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Abstract

Concurrentwith recenttheoreticalinterestin the problemof metricembeddinga growing body of
researchin the networking communityhasstudiedthe distancematrix de ned by node-to-noddaten-
ciesin the Internet,resultingin a numberof recentapproacheshatapproximatelyembedthis distance
matrix into low-dimensionaEuclideanspace.Thereis afundamentadistinction,however, betweerthe
theoreticalapproacheso the embeddingoroblemandthis recentinternet-relatedvork: in additionto
computationalimitations, Internetmeasuremerdlgorithmsoperateunderthe constraintthatit is only
feasibleto measurea linear (or nearlinear) numberof nodepairs,andtypically in a highly structured
way. Indeed themostcommonframework for Internetmeasurementsf this typeis abeacon-basedp-
proach:onechoosesiniformly at randoma constaninumberof nodes("beacons')n the network, each
nodemeasuredts distanceto all beaconsandonethenhasaccesdo only thesemeasurement®r the
remainderof the algorithm. Moreover, beacon-basedlgorithmsare often designecdhot for embedding
but for the more basicproblemof triangulation, in which one usesthe triangleinequalityto infer the
distanceshathave notbeenmeasured.

Herewe give algorithmswith provableperformanceguaranteeor beacon-basettiangulationand
embeddingWe shaw thatin additionto multiplicative errorin thedistancesperformanceuaranteefor
beacon-basedlgorithmstypically mustinclude a notion of slack — a certainfraction of all distances
may be arbitrarily distorted.For metricsof boundeddoublingdimension(which have beenproposeds
a reasonablebstractiorof Internetlatencies)we show that triangulation-basedeconstructiorwith a
constanhumberof beaconsanachiese multiplicativeerror1+ onal fraction of distancesfor
arbitrarily smallconstants and . For this sameclassof metrics,we give a beacon-basedmbedding
algorithmthatachievesconstantistortiononal fractionof distancesthis providessometheoretical
justi cation for thesuccessf therecentGlobalNetwork Positioningalgorithmof Ng andZhang,andit
formsaninterestingcontrastwith lower boundsshowing thatit is not possibleto embedall distancesn
a doublingmetricwith constantistortion. We alsogive resultsfor otherclasseof metrics,aswell as
distributedalgorithmsthatrequireonly a sparsesetof distancesut do not placetoo muchmeasurement
loadon ary onenode.
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1 Intr oduction

Thepastdecaddasseermary signi cant andelegantresultsin thetheoryof metricembeddingsgfor recent
suneys, seee.g. [16, 25, 28]). Embeddingtechniqueshave beenvaluablein the designand analysisof

algorithmsthatoperateon anunderlyingmetric; mary optimizationproblemsbecomemoretractablevhen
thegivenmetricis embeddednto onethatis structurallysimpler

Meanwhile,an active line of researchn the networking community has studiedthe distancematrix
de ned by node-to-noddatenciesin the Internet [9, 12, 14, 15, 23, 37], resultingin a numberof recent
approachethatapproximatelyembecthis distancematrix into low-dimensionaEuclidearnspace[5, 7, 30,
32, 36].1 However, thereis a fundamentatlistinctionbetweerthis Internet-relateavork andthe large body
of theoreticalwork on embeddingdueto the following intrinsic problem:in any analysisof the distance
matrix of the Internet, mostdistancesare not available The costof measuringall node-to-nodalistances
is simply too expensve; instead we have a settingwhereit is generallyfeasibleto measurdhe distances
amongonly a linear (or nearlinear) numberof nodepairs, andtypically in a highly structuredway. In-
deedthemostcommonframevork for Internetmeasurementsf thistypeis abeacon-basedpproachone
choosesuniformly at randoma constanfhumberof nodes( beacons')in the network, eachnodemeasures
its distanceto all beaconsandonethenhasaccesdo only theseO(n) measurement®r the remainderof
thealgorithm. (For example thedatacanbe sharecamongthe beaconswho thenperformcomputation®n
thedatalocally.)

This inability to measuremostdistanceds the inherentobstaclethat standsin the way of applying
algorithmsdevelopedfrom the theory of metric embeddingswhich assumeand use)accesgo the full
distancematrix. Thus,to obtaininsightat a theoreticalevel into recentinternetmeasuremergtudieswe
needto considemproblemsn following two genres.

(i) Whatperformanceguaranteesanbe achieved by metricembeddingalgorithmswhenonly a sparse
(beacon-basedubsebf thedistancesanbe measured?

(i) At anevenmorefundamentalevel, mary Internetmeasuremerdlgorithmsareseekingnotto embed
but simply to reconstructheunobsered distancesvith reasonablaccurag (seee.g.[9, 12, 14, 23)).
Canwe give provableguaranteefor this type of reconstructiortask?

Reconstructionvia triangulation.  Within thisframewvork, wediscusghereconstructiomroblem(ii) rst,
asit is amorebasicconcern.Motivatedby the researctof Francisetal. on IDMaps[9], andsubsequent
work, we formalizethe reconstructiorproblemhereasfollows. Let S bethe setof beaconsandsuppose
for eachnodeu, andeachbeacorb 2 S, we know thedistanced,,. Whatcanwe infer from this dataabout
theremainingunobsereddistancesl,, (whenneitherv norv is abeacon)assumingve know only thatwe
have pointsin anarbitrarymetricspace hetriangleinequalityimpliesthat

TZaéXJdub dvj  duv TZ'Q dub + dyp; QD

andit is easyto seethatthesearethe tightestboundsthat canbe provided ond,, if we assumeonly that
the underlyingmetricis arbitrary subjectto the given distances.We will saythatd,, is reconstructedby
triangulatior?, with distortion 1, if theratio betweerthe upperandlower boundsin (1) is at most

1We spealof Internetlatenciesasde ning asa“distancematrix” ratherthana metric, sincethetriangleinequalityis notalways
obsered; however, one canview the recentnetworking researchasindicating that severe triangle inequality violations are not
widespreadnougho preventthe matrix of node-to-noddatenciesrom beingusefullymodeledusingnotionsfrom metricspaces.

2Note thatthis is one of several standardusesof the term “triangulation” in the literature;it shouldnot be confusedwith the
procesf dividing up aregioninto simpliceswhich goesby the samename.



Sinceit is muchcheapefor nodesto exchangemessagethanto actuallyestimatetheir round-tripdistance
onthelnternet(the lattertypically requiresa signi cant measuremeneriodto producea stableestimate),
triangulationcanbevaluableasaway to assigneachnodea shortlabel — its distancedo all beacons— in
suchaway thatthedistanced,, canlaterbeestimatedy athird party (or by oneof v or v) just from their
labels. This canbe viewed asa kind of distancelabeling andwe discussrelatedwork on this topic (e.qg.
[10]) below.

To give performanceguaranteefor triangulation,we alsoneeda notion of slak. Evenin very simple
metrics,therewill be somedistancepairsthat cannotbe reconstructedvell usingonly a constantnumber
of beaconsConsiderfor examplea setof regularly spacedhointsonaline (or in a d-dimensionalattice);
pointsu andv thatarevery closetogethemwill have a distanced,, thatis muchsmallerthanthe distance
to the nearesbeaconrenderingthe upperboundobtainablefrom (1) useless.We thereforesaythata set
of beaconschievesatriangulationwith distortion andslack if all butan fractionof nodepairsin the
metricarereconstructeavith distortion

A fundamentaljuestionis thenthe following. Supposewne have an underlyingmetric spaceM , and
desiredevelsof precision > 0and > 0. Isthereafunctionf ( ; ) (independentf thesizeof M) sothat
f (; ) beaconsufce toachiere atriangulationwith distortion1+ andslack ? Clearlysuchaguarantee
is not possiblefor every metric; in the n-point uniform metric, with all distancesqualto 1, ary distance
thatis notdirectly measuredavill have alowerboundfrom (1) equalto 0. Thuswe ask:aretherearenatural
classe®f metricsthatare triangulablein thisway?

Beacon-base&mbedding Therecentwork of Ng andZhangon GlobalNetwork Positioning(GNP) [30]
shaved how a beacon-basesketof measurementsouldembedall but a smallfractionof Internetdistances
with constantdistortionin low-dimensionalEuclideanspace andthis resulttouchedoff anactwve line of
follow-up embeddingstudiesin the networking literature(e.g.[5, 7, 32, 36]). Notethattheempiricalguar
anteefor GNP naturallyde nes a notionof slackfor embeddings:an fraction of all nodepairs may
have their distancesarbitrarily distorted. Again, it is easyto seethatthis notion of slackis necessaryor
a beacon-basedpproach.The GNP algorithmforms an interestingcontrastwith the algorithmsof Bour
gainandLinial, London,andRabinwich [4, 26] for embeddingarbitrarymetrics. Theselatter algorithms
useaccesdo the full distancematrix andbuild coordinatesn the embeddingoy measuringthe distance
from a point to a set— in effect, setsthat canbe aslarge asa constanffraction of the spacethusactas
“superbeacons’in a way thatwould not be feasibleto implementfor all nodesin the context of Internet
measurement.

In orderto understandvhy beacon-basedpproachein general,or the GNP algorithmin particular
achieve goodperformancdor Internetembeddingn practice,a basicquestionis the following: arethere
naturalclasse®f metricsthatareembeddabl&vith constantistortionandslack , usinga constannumber
of beacons?

The presentwork: Performance guaranteesfor beacon-basedlgorithms. We begin by shawing that
distancedn a metric spaceM whosedoublingdimensionis boundedby k can be reconstructedy tri-
angulationwith distortion1 + andslack , usinga numberof beaconghat dependsonly on , , and
dimensionk, independenbf the sizeof M . We de ne the doublingdimensionhereto be the smallestk
suchthatevery ball canbe coveredby at most2K ballsof half theradius(see[1, 13, 21]); we alsocall such
a metric 2K-doubling The point hereis that we are not assuminga reconstructiormethodthat explicitly
knows anything aboutthe doubling propertiesof M ; rather aslong asthe numberof beacongs simply
large enougtrelative to thedoublingdimension pneobtainsaccurataeconstructiorusingupperandlower
boundsobtainedfrom the triangle inequality alone. Doubling metrics,which generalizethe distancema-
tricesof nite d-dimensionalpoint sets,have beenthe subjectof recenttheoreticalinterestin the context



of embeddingnearest-neighbaearchandotherproblemq13, 19, 20, 21, 35]; andanincreasingamount
of work in the networking communityhassuggestedhatthe boundedyrowth rateof balls maybe a useful
way to capturethe structuralpropertiesof the Internetdistancamnatrix (seee.g.[8, 30, 31, 38]). Thus,given

thatstrongtriangulationperformanceuaranteearenot possiblefor generalmetrics(asnotedabore via the
uniform metric), this positive resultfor doublingmetricssenesasa plausibletheoreticalunderpinningfor

the succes®f beacon-basetliangulationin practice.

Certainnon-trivial metricsexhibit a strongemphenomenothatwe termperfecttriangulation onall but
an -fractionof nodepairs,the upperandlower boundsfrom thetriangleinequalityagreeexactly (i.e. with
distortion1). For example,onecanshaw thatf (d; ) beaconsufce to achiee perfecttriangulationwith
slack onthe pointsof a d-dimensionalattice undertheL 1 metric. It is thusnaturalto askhow generally
this phenomenornolds. Perfecttriangulationturns out not be possiblefor all point setsin the L 1 metric,
but we shav thatit canbe achievedfor all densepointsetsin L 1; by a densepoint setwe meanann-point
subsebf RY in which theratio of thelargestto the smallestdistancds ( n=9).

We next move on to resultsfor beacon-basedmbedding.We shawv that every metric of doublingdi-
mensionk canbeembeddednto L, (for ary p 1) with constandistortionandslack , usinga constant
numberof beaconswherethe constantdieredepencon andthedoublingdimension.Moreover, we shav
thatanembeddingvith thesepropertiecanbeachieved by acloseanaloguef theactualGNPalgorithmof
Ng andZhang,providing sometheoreticakxplanationfor its succes# practice.lt is interestingo notethat
metricsof boundeddoublingdimensioncannotbe embeddednto Euclideanspace(or L, forary p = 2)
with constantdistortionin general[13, 34], sothisis a casewhereallowing slackleadsto a qualitatively
differentresult.

While beacon-basedlgorithmsperforma manageablsetof measurementshey do so by choosinga
smallsetof nodesandplacinga large computationaload on them. Severalrecentnetworking paperd5, 7,
32, 36] addresshe unbalancedoad of beacon-basemhethodsusinguniform probing eachnodeselectsa
smallnumberof virtual “neighborsuniformly atrandomandmeasureslistanceso them;all nodeghenrun
adistributedalgorithmthatuseshe measuredlistancesWe shav how anextensionof ourtechniquesere
canbeusedto give performanceyuaranteetor distributedalgorithmssuchasthese.

In particular to analyzebeacon-basedmbeddingalgorithms,we build on the techniquesve develop
for reasoningabouttriangulation. We considersubgraphsG° on the setof nodeswith the propertythat
embeddingshat approximatelypresere all edgelengthsin G° musthave constandistortionwith slack
for thefull distancematrix. Thisis akind of “rigidity” property(with slack)thatfollows naturallyfrom the
analysisof triangulation,andwe canshav that subgraphgonsistingof node-to-beacomeasurementss
well assubgraph$uilt in amoredistributedfashion,canbeusefullyanalyzedn termsof this property

Finally, we shawv thatstrongerguaranteesanbe obtainedin the morerestrictive classof strongly dou-
bling metrics Following a de nition of [19], we saythata metricis strongly s-doublingif doublingthe
radiusof aball increaseds cardinalityby at mostafactorof s. We shav thata constannhumberof beacons
sufce to embedsuchmetricswith constantistortion,usinga more“gracefully degrading”notionof slack:
all but an -fraction of distancesare embeddedvith distortion ; all but an -fraction of the remainder
areembeddedvith distortion2 ; andin generalall but an I fraction are embeddedwith distortionj
We also obtainimprovementsherefor distributed algorithmsthat engagein uniform probing of random
neighborsjn the stylediscusse@bove.

Related Work. As discussedibore, the questionswe considerherediffer from the bulk of algorithmic
embeddingesearchas suneyedin [16, 25, 28]) becausave are ableto measureonly a small subsetof
the distancesandwe allow a notion of slackin the performanceguaranteelndeedthe whole problemof
triangulation,which seekssimply to reconstructhe distanceswould not be of interestif we alreadyhad
accesgo all distances.Allowing slackchangegshe kinds of performanceguaranteesne canachieve; for



example,asmentionedabove, doublingmetricsbecomeembeddablevith constantistortionin Euclidean
spaceoncea smallslackis allowed. At the sametime, we nd thattechniguedrom the body of previous
work on embeddingcombinedwith our resultson triangulation,areusefulin designingalgorithmsunder
thesenew constraints.

Work on distancdabeling[10] seekd0 assigna shortlabelto eachnodein a graphsothatthe distance
betweeru andv canbe (approximately)eterminedrom their labelsalone.Thisis of courseanalogougo
our goalsin triangulation.In the mostcloselyrelatedwork in this vein, Talwar investigateddistancdabels
for doublingmetrics[35]. Both the objective andthetechniquesn [35] differ considerablyfrom our work
ontriangulationhere,however: in [35], theconcernis with labelsof low bit compleity, but the encodingof
distancesnto shortlabelstheremalesextensie useof thefull distancematrix, andit is thusnot adaptable
to our settingin which distancego only a few beaconsanbe measured.The more extensve useof the
distancematrix in [35] comesin pursuitof a strictergoal: distancelabelsin which thereis no notion of
slackin the performanceyuarantee.

Work on propertytesting[11] makesuseof a somevhat differentnotion of slackin its performance
guaranteescanan -fractionof theinput be changedsothata given propertyholds?Therehasbeensome
researcton propertytestingin metric spacegseee.g. [22, 33], andrelatedwork on samplingfor approx-
imating metric propertiesin [17]), but this work hasconsideredgroblemsquite differentfrom what study
here,andmalkesuseof differentsamplingmodelsandobjective functions. Metric Ramsg theory[2] also
seekssubset®f a metricsatisfyingspeci ¢ propertieshut it tendsto operatdn a qualitatively differentpart
of theparametespacegxploring propertieghathold on the sub-metrianducedby relatively smallsubsets
of thenodesratherthanpropertieghathold on alarge fraction of the edges Finally, distancegeometry[6]
is a large areaconcernedvith reconstructingoint setsfrom sparseandimprecisedistancemeasurements;
our useof triangulationherecorrespondso the notion of triangle inequalityboundssmoothingn [6], but
beyondthis connectionwe arenot awareof closelyrelatedwork in the distancegeometnyiterature.

2 Triangulation

We bagin with somebasicde nitions. For corveniencdet[n] denoteasetf0;1; ::: ; ng. In agivenmetric
spacejet d,, denotethe distancebetweeru andv, let B, (r) denotetheclosedballfv : dy,, rg, andlet
ru( ) bethesmallestr suchthatjB,(r)j n.Letry ()= min(ry();rv()).

Givena setS of beaconswe de ne lower and upperdistanceboundsfor eachpair (u; v) of points:
d,, = maxpsjdy dypj andd, = mings(dy, + dpy). We saythatS achieresan(; )-triangulation if
for allbutan fractionof thepairs(u;v), wehaved,, (1+ )d,.

Our resultsfor triangulationandembeddingwill generallyinvolve shaving that a large enoughsetof
beaconsampleduniformly at randomfrom the metric spacewill have a certaindesiredproperty (For
brevity, we will referto sucha sampledsubsetof the spaceas“a constaninumberof randomlyselected
beacons) Becausewe will be working in mary caseswith constant-sizesamples,our propertieswill
typically hold with a constanprobabilitythatcanbe madearbitrarily closeto 1. Hence,in this contet, we
will sometimesisethephrase'with probabilitycloseto 1" asaninformal short-handor: with aprobability
thatcanbemadearbitrarily closeto 1 by increasinghe samplesizeby a constantactor

As notedin the introduction,good triangulationboundscannotbe obtainedfor all metricssince,for
example,non-trvial lowerboundvaluesd,,, cannotbeachiezedin theuniformmetricin whichall distances
arel. However, it is interestingto notethatin every metric spacethe upperboundd;,, actuallydoescome
within a constanfactorof thetruedistanceonall butan fractionof pairs.

Theorem 2.1 If M isanarbitrary nite metricspacethenaconstannumberofrandomlyselecteeacons
achievesan upperboundestimated’,  3dy, for all but an -fraction of pairs (u;v) with probability at



leastl , whee theconstanidepend®n and .

Proof: LetB, bethesmallesball aroundu containingatleast n=2 nodes.For eachpointu in M , andwith

enoughbeaconsatleastonepointin B, will beselectedisabeacorwith probabilitycloseto 1. Supposehis
happensandlet bbeabeacorin B,,. Thenall but at most n=2 pointsv lie outsideB ,, or onits boundary;
for ary suchpoint,wehaved,, dyp+ dyy  2dy andhenced), dyp+ dyp dy + 2dyy = 3dyy: 2

The upperboundof 3 in Theorem2.1 is tight, asshavn by the shortest-patimetric of the complete
bipartitegraphG = K., with unit-distancesdges. For all non-beacorpairs(u; v) on oppositesidesof
G, we have d, = 3dy,. With a modi cation of this example,we canin fact shav that no algorithm
givenaccesgo eachnodes distancedo all beaconsanestimated,, to within a factorbetterthan3 for a
large fraction of pairs(u;v). Speci cally, we randomlygeneratea graphG° by deletingeachedgefrom
G = Kpn with probability%. If u andv areon oppositesidesof G° thend,, = 1 if the edge(u;V) is
presentandotherwised,, = 3 with probabilityl o(1). Butif neitheru norv is abeaconthefull setof
node-to-beacodistancegjivesno informationaboutthe presenc®r absencef theedge(u; v), andhence
onecannotresole whetherthis distancds 1 or 3.

For metricsof boundeddoublingdimensionwe have amuchstrongerresult.

Theorem 2.2 In any s-doublingmetricM , a constantnumberof randomlyselectecbheaconsachievesan
(; )-triangulation with probability 1 , Whee theconstandepend®n , , ,ands.

B u r
[ J

Balls of radius r'
with > en/3s' points.

(a) (b)
Figurel: Triangulationin doublingmetrics.

Proof: Fix ary pointu. Letr = ry( =3), andconsideralargeballB = B,(2r=). By ourde nition of
r, thereareonly a small numberof pointsat distancestrictly lessthanr from u, andwe will ignoreour
estimatedlistancedo thesepoints. By selectingenoughbeaconswe canensurehatwith probability close
to 1 atleastonebeacorbliesin B (r). Considerary pointv 2 B. Sincebis closeto u andrelatively very
far from v, we canamuethatthe upperandlower boundprovided by b on the distancefrom u to v will be
good(see gure l1a).In particularif d = dyy thendyp+ dypy d+ 2dyy, d+ 2r = (1+ )d, andsimilarly
dvb dub (1 )d-

It remainsto considerthe possiblylarge setof pointsin theannulusB B (r). For thesepoints,a
beacorin B (r) will notnecessarilpufce to give thedesiredbound.Insteadwe needto usethedoubling
propertyto shav thatthe pointsin the annuluscanbe coveredwith a boundechumberof very smallballs,
andwith probability closeto 1 we canensurebeacondie in mostof these.In otherwords,to estimatethe
distanced,, forv2 B By(r), wewill nd abeacorcloseto v ratherthancloseto u.
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We would like to cover the annuluswith balls of smallradiusr® = r=2. By the doublingproperty
B (andhenceB  B,(r)) canbe coveredby s® = s?*2 109 * balls of radiusr®, asshavn in gure 1(b).
Disregardingballs containingfewer than n=3s® pointsthrows out at most n=3 points. Again, if we know
thateachof theremainingballs containsa beaconthenall pointsin theseballswill have upperandlower
boundshatarewithin al factorof theirrespeciie distancesgo u.

Thus,we concludeby amguing thatif we chosea sufciently large (constanthumberof beaconsyith
probabilitycloseto 1 abeacorwill beselectedn all but an =3 fractionof ballscontaining n=3s%or more
points. Combiningtheseresultsshavs thatall but % n pointshave goodestimatedlistancego all but % n
points.Thisis thedesiredresult. 2

Thefollowing lemmais implicit in theproofof Theoren.2,andit will beveryusefulin our subsequent
discussiorof doublingmetrics. To statethe lemma,we introducethefollowing de nitions. If E is a setof
pairsof pointsin M , we saythatE is an -setif it includesall butan fractionof all pairs,andwe saythat
it isastrong -setif it includesall butan fractionof all pairsof theform (u; v) for eachpoint u.

Lemma 2.3 Consideran s-doublingmetricd and xed and . Let °= s2199 1 Thenfor a strong
2 -setof nodepairs uv we havemin(ry( );rv( 9) duy andthereforer,,( 9 duy -

Perfect triangulation. As mentionedn the introduction,the strongernotion of perfecttriangulationis
sometimeschievable,whend,, = d, = d,, for all butan -fractionof nodepairs,usingonly a constant
numberof beacons A naturalexamplewherethis occursis for the pointsof a nite d-dimensionalattice
underthe L1 metric (this is a consequencef Theorem2.4 belaw). It is naturalto ask whetherperfect
triangulationis possiblefor all nite pointsetsin theL 1 metric,but thisis too strong;considerfor example
theunionof thepointsf(i;n i) :i 2 [n]jgandf i; (n i):i 2 [n]gintheplane.

As away to understandhow generalthis phenomenoris, we usethe following notion of a densepoint
setasageneralizatiorof the d-dimensionalattice: We saythata nite subsebf RY underthel ; metricis
denséf thecoordinatesf all pointslie in theintenal [0; kn 9] for aconstank, andtheminimumdistance
betweereachpair of pointsis 1. (We will referto k asthedensityparameter)

Theorem 2.4 In any densepoint setM underthe L, metric, a constantnumberof randomlyselected
beaconsachievesa perfecttriangulationwith - sladk andwith probabilityl , wheetheconstantdepends
on , ,thedimensionandthedensityparameter

Proof Sketch: Due to spacelimitations, we only provide a sketch of the proof here;the detailsarein
AppendixA. Also, for easeof expositionwe assumehatd = 2, but the sametechniquesxtendnaturally
to any constantdimension. p__ D

GivenadensepointsetM in [0; kn]?, we divide M into squarecells with width andheight = kn,
for asmallconstant . We partitionthesecellsinto two types:heavyandlight, whereroughly speakinghe
heary cells arethosethat containat least (  2n) points. We amguethatwith probability closeto 1, each
heary cellwill containabeaconAlso, we canignoreerrorson pairsthatinvolve pointsin light cells,or that
involve two pointsin the sameheary cell, sincetherearerelatively few pairslike this. Thus,we only need
to considemairsof pointsthatbelongto distinctheary cells.

We thenamue thatfor mpstheary cells C, thereare heary cellsK 1;K 2; K 3; K4 in eachof the four
“quadrants’of thesquard0;  kn]? de ned by treatingC astheorigin. Thisrequiresageometricargument
basednthedensityproperty;however, oncetheexistenceof K 1; K »; K 3; K 4 is establishedpnebeaconn
eachK issufcient to provide atight lowerboundonary distancepairinvolving apointin C. Analogously
for the upperbound,we shav by anotherapplicationof the densitypropertythat for mostpairsof heary



cellsC andCP thereis a heary cell K in the rectanglewith cornersat C andC® one beaconin K is
sufcient to provide atight upperboundon distancedetweerpointsin C andC° 2

3 Embeddingwith a Small Setof Beacons

We now turnto theproblemof beacon-baseeimbeddingLetf mapthepointsof M into sometargetmetric
spaceX with distancdunctiond® ; we saythatf is anembeddingf M , andfor nodesu; v 2 M, we write
dJ, for df(u);f v)- Wede ne thedistortionof f onasetof nodepairsE M M to betheratio between
the maximumamountby which distancesare expanded,max.v)2 e d,=d,y, andthe minimum amount
Miny.vy2E d,=d, . Wewill saythatf hasnon-contactingdistortion onE if nodistancen E is shrunk
underf , andno distances expandedoy morethanafactorof . Following our discussiorearlier we can
saythatf hasdistortion with slack if f hasdistortion onsome -setof pairs.

We will be ableto useour triangulationanalysis(particularlyLemma2.3) via the following de nition,
which s phrasedat a level of generalitythatwill be usefulin boththis sectionandthe next. Givena setkE
of nodepairsin a metric, we canconsiderthe weightedgraphG(E) in which thesepairsform the edges,
andeachedge(u; v) is labeledwith thedistanced,,. We saythata uv-pathP in G(E) is -skewedif for
somee 2 P, thetotal edgeweightof P nfegis atmost d,,, ande is incidentto oneof u or v— in other
words,P consistsof aninitial “long hop” followed by a numberof shortones.Finally, we saythatthe set
of pairsE is a(strong)(; )-frameif G(E) containsa -skewed pathfor all pairsin a (strong) -set. We
will assumehroughouthis sectionthat is sufciently small,specically < 1=4.

Frame< asde ned herehave auseful“rigidity” property asthefollowing resultshavs: anembedding
with boundedlistortionon the pairsin E mustalsohave boundedlistortiononall but an -fractionof node
pairs. In this senseframeshave a similar avor to spannes, but they includea slackparameteandalso
requirethe approximatelydistance-preservingathsto have a particular‘skewed” structure.

Lemma 3.1 Considera metricM with (; )-frameE, andsupposean embedding : M ! X hasnon-
contractingdistortion onE, whee 4i. ThentheembeddindhasdistortionO() withsladk .
Proof: Supposé¢hepair(u;v) hasa -skewedpathP in G(E), with longedge(u; p). By thede nition of a
framecombinedwith thetriangleinequality wehave (1  )dy dyp (1+ )dyy. Sincetheembedding
hasnon-contractinglistortion onE,wehae (1 ) d8p:duv (1 + )anddy duv; hence,
usingtheassumptionshatX isametricandthat < 1=4, we have
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dSv 2 [dgp do 'd8p + d\c/)p] duv [1 (1 +2)] duv[év 2

vpr ] :
It follows thatthe distortionof f is O() onthesetof all pairsthathave a -skewed path,andthisis an
-set. 2

We arenow in a positionto discusghe performancef beacon-baseembeddinglgorithms.We begin
with a “black-box” result: in ary doublingmetric,anembeddingwill have low distortionwith smallslack
providedit haslow distortionon all measurement® arandomsetof beacon®f constansize.

Theorem 3.2 LetM be an s-doublingmetric space and supposeve havea bladk-boxalgorithmthat for
ead sizek setof beaconsS M will producean embedding s of M into a target spaceX with non-
contracting distortion  on the setof all node-beacomairs. (Thatis, the setof all pairs (u; v) whee at
leastoneof u or v belonggo S.) Thenprovidedk is large enougtrelativeto theparametes , ,s,and ,
thefollowing holdswith probabilityatleastl ~ for arandomchoiceof S: theembedding s hasdistortion
O() withsladk .



Proof Sketch: Choose smallenoughsothat 4i. Now LemmaZ2.3impliesthatwith alarge enough

constantnumberof beacongelatveto , , s, and , the setof all node-beacompairswill forman(; )-
framewith probability at least1 . HenceLemma3.1 implies that an embeddingof M into X with
non-contractinglistortion onthis setof pairswill have distortionO() with slack . 2

We now turn this black-boxresultinto analgorithmthatembedsa doublingmetricin R® with constant
distortionand -slack.For reason®f spacewe only provide a sketchof the proof.
Theorem3.3 LetM bean s-doublingmetricspace and choosea constantk sothat 235 = (log $).
Thee is an algorithmthat, with probability at least1 ,embeddM into RY with distortionO(log k) and
slak , usingmeasuementgo arandomlyselectedetof k beaconshere andd are constantghatdepend

onk.

Proof Sketch: Denotethe setof node-beacopairsby E. Firstwe claim thatwith probability closeto 1,
E isan(; )-framefor = O(log *k), wherethe constanicanbe adjustedby tuningthe constanin the
de nition of k. Indeed ettingk = ( x logx) andskippingsomeeasydetails,we have Iolgol%)g(x (log %)
andlogg( x) (log logk), wherethe constantanbe adjustedsimilarly. The claim follows sinceby
Lemma2.3E isan(; )-framewith probabilitycloseto 1, aslongaslog 2 = % logs( ).

Now, by Theorem3.2, it sufces to embedM into RY sothatthe distortionon pairsin E is O(log k).
(The embeddingcanbe re-scaledso thatit is alsonon-contractingon E.) We performthis embeddingas
follows. Let B bethe setof beaconswe rst embedB usingthe algorithmof BoumgainandLinial et al.
[4, 26]. Recallthatthis involveschoosingfor eachi = 1;2;:::;blogkc, acollectionof x subsetof B of
size2', eachuniformly atrandom.Let Sjj denotethej th of these We assigneachnodeb 2 B acoordinate
correspondingo eachsetS; , de nedto bed(b;S;; ), theminimumdistancebetweerb andary pointin Sj; .

Having embeddedhebeaconswe thenembedevery othernodeu usingthesesamesetsf S;; g; for each
Sjj , nodeu constructsa coordinateof valued(u; Sj ). In the approachof Linial etal., x = O(log k) sets
of eachsizearechosen.Here,by way of contrastwe take x = ( k); we claim thatwith this choiceof
randomsetsf S;; g in theembeddingthesetof node-beacopairsis embeddedvith distortionO(log k) with
probability closeto 1.

To establishthis claim, we give upperandlower boundson the embeddedlistancesthe calculations
herediffer from [4, 26] in thatwe will betakinga unionboundover subset®f beaconstatherthanoverthe
muchlargersetof all nodepairs. Theupperboundis straightforvard, sowe focuson thelowerbound.Here,
we x i andlet S andS®betwo disjoint subsetof B of sizek=2' and2k=2' respeciiely. Onecanshawv
thereis a constant sowith probability atleastc, agivenSj; hasthe propertythatit hits S andmissesS®
Thustheexpectedhumberof S;; 'swith this propertyis ck, soapplyingthe Chernof bound for largeenough
X = ( k) the probability thatat mostcx=2 of S; 's do not have this propertyis at moste =8 2 2
Thereforewith probability closeto 1 for all i, for every pair S; S of disjoint subset®f B of theright size,
this propertyholdsfor ( k) setsS; . Oncethisis true, considerembeddingary given nodeu, separately
from all othernon-beacomodes;ananalogueof thetelescoping-suramgumentfrom [26] givesthedesired
lower boundwith probability closeto 1. 2

Theabore embeddindgollows the GNP [30] framework, in which the beaconsareembeddedrst, and
theneachothernodeis embeddedseparatelywith respectio the beacons.This thereforeprovides some
theoreticalexplanationfor GNP s strongempirical performance.We also provide a differentembedding
algorithmthatachiezesqualitatvely similar bounds:constantistortionwith slack,usingaconstannum-
berof beaconsThis alternatealgorithmoffers somevhatbetterquantitatve guaranteebut is lessusefulin
justifying GNP. Thisissueis discussedurtherin AppendixB.



4 Fully Distributed Approaches

Recentwork in the networking literaturehasconsideredo-called fully distributed' approacheto triangu-
lation andembeddingproblems,in which no singlenodehasto performa large numberof measurements
[5, 7, 32, 36]. Insteadfor arelatvely smallparametek, eachnodeselectk virtual "neighbors'uniformly
at randomand measureslistancedo them; let E denotethe setof all pairs(u; v) wherev is oneof the
selectecheighborsf u. All nodesthenrun a distributedalgorithmthatusesthe measuredlistanceon the
pairsEy to embedthe full metric. Thedistributedalgorithmsin thesepapersarebasedon differentheuris-
tics: Mivaldi [5, 7] simulatesa network of physicalsprings,Lighthousg32] usesglobal-localcoordinates,
and[36] claimsto simulatethe Big Bangexplosion. They offer no proofs, but their experimentalresults
arequitestrong.In particular Vivaldi [5] usesthetestbedrom the GNP algorithm[30] andclaimsslightly
betterperformance Herewe considemwhatkinds of theoreticalguaranteesanbe obtainedfor algorithms
of thistype;asin previous sectionsywe focuson doublingmetrics.

First, supposeve view the distributed embeddincheuristicasa black box thatembedshe nodeswith
distortionat most  onthe pairsEg. Is this enoughto provide a guarantedor the full metric? By The-
orem3.2, it sufces to shav thatthe setof pairsgy formsan(; )-framefor 4i; thenwe have an
embeddingf thefull metricwith distortionO() andslack .

Theorem4.1 LetM be an s-doublingmetric,andk = s°® (logn)2'99s+O()  Forany and thatare
eadt atleast (1 =log®® n), thesetEy of probededgesis a strong( ; )-framewith high probability.
Proof: Indeed for someconstant to bede ned later set °= =(clogn) and °= s21°8 ° 1= sothat
k = O(%logn) sufces to make surethatwith high probability eachnodehasat leastthreeneighborsin
aball of size % aroundevery othernode. By Lemma2.3, for a strong -setof nodepairsuv, a ball of
size % aroundoneof the nodes(sayv) hasradiusat most 4,,. As we amgued,u hasa neighborin this
ball, call it w. Now, eachnodein this ball hasat leastthreeneighborsn it, chosenuniformly at random.
Thereforehegraphinducedby thisball in E¢ containsa constant-dgreeexpanderandhencehasdiameter
atmostclogn. This is the ¢ we usein the de nition of %and © (it is enoughto usean upperboundin
which we assumeaheinducedgraphhasn nodes).In particular E containsa vw-pathwith atmostclogn
hops,eachof lengthatmost %, , sothemetriclengthof this pathis atmost d,,. ThereforeE is astrong
(; )-frame. 2

Theoremd.lalreadyhelpsprovide someunderpinningor the succes®f distributedembeddingheuris-
ticsin recentetworking researchBut to go beyondthis black-boxresultto concretalistributedalgorithms,
we needto think abouttechniquedor triangulationandembeddinghat operatein a decentralizedashion
onthegraphG(Ey). In this sectionwe focuson the problemof distributedtriangulationin particular

Heres aschematidescriptionof a distributedtriangulationalgorithm. First, a (small) numberof nodes
S declarethemselesto be quasi-beaconsMessagesrethenpassedver the edgesof thegraphG(E k), at
the endof which eachnodeu has,for eachquasi-beacom, a pair of upperandlower bounds ,  dyp
hyp. Thisis thecrux: unlike standardeacon-basealgorithms,nodeu never actuallymeasuregts distance
to beacorb (unlesshey happerto beneighborsn G(Ey)), soit mustinfer boundson the distancdrom the
distributedalgorithm.Finally, the distancebetweerntwo nodesu andv canbeestimated/ia

. . . + :
TZaéX(JhUb Ivvathb IubJ) duv rg;'g(hub hvb)

We denotethe left-handandthe right-handsidesby d,,, andd},,, respectiely, and say suchprocesss a

quasi{ ; )-triangulation if d},=d,, 1+ foran -setof nodepairs.GivenasetEy of measuredistances
asin Theoremd.1, our goalis to performquasi-triangulationvith only a smallnumberof messagepassed
betweemodes.



Theorem4.2 LetM be an s-doublingmetric. For any and thatare eac at least (1 =log°® n), a
quasi{ ; )-triangulation canbeachievedin time polylagarithmicin n with only an expectedpolylogarith-
micload pernode takinginto accountthework for distancemeasuementsstorage, andthe numberof bits
sentandreceived.

We'll usethefollowing multi-stagealgorithm.For simplicity, we referto quasi-beaconasbeacons.

Algorithm 4.3 Supposead nodeknows( ; ;n) andchooseg ©k:c) asin Theoem4.1.

1. Each nodeselectsk neighbos® uniformly at random measuesdistancego them,anddecideginde-
pendentlywith probability k=n) whetherit is a quasi-beacon.

2. Beaconannounceghemselveto their neighbos. Speci cally ead quasi-beacot sortsits measue-
mentsfromlow to high andestimates ,( 9 by themeasuementranked2 %. Call this measuement
r,. Thenit sendsa messge M (b;ry; i) to all its neighbos, whele i is the numberof hopsthat the
messge hastraversed,initially setto 0.

3. Whennodeu receivedM (b;rp; i) fromv, nodeu updatesits existing boundson d,, usingthe new
boundsd,, 2irp. Saythemessge is new if u doesnot alreadystore M (b;rp;i% withi® i, If
soandmoreoverd,, 2rpandi < clogn, thenu storsit andforwardsM (b;ry;i + 1) to all its
neighbos but v.

We now analyzethisalgorithm.Let K = clogn. Eachmessagés forwardedatmostK times,yielding
the claimedrunningtime. A givennodecanbroadcasthe messagérom a given beacomat mostK times,
yielding the claimednumberof messageper node. WhenM (b;ry; i) is forwarded,all hopsbut possibly
thelastonehave lengthat mostr, sothedistanceboundsin step3 arevalid.

By a straightforvard applicationof Chernof bounds,t holdswith high probability for every beacorb
thatatmost2 % neighbordie within distancer,( 9 from b, andatleast2 % neighbordie within distance
rp(4 9 fromb,sorp( 9 rp  rp(4 9.

Let B, bethesmallestall aroundu thathassizeatleast %. In the proof of Theorem4.1 we saw that
the graphinducedby eachsuchball in E, hasdiameteratmostK . Sincer, rp( 9, eachw 2 By, will
receve amessagérom bvia apathof atmostK hopsof lengthatmost2r, eachsow will upperboundd,,
byh,y, 2rpK. Moreover, since(by the proofof Theoremd.1) every nodeu hasaneighborw 2 By, node
u will receve amessagérom bviathisw andbounddy, by dyw  hwp, Whichis (atworst)dy,  3rpK.

Now, by LemmaZ2.3thereexistsan -setof nodepairsuv suchthattheball B aroundu or v of radius
r = O( dyw=logn) hasatleast4 % points.With high probability eachsuchball B containsa beacongall
it b. SinceBp(2r) containsB,r, rp(4 9  2r. Thereforepmitting afew details,beacorbyieldsbounds
ondyy thatare(atworst)d(1 O( )). Thiscompletegheproofof Thm.4.2.

5 Extensionsand Further Directions

Strongly doubling metrics. We canobtainanumberof improvementgo ourresultswhenthegivenmetric
is stronglydoubling.(Recallthatametricis stronglys-doubling[19] if doublingtheradiusof aballincreases
its cardinalityby at mostafactorof s.) We startwith animproved Boumgain-styleembeddingwith a careful
accountingagumentwe shaw thatit hasa “gracefuldegradation'property: for this singleembeddingand
any > 0, thedistortionis O(log 2) for astrong -setof nodepairs.As in [26], we considerthe caseof L ;
rst; however, extendingto thegeneral ,, is moreinvolvedthanin [26]. Thisgracefuldegradationproperty

3Neighborsareundirectedin thesensehatif u selectss asa neighboythenu becomes neighbourof v, too.
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shouldalsobe contrastedvith the lower boundson embeddingpresentedn [13]. We discusshis resultin
moredetailin AppendixC.

We also shawv that the following simple neaest-beacorembeddings effective in strongly doubling
metrics: selectk beaconauniformly at random,embedthe beaconsandthensimply positioneachother
nodeattheembeddedbcationof its nearesbeaconlt is nothardto shav thatin strongly-doublingnetrics
the nearest-beacommbeddings (essentially)asaccurateastriangulation. (It is worth noting, on the other
hand,thattherearedoublingmetricsin which this nearest-beacoembeddingloesnot yield goodresults,
evenallowing constanslack.) Combinedwith Algorithm 4.3, the nearest-beacoembeddingyieldsa fully
distributed(Vivaldi-style)embeddindor stronglydoublingmetrics.Moreover, suchanembeddingvill have
the gracefuldegradation'propertyif thebeaconganembedhemselesusingtheimproved Boumgain-style
algorithmdescribedabore.

Embeddability with -slack for generalmetrics. Finally, thereis aninterestingandquite naturalopen
questionraisedby our work here: Canevery metric be embeddednto L , with constantdistortionand
slack?Standarcexamplesof metricsthatrequiresupefrconstandistortionfor embeddingsnto L , — e.g.,
bounded-dgreeexpanders— do not sene ascountergampleshere,sincethey canactuallybe embedded
with constandistortionand slackinto auniform metric. We discusghis furtherin AppendixD.

Acknowledgments. We thankPaul Francis,Martin Pal, Mark Sandler andGun Sirer for usefuldiscus-
sionsonthistopic.
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Appendix A: DensePoint Setsunder L, Metric

Theproof of thistheoremextendsthe discussionn Section2.

TheoremA.1 AnydensepointsetM underthel ; metriccanbe perfectlytriangulated.
Proof. For easyof expositionwe assumdghatd = 2, but the sametechniquesextend naturallyto ary
constantdimension. p__ p__
ConsideradensepointsetM in[0; kn]2. DivideM into cellswith width andheight = kn, for some
to be choserlater Therewill be % cells. Let x¢c andyc denotethe row andcolumnof cell C. De ne
h = min( 2n=4k; 2n =3), andcall acell C heavyif it containsatleasth points,andlight otherwise.The
ideais thatwe will beableto ensurghatwith high probability nearlyall heary cellswill containbeacons,
andthata nggligible numberof pointsfall outsideof the heary cells. We will thenamguethatfor mostpairs
of pointsthatlie in heary cells,triangulationwill give matchingupperandlower bounds.

vd T |
NN R
1 2 1/d

(a) (b)
Figure2: Densepointsets:(a)acell C, A ¢ in gray, andcorresp.quadrants(b) abandof badheary cells.

Sinceno two pointsin M arewithin adistanceof 1, no cell canhave morethan4 2nk points. Soif we
let bethefractionof cellsthatareheary, then(omitting someeasyarithmetic) 1=(4k + 1).

We will bagin by proving thatthelower boundis correctfor mostpairs. Saytwo cellsC; D arealigned
if Xc = Xp oryc = yp. Let Ac bethesetof cellsalignedwith C. Notethattheremoval of A ¢ partitions
theareainto four quadrantswhich we labelC4, C,, C3, andC4, asshavn in gure 2(a). Sayadensecell
C is goodif eachof its four quadrantgontainatleastoneheavy cell, andbadotherwise.Obsenre thatif C
is good,andall densecellscontainbeaconsthenall pointsin C will have correctlower boundgto all points
inM Ac.

We now needto shav thatmostdensecells aregood. Any densecell thatis not goodcanattribute its
badnesdo oneof its quadrantsDe ne B; for1 i 4 to bethesetof heary cellslacking a heary cell
in theiri!" quadrantConsidercellsC; D 2 B; andnotethatxc + yc 6 Xp + Yp, sinceotherwiseoneof
thesecellswould beto the upperleft of the other violating our assumptionThereforgB1j 2 (see gure
2(b) for a possibleB; set). The agumentis symmetricfor all four quadrantssoin total, therecanbe no
morethan? badcells. Sinceary cell containtsatmost4 2nk points,thetotal numberof pointsin badcells
isatmost32 nk. Choosing = gg ensureshatonly zn pointsarein badcells.

By our de nition of h, the total numberof pointsthatarein light cellsis alsoat most zn. Lastly, for
thosepointsin ary goodcell C, we have no guaranteaboutthe lower boundto pointsin A ¢. But this set
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contains? 2 cells,andhencefewerthan;n points.Hence by selectingalargeenougmumberof beacons,
we canensurewith high probabilitythatall butan fractionof distance$ave correctlower bounds.
Thesamegeneraideaworksfor theupperboundaswell. Theprimarydifferenceis we needtheideaof
aheary cell D beingbadrelativeto somecell C, meaninghereareno heary cellsin therectangularegion
boundedby C andD. It is thisregion thatneedgo containa beacorfor usto have a goodupperboundon
distancedrom C to D. As before,we canshav thatonly a small numberof cells arebadrelative to ary
othercell, andfor all othercells, the calculatedupperboundwill be correct. The samechoiceof used
above givesthedesiredresult. 2

Appendix B: Bourgain-like Embedding for Doubling Metrics
The exactstatemenandthe proof of this theoremextendthe discussionn Section3.

TheoremB.1 Fix constants > 0,s> landp 1. Thenanys-doublingmetriccanbe -embeddedhto
L p with constantdimensionand constantdistortion, usingonly a constantnumberof beacons.\e get a
strong -embeddingvith O(log n) dimension@&nd beaconsMoreover, we provide an efcient randomized
algorithm.

Proof: UsingLemma2.3awe capturethedependencenthedoublingconstans via = % =s® suchthat
rov( ) %du\, for astrong -setE of nodepairs.We'll give arandomizedhlgorithmthat -embedsary s-
doublingmetricd into L , with dimensiorO(log X log 1) anddistortionO(log 1), usingonly O( log 1)
beaconswith succesprobabilityatleastl . In particular thereexistsan -embeddingvith dimension
O(log? 1), distortionO(log 1) andO(2 log £) beacons.Note that for a strongly s-doublingmetric =

=s2? would sufce by LemmacC.2. In eithercasdog £ = O(log $).
The algorithmis essentiallythe Bourgrain's algorithmwithout the smallerlengthscales.For eachi 2
[log 1], choosek = O(log L) uarsetsof beaconf size1=(2' ), call themS;; . Embedeachnodev into

L ; sothattheij -th coordinatdas klizpd(v; Sj ), whered(v; S) is thedistancebetweerv andthesetS.

For simplicity we'll considetthecasep = 1 rst. Sincefor ary setS wehaved,, jd(u;S) d(v;S)j,
theembeddediv-distanced?, is upperboundedoy O(dyy log 1). Thehardpartis thelower bound:dd, =
( duv).

Fix anodepairuv 2 E. Letd = dy. Let ; = min(r,( 2');d=2). Notethatthe sequence; is
increasingwith ¢ < d=4and ; = d=2fori ig for someig. For eachi we claim that with failure
probabilityatmost =log % thetotal contritution to d9, of all setsSj is ( i+1 i). Oncethis claimis
proved,with failure probabilityatmost the sumof thesecontritutionstelescopes:

0 — X . ) = . - .
duv ( i+ )= ( i 0) ( d):

Thenby Markov inequalitywith failure probability O( ) thisholdsfor an -setof nodepairs. To male this
happerfor astrong -setof nodepairs(actually for all of E) we needto replacethe Markov inequalityby
theunionbound,whichis achiezed by increasinghe parametek to O(log n).

It remainsto prove theclaim. Fix i andlet = 2 . Wlog assumehe ball aroundu reachesize n
beforethe ball aroundv does: | = ry( ) ryv( ). A givensetS; contritutesat Ieast%( i+1 i) to
d), aslongasit hitsB = B ( ;) andmissegheopenball B °of radius j+1; aroundv. By LemmaB.2 the
probabilityof this happennings atleastc (sincethetwo ballsaredisjoint, B | nandjiB§ 2 n). Thus
the expectednumberof S;; 's with this propertyis ck, soapplyingthe Chernof bound for big enoughk =
O(log 1) theprobabilitythatat mostck=2 of Sj; 's do nothave this propertyis atmoste =8 =log L.
This provestheclaim,andcompleteghe proof of thetheoremfor thecasep = 1.
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To extendthe theoremto generab, follow [26]. Letd}), betheembeddediv-distance)et

Xij = jd(u; Si)  d(v;Sy)j

P
bethecontritution of thesetS; , andletx = log X. Thendfy = (i} i x{;)l:p, SO
0 1o 0 1
a1 X o1 X i} _
_ 1= 1= _ yl=p 141 _ J1=p 1 )
db, = x 'O@ﬁ ij xj A X 'O@ﬁ ij xj A = xP 1dl, = x*P 1 (d):
P 1=p _ .
For a lower bound, recall that xj; d, sodb, % i dP = x¥Pd. Thereforethe (two-sided)
distortionis at mostx, asrequired. 2

We usethefollowing lemmain the proof of TheoremB.1. The proofis implicit in [26] but we include
it for the sale of completeness.

LemmaB.2 Theeis a constant > 0 with thefollowing property ConsiderdisjointeventsE andE °sud
that Pr[E] andPr[EQ 2 . LetS beasetof1= pointssampledndependentljromthis probability
distribution. Thenwith probability at leastc, S hits E andmisse< ©

Proof: Letp = Pr[E]andp®= Pr[EY. Treatsamplinga given point astwo independentandomevents:
rst it misse<E Cwith probabilityl p° andthen(if it indeedmisses)t hits E with probabilityl—ppo. Wiog
rearrangahe orderof events: rst for eachpointwe choosenhetherit missesE © sothat

Pr{all pointsmissE9 = (1 p3*= e P= e 172

Thenuponsuccesshoosevhethereachpointhits E. Thenatleastonepointhits E with probabilityatleast
1 (1 p)¥ 1 L Sothetotalsuccesprobabilityisatleastc= (1 21)e 172, 2

Appendix C: Graceful Degradation Embedding for Strongly Doubling Metrics

Theexactstatemenandthe proof of this theoremextendsthe discussiorin Section5.

Theorem C.1 (a) Boumain's algorithm embedsany strongly 25-doubling metric into L1 with dimesion
O(log? n) sothatead dyy ri (2 1) is embeddeavith distortion O(i + s), for eadhi 2 [logn]. (b) In
particular, for any > Othedistortionis O(s + log 1) for a strong -setof nodepairs.
Proof: First notethatpart(b) easilyfollows from part(a): given > 0 apply(a)fori = log % to getthe
desireddistortionfor all pairsuv suchthatd,, rg,( ), whichis clearlyastrong -set.

Therestof theproofis on part(a). RecallthatBoumain's algorithmusesuarsetsS; of size2 , for each
i 2 [logn]andj 2 [k], k = O(log n). Denotethecontrikution of thesetS;; by x;; = jd(u;S;) d(v; Sj )j.
For normalizatiorpurposeslivide all coordinatedy k1P, sothattheembeddediv-distances

0 15
o _@l” oA
duv - R Xij
ij

For simplicity considerthecasep = 1 rst.
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Fix x andanodepair uv suchthatd,, r},(2 *). Letd andd®bethetrue andembeddediistances,
respectiely. As in the Boumgain's proof, d® = ( d). Since xj; d, the Boumgain's upperboundis
d°= O(dklogn). Herewe'll improveit to O((x + s)dk). Speci cally, we'll shav that

X
Xj  O(dks):

i>x ]

Fixi > x. Let = 2% andt = % Let X, beaO-1randomvariablethatis equalto 1 if andonly

if d(u; S) >Pd L. It is not hardto prove thatthis happenswith probability at moste 2 4 We'd like to
upperbound i Xju by a constantimestheexpectationput for largeenought the expectations too small

to give smallenougHfailureprobabilityvia Chernof blgunds.However, if we give up afactorof 22 =2t then
the Chernof bound(LemmacC.3with | = 2) gives i Xju = O(k2 ') with a sufciently smallfailure
probabilityto make surethatthis happendor all u simultaneously

Notethatxj > 2d 'onlyif Y; = 1, whereY; = Xj, _ Xjy. So

X X
xj O ( '+Y)=o0(k( "+2%:
i i
Summingthisoverall i > x we obtainthe desiredupperboundsince ; L = O(s).

To extendthistheoremto ageneralp 1 we needamorecomplicateccalculationthanthe onein [26].
As before,considera x edi > x. LetS bethesetof allj suchthatY; = 1. Recallthatwith high probability
it is the casethatfor all pairsuv thesizeof S is atmostO(k2 !). Therefore

X X X _
xf = xp+  xf o jSjdP+ k@d P
j j2s 163
= 0(@IP@ '+ )
1 X X X , _ (2d)P
— p p ip i
K X (2d) | O( +2') O 1 5
i>x i>Xx
gZd)pO(s:p)
145
1 X X 0 1 X X bA
W= B TR N
i>X ] X

O(d)(x + s=p*P

Foralowerbound,ng,teth?gforI = x + 2sitisthecasethatr}, (2 ')  d=4. In theproofof Thm.B.1

weessentiallyshavthat ;| ;X  ( kd). Therefore,

0 1. 0 1,0, 0 1
1 X X 1 X X 1 X X
p = P A — 1I=p@ — P A I=p@_— .
d?, » X = | @kl X I @kl Xij
il i il
(d)(x+s)™P 1
Sothetotal (two-sided)distortionis at mostx + s asrequired. 2
‘Indeedfori | xlettingr = ry(2 "Ywehaed> ry(2 *)=r,2 '2 *) ! *r,so

Prid(u:S;)>d * '] Pr[S; misseBu(r)]= (1 2')? <e?

Theclaimfollowsif wetakel = X
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We usethesdemmasn the proof of the above theorem.

Lemma C.2 Considera stronglys-doublingmetricd and xed and . Let °= s'°9 . Thenfor a strong
-setof nodepairs uv wehaver,( 9  dyy. Theefore for an2 -setof pairsuv wehaverf,( 9 dyy.

LemmaC.3 |_=,eth ,] 2 [8logn] beindependend-1randomvariablessud thatPr[X; = 1]= e ' whee
| > 16. Then >§3 < |§Iogn with probability atleastl n “.

Proof: LetX = Xjand = E(X).Letl+ = e'=I. ThenusingChernof Boundswe get
|
I
PriX > 8 llogn]= PrX > (1+ ) |< e e W e 1
gni= 1+ e n4
since(el)= < P forany | > 16 2

Appendix D: Asymptotically-Unif orm Metrics

This sectionextendsthe discussiornn Sectionb.

Call ametric(; )-uniformif it is -embeddablento a uniform metric with distortion1+ . Call a
family of metricsfM, : n 2 Ng asymptoticallyuniformif for each; > 0 thereexists N suchthat
metricMy, is (; )-uniformfor eachn  N. We'll demonstratseveral familiesof metricsthatarenon-
embeddablénto L , with constantdistortion,but asymptoticallyuniform, hence -embeddableTheseare:
preferentialttachmengraphs constant-dgreeexpandersandhypercubes.

The preferentialattachmengraph(PA) is anexpanderf29]. Any constant-dgree expanderis embed-
dableinto L , with distortionatleast (log n)[26, 27]. PA (andinternet)neednot containa constant-dgree
expandersincetheir high expansiommightrely onthehigh-degreenodes However, we canlower-boundthe
distortionusingthe averagedistance.

LemmaD.1 PAis embeddablénto |y, p 2 [1; 2] with distortionno betterthan (log n)=loglogn.

Proof: Let , betheall-pairsmax-concurrento w and min-ratio cut, respectiely, so that . By
Linial-London-Rabinwich [26] the minimal distortionfor embeddingary graphinto L ; is = . By
a simpleargumentfrom Leighton-Rad?24], for expanderswith O(n) edges = hdi wherehdi is the

averagedistancen thegraph.Let's lowerboundthe expecteddi for PA.

In Thm. 5 of Bollobas-Riordan3], they numbertheverticesof PA from 1 to n, in the orderof arrival,
andshaw thatfor someL = (log n)=loglogn, the expectednumberof uv-pathsof lengthexactly| < L
isatmost(n= W)(%)'z(log n). Thereforefor u; v > n=2 theexpectedhumberof uv-pathsof length< L
isO(1=logn), sod,y L w.h.p.for largeenoughn, soE(dy,) = ( L).

This provesthe lemmafor p = 1. The generalcasefollows sincefor ary p 2 (1;2] thereexists a
constant-distortioembeddingrom L, to L1 (e.g.by [18]). 2

It turnsoutthatthe shortest-pathmetricof PA is nearuniform with high probability

Lemma D.2 PA is asymptoticallyjuniformwhp. More preciselyfor any xed ; > 0, PAis(; )-uniform
with failure probability o(1).

Proof: Using the Bollobas-Riordaragumentfrom LemmabD.1, for u;v > n the expectednumberof
uv-pathsof length< L isq = O(%gn), sodyy < L with probabilityatmostq. Thefractionof suchpairs
is atmostq in expectationhenceby Markov inequalityit is atmost with probabilityat mostg= . Sowith
probabilityatleastl g= all butaO( )-fractionof nodepairsis atdistanceatleastL. Thissufces since
by [3] thediameterof PA is atmostL (1 + ) with failure probabilityat mosto(1). 2
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Constant-dgreeexpandersarenearuniformfor all n andwith a smalladditivedistortion.

LemmaD.3 For any > 0, any constant-dgree expanderis -embeddablénto a uniform metric with
additivedistortionof O(log 2).

Proof: Let = =d where istheexpansionandd is the maximaldegree,andlets n=2. Thenary
ball of radiusr andsizes hasleasts edgesomingoutof it, whichgoto atleast s distinctnodesoutside
of theball. Sotheball of radiusr + 1 hasatleast(1 + )s nodes.Similarly, ary ball of radiusr andsize
n shasatleasts edgesomingoutofit, whichgoto atleast s distinctnodesoutsideof theball. Sothe
complemenbf theball of radiusr + 1 hasatmost(1 )s nodes.Thereforefor ary nodeu

re@@ ) ru() logp. (I=)+log; ()= Oflog })1

We obtainedthe requiredadditive distortion on all nodepairs adjacentto the samenode. Now let's
extendit to entiregraph.Ignorenodepairsuv suchthatv 2 B9( ) orv 62By(1 ). Let G bethegraph
on the remainingnodepairs. Thenfor ary pair of edgesadjacentin G their distancediffer by at most
O(log 1). It remainsto shav thatin G all but an O( )-fraction of nodepairsarewithin a constanthops
from eachother This follows from the densityof G: sinceat most2 n 2 nodepairsareignored,all but an
O( )-fractionof nodeshave degreeatleast%n in G; obviouslyary two suchnodeshave acommonneighbor
in G, claimproved. 2

Lemma D.4 Hypercubesare asymptoticallyuniform.
Proof: Fix ; > 0.Leta= +—,b= ;25 andc= .. Notethatfor eachj < i  bk=2 wehave

Kook
i j+1 [

Thereforeffnodeswithin distanca  ak=2 from agivennodeu in ak-dimensionahypercubés

Xk Kk Kk Kk
(b a)k=2 kya (k).
. c . c (o 0o(2%a :
=0 ] [ ak=2 a bk=2 %)
whichis lessthan 2K for big enoughk. Distances > (1+ )k=2 aretreatedsimilarly. 2
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