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Abstract

This paper shows that ordinary quantum mechanics is not consistent with

the superluminal transmission of classical information.
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It is well-known that the statistical correlations between entangled quan-
tum systems (such as a pair of spins in a singlet state) cannot be used to
send classical messages faster than light [1]. In this paper we show a stronger
result: that any means of sending superluminal signals would violate the laws
of quantum mechanics. Our proof is constructed from three elements: the
“no-cloning” theorem of quantum mechanics [2], quantum teleportation [3],
and the relativity of simultaneity.

The “no-cloning” theorem, as proved by Wootters and Zurek [2], is based
on the linearity of quantum mechanics. Suppose a scheme exists by which we
could copy arbitrary states from a quantum system X into a similar system
Y. This may involve an interaction with an apparatus M. In copying, the
original state of X is undisturbed and Y is brought into a state identical to

the original state; that is, the combined system evolves according to

|aX,0y, 0M> — |ax, ay,waM> . (1)

Here |Oy) is some standard “null” state of Y and | 05/) is the initial state of
the cloning apparatus. After the cloning process, the state of M is |¥,u),
which may depend on the input state | ax).

Consider the action of our copying scheme on the input state |cx) =



alax) + B|bx), where |ax) and | bx) are distinct states of X. If the final
state of Y is to be a faithful copy, then |cy) = a|ay) + B|by). From
general considerations of quantum mechanics, we know that the evolution of

the system is linear, so that

|cx,0y,0h) = alax,0y,0n) + B|bx, 0y, 0ar) (2)

- Oé|CLX,CLY7¢aM> +ﬁ|bX,bY;¢bM> (3)

# |exiov, Yenr), (4)

since | ex,cy) = o?|ax,ay)+af|ax,by)+Ba|bx, ay)+ 3% | bx, by). Thus,

if two distinct states can be copied faithfully by some scheme, a superposition
of them cannot be.

We note that the “no-cloning” theorem in fact holds for the most general
sort of quantum evolution described by a completely positive map on density
operators, since all such maps can be modeled by unitary (and thus linear)
evolution on a larger system (a fact reviewed in [4]). In particular, cloning
is still impossible even if we allow measurements and manipulations of the
systems based on the outcomes of measurements.

We will show that the existence of superluminal signals implies the exis-
tence of a cloning scheme that uses quantum teleportation [3]. In quantum
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teleportation, a sender Alice conveys an arbitrary state | ¢¢) of a qubit C' to
a receiver Bob. This is done using an entangled pair of qubits (A and B)
already shared by Alice and Bob, together with a classical message trans-
mitted from Alice to Bob. We may imagine that the entangled qubits are
initially in the singlet state ‘ \I/ZB> = %(| Ta,18)—|1la,T5)). Alice measures
a joint observable on C' and A whose eigenstates are the so-called Bell states
Do) = (T4 10) £ [Lale) and | W) = L 1a,lo) £ |14, 1e)).
(This measurement tells Alice nothing about the input state |¢¢).) The
measurement result can be sent to Bob by a classical message of two bits. It
turns out that this information is precisely enough to allow Bob to choose a
unitary transformation for his qubit B that will leave it in the state | ¢p),
exactly the same as the input qubit state. Thus, by using one entangled
pair of qubits and sending a two-bit classical message, Alice can transfer her
unknown state to Bob. The choice of the singlet state ‘ Uy B> is not essential,
and any “maximally entangled” state | W4p) of the qubits A and B can be
used for teleportation.

Assume that Alice and Bob share an entangled pair of qubits and are
capable of conveying classical information superluminally by some unspec-
ified means. We can imagine that Alice and Bob are separated by a large
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distance. We consider the teleportation of ¢ to consist of two events:

e [. Alice’s joint measurement of qubits A and C' and the sending of the

classical message.

e II. Bob’s receipt of the message and his application of the appropriate

unitary transformation to qubit B.

The original state of C'is annihilated at event I, and the final (identical) state
of B is created at event II. (By “large distance” we mean that the light travel
time between Alice and Bob is big enough to think of I and II as spacetime
points—i.e., “events”.)

If the classical message is conveyed superluminally, there is a spacelike
separation between events I and II [5]. Therefore, there is some frame of
reference in which II precedes I in time. Consider such a frame of reference,
in which the (possibly transformed) initial state of qubit C'is | ¢f). During
the time interval between events II and I, the qubits C' and B are in the state
| ¢, ¢'5)—a state in which C' has been “cloned” into B. By the no-cloning
theorem, this cannot occur at any time. Hence, either quantum mechanics

is wrong in this frame of reference or there can be no superluminal carriers



of classical information.

It might be argued that this is not “real” cloning, since the original state
| o) is fated to be destroyed before the end of the teleportation process. Such
cloning could thus not be used, for example, to improve the distinguishability
of various input C-states. However, suppose that the choice of input state
| ¢¢) is known to both Alice and Bob. Immediately before event I, Alice could
perform a measurement testing to see whether qubit C' is in state | ¢ ), while
Bob could perform a simultaneous measurement immediately after event II
to test whether qubit B is in the state | ¢/5). The two qubits would pass their
respective tests with probability one. Thus, even though Alice and Bob may
not be able to exploit the cloned state for some purpose, they can perform
a measurement to confirm that the cloning has taken place. The no-cloning
theorem does not simply prohibit useful cloning, in which both copies persist;
it forbids a two-qubit clone state at any stage of the evolution. This theorem
should hold in any frame of reference in which quantum mechanics is valid.

Traditional arguments against superluminal communication generally pro-
ceed by constructing causal paradoxes [6]. Our argument is based on quan-
tum mechanics. Indeed, the only piece of the quantum theory that we have
used is the linearity of the Schrodinger equation describing time evolution.
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The principle of superposition is a very general feature of quantum mechan-
ics.

From time to time, it is suggested that quantum entanglement can be
used to convey classical messages instantaneously. This cannot be done [1].
We have here provided a new elementary argument that exploits the prop-
erties of entanglement itself. Far from providing a means of communicating
instantaneously, quantum entanglement allows us to exclude such a possib-
lity from a universe in which both quantum mechanics and relativity hold
true.

It has been pointed out that, if quantum cloning were possible, it could be
used along with entanglement to send superluminal classical signals [2]. Our
result is the converse: since cloning is impossible, quantum entanglement can
be used to show that superluminal classical communication is impossible as

well.
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Figure caption

Spacetime diagrams illustrating how superluminal classical communication
can violate the quantum no-cloning theorem. (a) Teleportation of an un-
known quantum state in the “unprimed” frame of reference. If the classical
information is sent superluminally from Alice to Bob, events I and II have
a spacelike separation. (b) The same teleportation process in the “primed”
frame, in which event II precedes event I. At the “/’ = constant” hyper-
surface, both qubits C' and B are in the same state, as can be verified by

measurements that are simultaneous in this frame.



