Bourgain andLinial et al.
[4, 26]. Recallthatthis involveschoosing,for eachi = 1; 2; : : : ; blogkc, a collectionof x subsetsof B of
size2i , eachuniformly at random.Let Sij denotethej th of these.Weassigneachnodeb 2 B acoordinate
correspondingto eachsetSij , de�ned to bed(b;Sij ), theminimumdistancebetweenbandany point in Sij .

Having embeddedthebeacons,wethenembedeveryothernodeu usingthesesamesetsf Sij g; for each
Sij , nodeu constructsa coordinateof valued(u; Sij ). In theapproachof Linial et al., x = O(log k) sets
of eachsizearechosen.Here,by way of contrast,we take x = �( k); we claim that with this choiceof
randomsetsf Sij g in theembedding,thesetof node-beaconpairsis embeddedwith distortionO(log k) with
probabilitycloseto 1.

To establishthis claim, we give upperandlower boundson the embeddeddistances;the calculations
herediffer from [4, 26] in thatwewill betakingaunionboundoversubsetsof beacons,ratherthanover the
muchlargersetof all nodepairs.Theupperboundis straightforward,sowefocusonthelowerbound.Here,
we �x i andlet S andS0 be two disjoint subsetsof B of sizek=2i and2k=2i respectively. Onecanshow
thereis a constantc sowith probabilityat leastc, a givenSij hasthepropertythat it hits S andmissesS0.
Thustheexpectednumberof Sij 'swith thispropertyis ck, soapplyingtheChernoff bound,for largeenough
x = �( k) the probability that at mostcx=2 of Sij 's do not have this propertyis at moste� cx=8 � 2� 2k .
Thereforewith probabilitycloseto 1 for all i , for everypair S;S0 of disjoint subsetsof B of theright size,
this propertyholdsfor 
( k) setsSij . Oncethis is true,considerembeddingany given nodeu, separately
from all othernon-beaconnodes;ananalogueof thetelescoping-sumargumentfrom [26] givesthedesired
lowerboundwith probabilitycloseto 1. 2

Theabove embeddingfollows theGNP[30] framework, in which thebeaconsareembedded�rst, and
theneachothernodeis embeddedseparatelywith respectto the beacons.This thereforeprovidessome
theoreticalexplanationfor GNP's strongempiricalperformance.We alsoprovide a differentembedding
algorithmthatachievesqualitatively similarbounds:constantdistortionwith � slack,usingaconstantnum-
berof beacons.This alternatealgorithmofferssomewhatbetterquantitative guaranteesbut is lessusefulin
justifying GNP. This issueis discussedfurtherin AppendixB.
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4 Fully Distrib uted Approaches

Recentwork in thenetworking literaturehasconsideredso-called̀ fully distributed' approachesto triangu-
lation andembeddingproblems,in which no singlenodehasto performa large numberof measurements
[5, 7, 32, 36]. Instead,for a relatively smallparameterk, eachnodeselectsk virtual `neighbors'uniformly
at randomandmeasuresdistancesto them; let Ek denotethe setof all pairs(u; v) wherev is oneof the
selectedneighborsof u. All nodesthenrun a distributedalgorithmthatusesthemeasureddistanceson the
pairsEk to embedthefull metric. Thedistributedalgorithmsin thesepapersarebasedon differentheuris-
tics: Vivaldi [5, 7] simulatesa network of physicalsprings,Lighthouse[32] usesglobal-localcoordinates,
and[36] claimsto simulatethe Big Bangexplosion. They offer no proofs,but their experimentalresults
arequitestrong.In particular, Vivaldi [5] usesthetestbedfrom theGNPalgorithm[30] andclaimsslightly
betterperformance.Herewe considerwhatkindsof theoreticalguaranteescanbeobtainedfor algorithms
of this type;asin previoussections,we focuson doublingmetrics.

First, supposewe view thedistributedembeddingheuristicasa blackbox thatembedsthenodeswith
distortionat most� on the pairsEk . Is this enoughto provide a guaranteefor the full metric? By The-
orem3.2, it suf�ces to show that the setof pairsE k forms an (�; � )-framefor � � 1

4� ; thenwe have an
embeddingof thefull metricwith distortionO(�) andslack� .

Theorem 4.1 Let M be an s-doublingmetric,andk = sO(1) (log n)2 log s+ O(1) . For any � and � that are
each at least
(1 =logO(1) n), thesetEk of probededgesis a strong(�; � )-framewith highprobability.
Proof: Indeed,for someconstantc to bede�ned later, set� 0 = � =(clog n) and� 0 = �s 2 log � 0� 1=2, sothat
k = O( 1

� 0 logn) suf�ces to make surethatwith high probabilityeachnodehasat leastthreeneighborsin
a ball of size� 0n aroundevery othernode. By Lemma2.3, for a strong� -setof nodepairsuv, a ball of
size� 0n aroundoneof thenodes(sayv) hasradiusat most� 0duv . As we argued,u hasa neighborin this
ball, call it w. Now, eachnodein this ball hasat leastthreeneighborsin it, chosenuniformly at random.
Thereforethegraphinducedby thisball in Ek containsaconstant-degreeexpander, andhencehasdiameter
at mostclogn. This is the c we usein the de�nition of � 0 and� 0 (it is enoughto usean upperboundin
whichweassumetheinducedgraphhasn nodes).In particular, E k containsavw-pathwith atmostclogn
hops,eachof lengthatmost� 0duv , sothemetriclengthof thispathis atmost� duv . ThereforeEk is astrong
(�; � )-frame. 2

Theorem4.1alreadyhelpsprovide someunderpinningfor thesuccessof distributedembeddingheuris-
tics in recentnetworkingresearch.But to gobeyondthisblack-boxresultto concretedistributedalgorithms,
we needto think abouttechniquesfor triangulationandembeddingthatoperatein a decentralizedfashion
on thegraphG(Ek ). In this section,we focuson theproblemof distributedtriangulationin particular.

Here's aschematicdescriptionof adistributedtriangulationalgorithm.First,a (small)numberof nodes
S declarethemselvesto bequasi-beacons. Messagesarethenpassedover theedgesof thegraphG(E k ), at
theendof which eachnodeu has,for eachquasi-beaconb, a pair of upperandlower boundsl ub � dub �
hub. This is thecrux: unlike standardbeacon-basedalgorithms,nodeu never actuallymeasuresits distance
to beaconb(unlessthey happento beneighborsin G(E k )), soit mustinfer boundson thedistancefrom the
distributedalgorithm.Finally, thedistancebetweentwo nodesu andv canbeestimatedvia

max
b2 S

(jhub � lvbj; jhvb � lubj) � duv � min
b2 S

(hub + hvb):

We denotethe left-handandthe right-handsidesby d�
uv andd+

uv , respectively, andsaysuchprocessis a
quasi-(�; � )-triangulation if d+

uv =d�
uv � 1+ � for an� -setof nodepairs.GivenasetEk of measureddistances

asin Theorem4.1,our goalis to performquasi-triangulationwith only a smallnumberof messagespassed
betweennodes.
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Theorem 4.2 Let M be an s-doublingmetric. For any � and � that are each at least 
(1 =logO(1) n), a
quasi-(�; � )-triangulation canbeachievedin timepolylogarithmic in n with only an expectedpolylogarith-
mic loadpernode, takinginto accountthework for distancemeasurements,storage, andthenumberof bits
sentandreceived.

We'll usethefollowing multi-stagealgorithm.For simplicity, wereferto quasi-beaconsasbeacons.

Algorithm 4.3 Supposeeach nodeknows(�; � ; n) andchooses(� 0; k; c) asin Theorem4.1.

1. Each nodeselectsk neighbors3 uniformlyat random,measuresdistancesto them,anddecides(inde-
pendently, with probabilityk=n) whetherit is a quasi-beacon.

2. Beaconsannouncethemselvesto their neighbors. Speci�cally, each quasi-beaconbsortsits measure-
mentsfromlow to high andestimatesr b(� 0) by themeasurementranked2� 0k. Call this measurement
rb. Thenit sendsa message M (b;r b; i ) to all its neighbors, where i is thenumberof hopsthat the
message hastraversed,initially setto 0.

3. Whennodeu receivesM (b;r b; i ) from v, nodeu updatesits existing boundson dub usingthe new
boundsduv � 2ir b. Saythe message is new if u doesnot alreadystore M (b;r b; i0) with i 0 � i . If
soandmoreover duv � 2rb and i < clogn, thenu storesit and forwards M (b;r b; i + 1) to all its
neighbors but v.

Wenow analyzethisalgorithm.Let K = clogn. Eachmessageis forwardedatmostK times,yielding
theclaimedrunningtime. A givennodecanbroadcastthemessagefrom a givenbeaconat mostK times,
yielding the claimednumberof messagesper node. WhenM (b;r b; i ) is forwarded,all hopsbut possibly
thelastonehave lengthatmostr b, sothedistanceboundsin step3 arevalid.

By a straightforward applicationof Chernoff bounds,it holdswith high probability for every beaconb
thatat most2� 0k neighborslie within distancer b(� 0) from b, andat least2� 0k neighborslie within distance
rb(4� 0) from b, sor b(� 0) � rb � rb(4� 0).

Let Bu bethesmallestball aroundu thathassizeat least� 0n. In theproof of Theorem4.1we saw that
thegraphinducedby eachsuchball in Ek hasdiameterat mostK . Sincer b � rb(� 0), eachw 2 Bb will
receiveamessagefrom bvia apathof atmostK hopsof lengthatmost2r b each,sow will upper-bounddwb

by hwb � 2rbK . Moreover, since(by theproofof Theorem4.1)everynodeu hasaneighborw 2 B b, node
u will receive a messagefrom bvia thisw andbounddub by duw � hwb, which is (at worst)dub � 3rbK .

Now, by Lemma2.3 thereexistsan � -setof nodepairsuv suchthat theball B aroundu or v of radius
r = O(� duv =logn) hasat least4� 0n points.With highprobability, eachsuchball B containsabeacon,call
it b. SinceBb(2r ) containsB , r b � rb(4� 0) � 2r . Therefore,omittinga few details,beaconbyieldsbounds
on duv thatare(atworst)d(1 � O(� )) . Thiscompletestheproofof Thm.4.2.

5 Extensionsand Further Dir ections

Strongly doubling metrics. Wecanobtainanumberof improvementsto ourresultswhenthegivenmetric
isstronglydoubling.(Recallthatametricisstronglys-doubling[19] if doublingtheradiusof aball increases
its cardinalityby atmostafactorof s.) Westartwith animprovedBourgain-styleembedding;with acareful
accountingargumentwe show that it hasa `gracefuldegradation'property: for this singleembeddingand
any� > 0, thedistortionis O(log s

� ) for a strong� -setof nodepairs.As in [26], we considerthecaseof L 1

�rst; however, extendingto thegeneralL p is moreinvolvedthanin [26]. Thisgracefuldegradationproperty

3Neighborsareundirected,in thesensethatif u selectsv asa neighbor, thenu becomesa neighbourof v, too.
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shouldalsobecontrastedwith thelower boundson embeddingpresentedin [13]. We discussthis resultin
moredetailin AppendixC.

We also show that the following simple nearest-beaconembeddingis effective in strongly doubling
metrics: selectk beaconsuniformly at random,embedthe beacons,andthensimply positioneachother
nodeat theembeddedlocationof its nearestbeacon.It is nothardto show thatin strongly-doublingmetrics
thenearest-beaconembeddingis (essentially)asaccurateastriangulation.(It is worth noting,on theother
hand,that therearedoublingmetricsin which this nearest-beaconembeddingdoesnot yield goodresults,
evenallowing constantslack.)Combinedwith Algorithm 4.3,thenearest-beaconembeddingyieldsa fully
distributed(Vivaldi-style)embeddingfor stronglydoublingmetrics.Moreover, suchanembeddingwill have
the`gracefuldegradation'propertyif thebeaconscanembedthemselvesusingtheimprovedBourgain-style
algorithmdescribedabove.

Embeddability with � -slack for generalmetrics. Finally, thereis an interestingandquitenaturalopen
questionraisedby our work here: Canevery metric be embeddedinto L p with constantdistortionand�
slack?Standardexamplesof metricsthatrequiresuper-constantdistortionfor embeddingsinto L p — e.g.,
bounded-degreeexpanders— do not serve ascounterexampleshere,sincethey canactuallybeembedded
with constantdistortionand� slackinto auniformmetric.Wediscussthis furtherin AppendixD.

Acknowledgments. We thankPaul Francis,Martin Pál, Mark Sandler, andGun Sirer for usefuldiscus-
sionson this topic.
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Appendix A: DensePoint Setsunder L 1 Metric

Theproofof this theoremextendsthediscussionin Section2.

Theorem A.1 AnydensepointsetM undertheL 1 metriccanbeperfectlytriangulated.
Proof: For easyof expositionwe assumethat d = 2, but the sametechniquesextendnaturally to any
constantdimension.

Consideradensepoint setM in [0;
p

kn]2. Divide M into cellswith width andheight�
p

kn, for some
� to bechosenlater. Therewill be 1

� 2 cells. Let xC andyC denotetherow andcolumnof cell C. De�ne
h = min(� 2n=4k; � 2n�=3), andcall a cell C heavyif it containsat leasth points,andlight otherwise.The
ideais thatwe will beableto ensurethatwith high probability, nearlyall heavy cellswill containbeacons,
andthatanegligible numberof pointsfall outsideof theheavy cells.Wewill thenarguethatfor mostpairs
of pointsthatlie in heavy cells,triangulationwill give matchingupperandlowerbounds.

(a) (b)

C

C1 C2

C4 C3

1 2 1/d

2

1

1/d

Figure2: Densepoint sets:(a)acell C, A C in gray, andcorresp.quadrants;(b) abandof badheavy cells.

Sinceno two pointsin M arewithin adistanceof 1, no cell canhave morethan4� 2nk points.Soif we
let � bethefractionof cellsthatareheavy, then(omittingsomeeasyarithmetic)� � 1=(4k + 1).

Wewill begin by proving thatthelower boundis correctfor mostpairs.Saytwo cellsC; D arealigned
if xC = xD or yC = yD . Let A C bethesetof cellsalignedwith C. Notethattheremoval of A C partitions
theareainto four quadrants,which we labelC1, C2, C3, andC4, asshown in �gure 2(a). Saya densecell
C is goodif eachof its four quadrantscontainat leastoneheavy cell, andbadotherwise.Observe thatif C
is good,andall densecellscontainbeacons,thenall pointsin C will havecorrectlowerboundsto all points
in M � A C .

We now needto show thatmostdensecellsaregood. Any densecell that is not goodcanattribute its
badnessto oneof its quadrants.De�ne Bi for 1 � i � 4 to be thesetof heavy cells lackinga heavy cell
in their i th quadrant.ConsidercellsC; D 2 B1 andnotethatxC + yC 6= xD + yD , sinceotherwiseoneof
thesecellswouldbeto theupper-left of theother, violatingourassumption.ThereforejB 1j � 2

� (see�gure
2(b) for a possibleB1 set). Theargumentis symmetricfor all four quadrants,so in total, therecanbe no
morethan 8

� badcells.Sinceany cell containtsatmost4� 2nk points,thetotalnumberof pointsin badcells
is at most32� nk. Choosing� = �

96k ensuresthatonly �
3n pointsarein badcells.

By our de�nition of h, the total numberof pointsthatarein light cells is alsoat most �
3n. Lastly, for

thosepointsin any goodcell C, we have no guaranteeaboutthelower boundto pointsin A C . But this set
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contains2
� � 2 cells,andhencefewerthan �

3n points.Hence,by selectingalargeenoughnumberof beacons,
wecanensurewith highprobabilitythatall but an� fractionof distanceshave correctlower bounds.

Thesamegeneralideaworksfor theupperboundaswell. Theprimarydifferenceis weneedtheideaof
aheavy cell D beingbadrelativeto somecell C, meaningtherearenoheavy cellsin therectangularregion
boundedby C andD. It is this region thatneedsto containa beaconfor usto have a goodupperboundon
distancesfrom C to D . As before,we canshow thatonly a small numberof cells arebadrelative to any
othercell, andfor all othercells, the calculatedupperboundwill be correct. The samechoiceof � used
above givesthedesiredresult. 2

Appendix B: Bourgain-like Embedding for Doubling Metrics

Theexactstatementandtheproofof this theoremextendthediscussionin Section3.

Theorem B.1 Fix constants� > 0, s > 1 andp � 1. Thenanys-doublingmetriccanbe� -embeddedinto
L p with constantdimensionand constantdistortion, usingonly a constantnumberof beacons.We get a
strong� -embeddingwith O(log n) dimensionsandbeacons.Moreover, weprovidean ef�cient randomized
algorithm.
Proof: UsingLemma2.3awe capturethedependenceon thedoublingconstants via � = 1

2 �=s5 suchthat
r �

uv (� ) � 1
4duv for a strong� -setE of nodepairs.We'll give a randomizedalgorithmthat� -embedsany s-

doublingmetricd into L p with dimensionO(log 1
� log 1

� � ) anddistortionO(log 1
� ), usingonly O( 1

� log 1
� � )

beacons,with successprobabilityat least1 � � . In particular, thereexistsan� -embeddingwith dimension
O(log2 1

� ), distortionO(log 1
� ) andO( 1

� log 1
� ) beacons.Note that for a strongly s-doublingmetric � =

�=s2 wouldsuf�ce by LemmaC.2. In eithercaselog 1
� = O(log s

� ).
Thealgorithmis essentiallytheBourgrain's algorithmwithout thesmallerlengthscales.For eachi 2

[log 1
� ], choosek = O(log 1

� � ) uarsetsof beaconsof size1=(2i � ), call themSij . Embedeachnodev into
L 1 sothattheij -th coordinateis 1

k1=p d(v; Sij ), whered(v; S) is thedistancebetweenv andthesetS.
For simplicity we'll considerthecasep = 1 �rst. Sincefor any setS wehaveduv � jd(u; S) � d(v; S)j,

theembeddeduv-distanced0
uv is upper-boundedby O(duv log 1

� ). Thehardpartis thelower bound:d0
uv =


( duv ).
Fix a nodepair uv 2 E. Let d = duv . Let � i = min(r �

uv (� 2i ); d=2). Note that the sequence� i is
increasingwith � 0 < d=4 and � i = d=2 for i � i 0 for somei 0. For eachi we claim that with failure
probabilityat most�� =log 1

� thetotal contribution to d0
uv of all setsSij is 
( � i +1 � � i ). Oncethis claim is

proved,with failureprobabilityat most�� thesumof thesecontributionstelescopes:

d0
uv =

X

( � i +1 � � i ) = 
( � i 0 � � 0) = 
( d):

Thenby Markov inequalitywith failureprobabilityO(� ) thisholdsfor an� -setof nodepairs.To make this
happenfor a strong� -setof nodepairs(actually, for all of E) we needto replacetheMarkov inequalityby
theunionbound,which is achievedby increasingtheparameterk to O(log n).

It remainsto prove theclaim. Fix i andlet 
 = 2i � . Wlog assumetheball aroundu reachessize
 n
beforetheball aroundv does: � i = ru(
 ) � r v(
 ). A given setSij contributesat least 1

k (� i +1 � � i ) to
d0

uv aslong asit hits B = Bu(� i ) andmissestheopenball B 0of radius� i +1 aroundv. By LemmaB.2 the
probabilityof thishappenningis at leastc (sincethetwo ballsaredisjoint, jB j � 
 n andjB 0j � 2
 n). Thus
theexpectednumberof Sij 's with this propertyis ck, soapplyingtheChernoff bound,for big enoughk =
O(log 1

� � ) theprobabilitythatatmostck=2 of Sij 'sdonothave thispropertyis atmoste� ck=8 � � � =log 1
� .

Thisprovestheclaim,andcompletestheproofof thetheoremfor thecasep = 1.
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To extendthetheoremto generalp, follow [26]. Let dp
uv betheembeddeduv-distance,let

x ij = jd(u; Sij ) � d(v; Sij )j

bethecontribution of thesetSij , andlet x = log 1
� . Thendp

uv = ( 1
k

P
ij xp

ij )1=p, so

dp
uv = x1=p

0

@ 1
xk

X

ij

xp
ij

1

A

1=p

� x1=p

0

@ 1
xk

X

ij

x ij

1

A = x1=p� 1d1
uv = x1=p� 1
( d):

For a lower bound,recall that x ij � d, so dp
uv �

�
1
k

P
ij dp

� 1=p
= x1=pd. Thereforethe (two-sided)

distortionis atmostx, asrequired. 2

We usethefollowing lemmain theproof of TheoremB.1. Theproof is implicit in [26] but we include
it for thesake of completeness.

Lemma B.2 There is a constantc > 0 with thefollowingproperty. ConsiderdisjointeventsE andE 0such
that Pr[E ] � 
 andPr[E 0] � 2
 . LetS bea setof 1=
 pointssampledindependentlyfromthis probability
distribution. Thenwith probability at leastc, S hits E andmissesE 0.
Proof: Let p = Pr[E ] andp0 = Pr[E 0]. Treatsamplinga givenpoint astwo independentrandomevents:
�rst it missesE 0with probability1 � p0, andthen(if it indeedmisses)it hitsE with probability p

1� p0. Wlog
rearrangetheorderof events:�rst for eachpointwechoosewhetherit missesE 0, sothat

Pr[all pointsmissE 0] = (1 � p0)1=
 � e� p0=
 � e� 1=2:

ThenuponsuccesschoosewhethereachpointhitsE . Thenat leastonepointhitsE with probabilityat least
1 � (1 � p)1=
 � 1 � 1

� . Sothetotal successprobabilityis at leastc = (1 � 1
� )e� 1=2. 2

Appendix C: Graceful DegradationEmbedding for Strongly Doubling Metrics

Theexactstatementandtheproofof this theoremextendsthediscussionin Section5.

Theorem C.1 (a) Bourgain's algorithm embedsany strongly 2s-doubling metric into L 1 with dimesion
O(log2 n) so that each duv � r +

uv (2� i ) is embeddedwith distortionO(i + s), for each i 2 [logn]. (b) In
particular, for any� > 0 thedistortionis O(s + log 1

� ) for a strong� -setof nodepairs.
Proof: First notethatpart (b) easilyfollows from part (a): given � > 0 apply (a) for i = log 1

� to get the
desireddistortionfor all pairsuv suchthatduv � r +

uv (� ), which is clearlyastrong� -set.
Therestof theproof is onpart(a). RecallthatBourgain's algorithmusesuarsetsSij of size2i , for each

i 2 [logn] andj 2 [k], k = O(log n). Denotethecontributionof thesetSij by x ij = jd(u; Sij ) � d(v; Sij )j.
For normalizationpurposesdivide all coordinatesby k1=p, sothattheembeddeduv-distanceis

dp
uv =

0

@1
k

X

ij

xp
ij

1

A

1=p

:

For simplicity considerthecasep = 1 �rst.
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Fix x anda nodepair uv suchthatduv � r +
uv (2� x ). Let d andd0 bethetrueandembeddeddistances,

respectively. As in the Bourgain's proof, d0 = 
( d). Sincex ij � d, the Bourgain's upperboundis
d0 = O(dk logn). Herewe'll improve it to O((x + s)dk). Speci�cally, we'll show that

X

i>x

X

j

x ij � O(dks):

Fix i > x. Let � = 21=s andt = i � x
2 . Let X j u bea 0-1 randomvariablethat is equalto 1 if andonly

if d(u; Sij ) > d� � t . It is not hardto prove that this happenswith probabilityat moste� 2t
.4 We'd like to

upper-bound
P

j X j u by aconstanttimestheexpectation,but for largeenought theexpectationis toosmall

to givesmallenoughfailureprobabilityvia Chernoff bounds.However, if wegiveupafactorof 22t
=2t , then

theChernoff bound(LemmaC.3 with l = 2t ) gives
P

j X j u = O(k2� t ) with a suf�ciently small failure
probabilityto make surethatthishappensfor all u simultaneously.

Notethatx ij > 2d� � t only if Yj = 1, whereYj = X j u _ X j v. So
X

j

x ij � O(d)
X

j

(� � t + Yj ) = O(dk)( � � t + 2� t ):

Summingthisover all i > x we obtainthedesiredupperboundsince 1
1� 1=� = O(s).

To extendthis theoremto ageneralp � 1 weneedamorecomplicatedcalculationthantheonein [26].
As before,considera�x edi > x. Let S bethesetof all j suchthatYj = 1. Recallthatwith highprobability
it is thecasethatfor all pairsuv thesizeof S is atmostO(k2� t ). Therefore

X

j

xp
ij =

X

j 2 S

xp
ij +

X

i 62S

xp
ij � jSjdp + k(2d� � t )1=p

= O(k)(2d)p(2� t + � � tp )
1
k

X

i>x

X

j

xp
ij � (2d)p

X

i>x

O(� � ip + 2� i ) � O
�

(2d)p

1 � � � p

�

� (2d)pO(s=p)

dp
uv =

0

@1
k

X

i>x

X

j

xp
ij +

1
k

X

i � x

X

j

xp
ij

1

A

1=p

� O(d)(x + s=p)1=p

For a lowerbound,notethatfor l = x + 2s it is thecasethatr +
uv (2� l ) � d=4. In theproofof Thm.B.1

weessentiallyshow that
P

i � l
P

j x ij � 
( kd). Therefore,

dp
uv �

0

@1
k

X

i � l

X

j

xp
ij

1

A

1=p

= l1=p

0

@ 1
kl

X

i � l

X

j

xp
ij

1

A

1=p

� l1=p

0

@ 1
kl

X

i � l

X

j

x ij

1

A

� 
( d)(x + s)1=p� 1

Sothetotal (two-sided)distortionis at mostx + s asrequired. 2

4Indeed,for i � l � x letting r = r u (2� l ) wehave d > r u (2� x ) = r u (2� l 2l � x ) � � l � x r , so

Pr[d(u; Sij ) > d� x � l ] � Pr [Sij missesBu (r )] = (1 � 2� l )2i
< e� 2i � l

Theclaim follows if we take l = i + x
2 .
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Weusetheselemmasin theproofof theabove theorem.

Lemma C.2 Considera stronglys-doublingmetricd and�xed � and� . Let � 0 = �s log � . Thenfor a strong
� -setof nodepairs uv wehaver u(� 0) � � duv . Therefore for an 2� -setof pairs uv wehaver +

uv (� 0) � � duv .

Lemma C.3 LetX j , j 2 [8logn] beindependent0-1randomvariablessuch thatPr[X j = 1] = e� l where
l > 16. Then

P
X j < 8

l logn with probability at least1 � n � 4.
Proof: Let X =

P
X j and� = E(X ). Let 1 + � = el =l. ThenusingChernoff Boundsweget

Pr[X > 8l � 1 logn] = Pr[X > (1 + � )� ] < e� �
�

e
1 + �

� (1+ � )�

<

 
(el)1=l

e

! 8 log n

<
1
n4

since(el)1=l <
p

e for any l > 16. 2

Appendix D: Asymptotically-Unif orm Metrics

Thissectionextendsthediscussionin Section5.
Call a metric (�; � )-uniform if it is � -embeddableinto a uniform metric with distortion1 + � . Call a

family of metricsf M n : n 2 Ng asymptoticallyuniform if for each�; � > 0 thereexists N suchthat
metricM n is (�; � )-uniform for eachn � N . We'll demonstrateseveral familiesof metricsthatarenon-
embeddableinto L p with constantdistortion,but asymptoticallyuniform, hence� -embeddable.Theseare:
preferentialattachmentgraphs,constant-degreeexpanders,andhypercubes.

Thepreferentialattachmentgraph(PA) is anexpander[29]. Any constant-degreeexpanderis embed-
dableinto L p with distortionat least
(log n)[26, 27]. PA (andInternet)neednotcontainaconstant-degree
expandersincetheirhighexpansionmightrely onthehigh-degreenodes.However, wecanlower-boundthe
distortionusingtheaveragedistance.

Lemma D.1 PA is embeddableinto lp, p 2 [1; 2] with distortionnobetterthan
(log n)=log logn.
Proof: Let � , � be the all-pairsmax-concurrent�o w andmin-ratio cut, respectively, so that � � � . By
Linial-London-Rabinovich [26] theminimal distortionfor embeddingany graphinto L 1 is 
 � � =� . By
a simpleargumentfrom Leighton-Rao[24], for expanderswith O(n) edges� =� � hdi wherehdi is the
averagedistancein thegraph.Let's lower-boundtheexpectedhdi for PA.

In Thm. 5 of Bollobas-Riordan[3], they numbertheverticesof PA from 1 to n, in theorderof arrival,
andshow thatfor someL = �(log n)=log logn, theexpectednumberof uv-pathsof lengthexactly l < L
is atmost(n=

p
uv)( 2

3) l =(log n). Therefore,for u; v > n=2 theexpectednumberof uv-pathsof length< L
is O(1=logn), soduv � L w.h.p. for largeenoughn, soE(duv ) = 
( L ).

This proves the lemmafor p = 1. The generalcasefollows sincefor any p 2 (1; 2] thereexists a
constant-distortionembeddingfrom L p to L 1 (e.g.by [18]). 2

It turnsout thattheshortest-pathsmetricof PA is near-uniform with highprobability.

Lemma D.2 PA is asymptoticallyuniformwhp.More precisely, for any�xed �; � > 0, PA is (�; � )-uniform
with failure probability o(1).
Proof: Using the Bollobas-Riordanargumentfrom LemmaD.1, for u; v > �n the expectednumberof
uv-pathsof length< L is q = O( 1

� log n ), soduv < L with probabilityat mostq. Thefractionof suchpairs
is atmostq in expectation,henceby Markov inequalityit is atmost� with probabilityatmostq=�. Sowith
probabilityat least1 � q=� all but a O(� )-fractionof nodepairsis at distanceat leastL . This suf�ces since
by [3] thediameterof PA is at mostL (1 + � ) with failureprobabilityat mosto(1). 2
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Constant-degreeexpandersarenear-uniform for all n andwith asmalladditivedistortion.

Lemma D.3 For any � > 0, any constant-degree expanderis � -embeddableinto a uniform metric with
additivedistortionof O(log 1

� ).
Proof: Let � = �=d where� is theexpansionandd is themaximaldegree,andlet s � n=2. Thenany
ball of radiusr andsizes hasleast�s edgescomingoutof it, whichgo to at least� s distinctnodesoutside
of theball. Sotheball of radiusr + 1 hasat least(1 + � )s nodes.Similarly, any ball of radiusr andsize
n � s hasat least�s edgescomingoutof it, whichgoto at least� s distinctnodesoutsideof theball. Sothe
complementof theball of radiusr + 1 hasatmost(1 � � )s nodes.Thereforefor any nodeu

ru(1 � � ) � r u(� ) � log1+ � (1=�) + log1� � (� ) = O(log
1
�

):

We obtainedthe requiredadditive distortionon all nodepairsadjacentto the samenode. Now let's
extendit to entiregraph.Ignorenodepairsuv suchthatv 2 B 0

u(� ) or v 62Bu(1 � � ). Let G bethegraph
on the remainingnodepairs. Thenfor any pair of edgesadjacentin G their distancesdiffer by at most
O(log 1

� ). It remainsto show that in G all but anO(� )-fraction of nodepairsarewithin a constant#hops
from eachother. This follows from thedensityof G: sinceat most2�n 2 nodepairsareignored,all but an
O(� )-fractionof nodeshavedegreeat least2

3n in G; obviouslyany two suchnodeshaveacommonneighbor
in G, claimproved. 2

Lemma D.4 Hypercubesareasymptoticallyuniform.
Proof: Fix �; � > 0. Let a = 1

1+ � , b = 1
1+ � =2 andc = 1

1� a . Notethatfor eachj < i � bk=2 wehave

�
k
j

�
� a

�
k

j + 1

�
� : : : � ai � j

�
k
i

�
:

Therefore#nodeswithin distancei � ak=2 from agivennodeu in ak-dimensionalhypercubeis

iX

j =0

�
k
j

�
� c

�
k
i

�
� c

�
k

ak=2

�
� ca(b� a)k=2

�
k

bk=2

�
� O(2k )a
( k) ;

which is lessthan� 2k for big enoughk. Distancesi > (1 + � )k=2 aretreatedsimilarly. 2
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