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3KDVH VSDFH ORJLFV ZHUH GHYHORSHG WR SURYLGH H[DPSOHV RI GHULYHG ORJLFV� 7KH
PRWLYDWLRQ IRU WKLV ZDV DQ LVVXH FRQFHUQLQJ TXDQWXP ORJLF� ,V TXDQWXP ORJLF
PRUH IXQGDPHQWDO WKDQ FODVVLFDO %RROHDQ ORJLF" +LODU\ 3XWQDP DUJXHG WKDW
WKH UHODWLRQVKLS EHWZHHQ %RROHDQ ORJLF DQG TXDQWXP ORJLF ZDV FORVHO\ DQDO�
RJRXV WR WKDW EHWZHHQ QRQ�(XFOLGHDQ JHRPHWU\ DQG (XFOLGHDQ JHRPHWU\� LQ
HDFK FDVH� WKH ODWWHU V\VWHP LV PHUHO\ DQ DSSUR[LPDWLRQ RI WKH PRUH IXQGDPHQ�
WDO IRUPHU V\VWHP� ,Q >�@ WKH DUJXPHQW ZDV PDGH WKDW� LQVWHDG RI EHLQJ PRUH
IXQGDPHQWDO� WKH YRQ 1HXPDQQ � %LUNKRm TXDQWXP ORJLF KDV D SXUHO\ GHULYHG
VWDWXV� 7R EH PRUH SUHFLVH� TXDQWXP ORJLF LV GHULYHG IURP WKH PHDVXUHPHQW
WKHRU\ RI TXDQWXP PHFKDQLFV DQG WKH PDWKHPDWLFDO VWUXFWXUH RI WKH +LOEHUW
VSDFH� ZKLFK LV XVHG WR PRGHO D JLYHQ TXDQWXP V\VWHP�

3KDVH VSDFH ORJLFV ZHUH XVHG DV IXUWKHU H[DPSOHV RI GHULYHG ORJLFV� 3KDVH VSDFH
ORJLFV DUH GHULYHG ORJLFV ZKLFK FDQ EH XVHG WR DQDO\]H FODVVLFDO PHFKDQLFDO V\V�
WHPV� 7R GHULYH WKHVH ORJLFV� D UXGLPHQWDU\ PHDVXUHPHQW WKHRU\ LV GHYHORSHG
IRU FODVVLFDO PHFKDQLFV DQG LV XVHG WR DQDO\]H WKH WRSRORJLFDO VWUXFWXUH RI D PH�
FKDQLFDO V\VWHP
V SKDVH VSDFH� 7KH VXUSULVLQJ UHVXOW LV WKDW WKH ORJLFV GHULYHG
IURP WKLV SURFHVV DUH QRQ�%RROHDQ� 7KXV WKH SKDVH VSDFH ORJLFV SURYLGH IXU�
WKHU H[DPSOHV RI QRQ�%RROHDQ V\VWHPV ZKLFK FDQ EH XVHG WR DQDO\]H SK\VLFDO
V\VWHPV ZKHQ RQH LV FDUHIXO WR GHVFULEH ZKDW FRQVWLWXWHV PHDVXUHPHQW�

,W LV WKLV DWWHQWLRQ WR WKH QDWXUH RI PHDVXUHPHQW ZKLFK PRWLYDWHV WKH FXU�
UHQW VWXG\� ,Q DQ\ FRPSXWDWLRQ WKH PHDVXUHPHQW RI VRPH SK\VLFDO V\VWHP LV
QHFHVVDU\� 9ROWDJH OHYHOV� VWUHQJWK RI PDJQHWL]HG GRPDLQV� DQG WKH ORFDWLRQ RI
ELOOLDUG EDOOV DUH MXVW D IHZ H[DPSOHV RI V\VWHPV ZKRVH PHDVXUHPHQW FRQVWLWXWH
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D FRPSXWDWLRQ� ,I PHDVXUHPHQW LV RI WKH HVVHQFH LQ FRPSXWDWLRQ� WKHQ RQH LV
OHDG WR DVN� :KDW ORJLF LV DSSURSULDWH IRU WKH DQDO\VLV RI FRPSXWDWLRQ" ,Q WKLV
SDSHU ELOOLDUG EDOO PRGHOV RI FRPSXWDWLRQ ZLOO EH DQDO\]HG E\ WKUHH YDULHWLHV
RI SKDVH VSDFH ORJLFV� ELYDOHQW RSHQ SKDVH VSDFH ORJLF� WKUHH�YDOXHG RSHQ SKDVH
VSDFH ORJLF� DQG WZLQ RSHQ VHW SKDVH VSDFH ORJLF� 7KH DQDO\VLV RI ELOOLDUG EDOO
FRPSXWDWLRQ E\ SKDVH VSDFH ORJLF LV PRWLYDWHG E\ QRWLQJ WKDW SKDVH VSDFH ORJ�
LFV ZHUH GHYHORSHG WR UHoHFW WKH IDFW WKDW PHDVXUHPHQWV RI SRVLWLRQ DUH QHYHU
LQnQLWHO\ SUHFLVH� ,W LV WKH PHDVXUHPHQW RI SRVLWLRQV RI ELOOLDUG EDOOV WKDW LV
FRPSXWDWLRQ LQ WKHVH PRGHOV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ , SUHVHQWV WKH JHQHUDO QRWLRQ RI D
GHULYHG ORJLF� ,Q 6HFWLRQ ,,� WKH SURSHUWLHV RI ELYDOHQW RSHQ SKDVH VSDFH ORJLF
DUH GLVFXVVHG� 7KLV SUHVHQWDWLRQ LV D VXPPDU\ RI UHVXOWV SUHVHQWHG LQ JUHDWHU
GHSWK LQ >�@� 7KLV SURYLGHV DQ H[DPSOH RI WKH LGHDV SUHVHQWHG LQ 6HFWLRQ ,�
,Q VHFWLRQ ,,,� ELYDOHQW RSHQ SKDVH VSDFH ORJLF LV DSSOLHG WR WKH DQDO\VLV RI D
SK\VLFDO PRGHO RI FRPSXWDWLRQ� WKH ELOOLDUG EDOO PRGHO� 6HFWLRQ ,9 SUHVHQWV
WKH SURSHUWLHV RI WKUHH�YDOXHG RSHQ SKDVH VSDFH ORJLF� 7KLV SUHVHQWDWLRQ LV D
VXPPDU\ RI UHVXOWV SUHVHQWHG LQ JUHDWHU GHSWK LQ >�@�6HFWLRQ 9 SUHVHQWV WKH
DSSOLFDWLRQ RI WKUHH�YDOXHG RSHQ SKDVH VSDFH ORJLV WR WKH ELOOLDUG EDOO PRGHO�
,Q 6HFWLRQ 9, ZH SUHVHQW WKH SURSHUWLHV RI D WKLUG ORJLF� WKH WZLQ RSHQ VHW
SKDVH VSDFH ORJLF� $V WKLV ORJLF KDV QRW EHHQ SUHYLRXVO\ GHVFULEHG� FRQVLGHUDEOH
VSDFH ZLOO EH GHYRWHG WR WKLV SUHVHQWDWLRQ� 7KH UHVXOWV SUHVHQWHG LQ 6HFWLRQ
9,, SDUDOOHO WKRVH SUHVHQWHG LQ 6HFWLRQV ,,, DQG 9� WKLV WLPH ZH DQDOL]H ELOOLDUG
EDOO FRPSXWDWLRQ XVLQJ WZLQ RSHQ VHS SKDVH VSDFH ORJLF� 6HFWLRQ 9,,, SURYLGHV
D EULHI VXPPDU\ DQG LQGLFDWLRQ RI SRVVLEOH H[WHQVLRQ RI WKH SUHVHQW ZRUN�

,� 'HULYHG /RJLFV

/HW XV FRQVLGHU D VLPSOH H[DPSOH RI D GHULYHG ORJLF LQ RUGHU WR LOOXVWUDWH WKH
FRQFHSW� :H WDNH RXU V\VWHP WR EH D SRLQW SDUWLFOH ZKLFK LV FRQVWUDLQHG WR OLH
VRPHZKHUH DORQJ D OLQH� O5 LV WKH PDWKHPDWLFDO VSDFH RI FRQnJXUDWLRQV IRU WKLV
V\VWHP� :H RSHUDWH XQGHU WKH �XQSK\VLFDO� DVVXPSWLRQ WKDW PHDVXUHPHQWV RI
WKH SDUWLFOH
V ORFDWLRQ DUH LQnQLWHO\ SUHFLVH� 7KXV� ZH ZLOO EH DEOH WR LGHQWLI\
PHDVXUHPHQWV ZLWK DUELWUDU\ VXEVHWV RI O5_IRU H[DPSOH� LQnQLWH SUHFLVLRQ
DOORZV XV WR H[SHULPHQWDOO\ GHWHUPLQH ZKHWKHU WKH SDUWLFOH
V FRRUGLQDWH LV D
UDWLRQDO QXPEHU RU QRW� $ PHDVXUHPHQW LQ WKLV GUHDP�ODQG FRQVLVWV RI WKH
XQDPELJXRXV GHWHUPLQDWLRQ RI ZKHWKHU WKH V\VWHP
V FRQnJXUDWLRQ OLHV ZLWKLQ
D SDUWLFXODU VHW RU QRW�

,Q WKLV V\VWHP� SURSRVLWLRQV DERXW WKH SDUWLFOH ZRXOG EH RI WKH IRUP� ?7KH
SDUWLFOH LV LQ ;�� ZKHUH ; LV D VXEVHW RI O5 UHSUHVHQWLQJ SRVLWLRQV� ,Q WKLV
FDVH� SURSRVLWLRQV DERXW WKH SDUWLFOH ZLOO DOVR EH LGHQWLnHG ZLWK VXEVHWV RI O5�
7KLV LV EHFDXVH DQ\ WZR GLVWLQFW VXEVHWV RI O5 PD\ EH GLVWLQJXLVKHG IURP HDFK
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RWKHU E\ VRPH PHDVXUHPHQW� ,QGHHG� JLYHQ VHWV $ DQG % LQ O5 WKH PHDVXUHPHQW
�VXEVHW� $ ? %F �ZKHUH WKH VXSHUVFULSW ?F� VWDQGV IRU FRPSOHPHQWDWLRQ� ZLOO
GLVWLQJXLVK EHWZHHQ WKH VHWV�

$V ZH ZLVK IRU ORJLFDO RSHUDWRUV WR PDS VHWV RI SURSRVLWLRQV WR D SURSRVLWLRQ�
ZH ZLOO LGHQWLI\ ORJLFDO RSHUDWRUV ZLWK VHW RSHUDWLRQV DV IROORZV�

$ B %  $ > % ���

$ A %  $ ? % ���

�$ $F ���

$ � %  $F > %� ���

7KH H[SUHVVLRQ RQ WKH ULJKW�KDQG VLGH RI HDFK HTXDWLRQ WUHDWV WKH REMHFWV $ DQG
% LQ WKHLU RUGLQDU\ VHW WKHRUHWLF JXLVHV� HDFK H[SUHVVLRQ \LHOGLQJ WKH GHnQLWLRQ
RI WKH ORJLFDO RSHUDWRU DFWLQJ RQ $ DQG %� QRZ WUHDWHG DV SURSRVLWLRQV� RQ WKH
OHIW�KDQG VLGH�

7KHVH GHnQLWLRQV DFFRUG ZLWK RXU LQWXLWLRQ FRQFHUQLQJ WKH WUXWK RI D SURSRVL�
WLRQ DV GHWHUPLQHG E\ D PHDVXUHPHQW� )RU H[DPSOH� LI D PHDVXUHPHQW \LHOGV
WUXH �UHVSHFWLYHO\� IDOVH� IRU $ DQG WUXH �UHVSHFWLYHO\� IDOVH� IRU %� WKH VDPH
PHDVXUHPHQW ZLOO \LHOG WUXH IRU $ ? % �UHVSHFWLYHO\� IDOVH IRU $ > %��
6LPLODUO\� �$ LV GHWHUPLQHG WR EH WUXH E\ D PHDVXUHPHQW �UHVSHFWLYHO\� IDOVH�
LI DQG RQO\ LI $ LV GHWHUPLQHG WR EH IDOVH �UHVSHFWLYHO\� WUXH� E\ WKH VDPH
PHDVXUHPHQW�

*LYHQ WKLV PDWKHPDWLFDO VWDWH VSDFH DQG WKLV WKHRU\ RI PHDVXUHPHQW� WKH
GHULYHG ORJLF IRU WKLV V\VWHP ZLOO EH RUGLQDU\ %RROHDQ ORJLF� 7KLV IROORZV IURP
WKH IDFW WKDW WKH FDOFXOXV RI VHW RSHUDWLRQV LV D %RROHDQ ODWWLFH� ,W LV LQWHUHVWLQJ
WR QRWH WKDW D WKHRU\ RI PHDVXUHPHQW� ZKLFK LV RQO\ VOLJKWO\ PRUH VRSKLVWLFDWHG
WKDQ WKH RQH FRQVLGHUHG KHUH� ZLOO \LHOG QRQ�%RROHDQ ORJLFV�

7KH PDLQ WKHVLV RI >�@ LV WKDW QRQVWDQGDUG GHULYHG ORJLFV DUH SRVVLEOH IRU D
ZLGHU FODVV RI SK\VLFDO WKHRULHV WKDQ TXDQWXP PHFKDQLFV� 7R LOOXVWUDWH WKLV
IDFW� WZR QRQVWDQGDUG ORJLFV ZHUH GHULYHG IRU FODVVLFDO PHFKDQLFDO V\VWHPV� 7KH
QRQVWDQGDUG IHDWXUHV RI YRQ 1HXPDQQ � %LUNKRm ORJLF oRZ IURP WKH +LOEHUW
VSDFH �PRUH VSHFLnFDOO\� WKH YHFWRU VSDFH� VWUXFWXUH RI TXDQWXP PHFKDQLFV�
7KH QRQVWDQGDUG IHDWXUHV RI WKH SKDVH VSDFH ORJLFV GHULYHG LQ >�@ oRZ IURP
WKH WRSRORJLFDO VWUXFWXUH RI WKH SKDVH VSDFH DVVRFLDWHG ZLWK D SK\VLFDO V\VWHP
E\ FODVVLFDO G\QDPLFV� 0RUH VSHFLnFDOO\� WKH RSHQ SKDVH VSDFH ORJLF LV GHULYHG
IURP WKH VWUXFWXUH RI RSHQ VXEVHWV RI WKH SKDVH VSDFH ZKLOH FORVHG SKDVH VSDFH
ORJLF LV GHULYHG IURP WKH VWUXFWXUH RI FORVHG VXEVHWV RI WKH SKDVH VSDFH� 7KHVH
ORJLFV DUH PRWLYDWHG E\ D UXGLPHQWDU\ WKHRU\ RI PHDVXUHPHQW� LQ ZKLFK D
JLYHQ PHDVXUHPHQW RXWFRPH ORFDOL]HV WKH VWDWH RI WKH V\VWHP WR DQ RSHQ VHW
LQ SKDVH VSDFH UDWKHU WKDQ DQ LGHDOL]HG SRLQW� 6XEVHWV RI SKDVH VSDFH ZKLFK
FDQQRW EH GLVWLQJXLVKHG �LQ RQH VHQVH RU DQRWKHU� E\ VXFK PHDVXUHPHQWV PXVW
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EH LGHQWLnHG ZLWK WKH VDPH SURSRVLWLRQ LQ WKH GHULYHG ORJLF�

,,� 2SHQ 3KDVH 6SDFH /RJLF

,Q >�@ WZR GHULYHG ORJLFV IRU FODVVLFDO PHFKDQLFDO V\VWHPV ZHUH GHVFULEHG� WKH
RSHQ SKDVH VSDFH ORJLF DQG WKH FORVHG SKDVH VSDFH ORJLF� $V WHUWLXP QRQ GDWXU

GRHV QRW KROG LQ RSHQ SKDVH VSDFH ORJLF �VHH 7KHRUHP � EHORZ� LW LV D QDWXUDO
FDQGLGDWH IRU D WKUHH�YDOXHG LQWHUSUHWDWLRQ� ,Q WKLV VHFWLRQ ZH GHVFULEH WKRVH
SURSHUWLHV RI WKH RSHQ SKDVH VSDFH ORJLF ZKLFK GHDO ZLWK WKH VWUXFWXUH RI WKH
SURSRVLWLRQV LQ WKH ORJLF� $V WKHVH DUH WKH VDPH IRU ERWK WKH ELYDOHQW DQG WKUHH�
YDOXHG YHUVLRQ RI RSHQ SKDVH VSDFH ORJLF� ZH ZLOO QRW GLVWLQJXLVK EHWZHHQ WKH
WZR LQ WKH SUHVHQW VHFWLRQ� ,Q 6HFWLRQ ,,,� ZH ZLOO XVH WKH ELYDOHQW YDULDQW RI
RSHQ SKDVH VSDFH ORJLF WR DQDO\]H ELOOLDUG EDOO PRGHOV RI FRPSXWLQJ�

:H ZLOO SUHVHQW WKH SURRIV RI RQO\ SDUW RI 7KHRUHPV � DQG �� 7KHVH DUH SUH�
VHQWHG KHUH PHUHO\ WR SURYLGH WKH oDYRU RI WKH WHFKQLTXHV RI SURRI IRU WKHVH
V\VWHPV� $ PRUH FRPSOHWH SUHVHQWDWLRQ RI WKH SURRIV FDQ EH IRXQG LQ >�@�

/HW 3 EH D SURSRVLWLRQ� ZH UHFDOO IURP >�@ WKDW WKLV PHDQV WKDW 3 LV DQ HTXLYD�
OHQFH FODVV RI VHWV� 'LVWLQFW VHWV DUH LQ WKH VDPH HTXLYDOHQFH FODVV 3 LI DQG RQO\
LI WKH\ KDYH WKH VDPH LQWHULRU� DV VHWV ZLWK WKH VDPH LQWHULRU ZLOO EH YHULnHG
E\ WKH VDPH VHW RI PHDVXUHPHQWV �ZKLFK DUH WR EH LGHQWLnHG ZLWK RSHQ VHWV�
DV QRWHG LQ WKH SUHYLRXV VHFWLRQ�� 7KH SURSHUWLHV RI WKHVH SURSRVLWLRQV DUH GH�
WHUPLQHG E\ WKH WRSRORJLFDO SURSHUWLHV RI VXEVHWV RI WKH SKDVH VSDFH� 6XSSRVH
9 DQG : DUH DUELWUDU\ VXEVHWV RI D WRSRORJLFDO VSDFH ;� 7KHQ LW LV WUXH WKDW

9  9 ���

LQW �LQW 9 �  LQW9 ���

9 ?: u9 ?: ���

9 >:  9 >: ���

LQW9 > LQW: t LQW �9 >: � ���

LQW9 ? LQW:  LQW �9 ?: � ����

�9 DQG LQW9 GHQRWH WKH FORVXUH DQG LQWHULRU RI WKH VHW 9 � UHVSHFWLYHO\�� 3URRIV
RI WKH DERYH IDFWV FDQ EH IRXQG LQ DQ\ LQWURGXFWRU\ WRSRORJ\ WH[W >��@�

$V ZH VWDWHG HDUOLHU� ZH ZLVK WR nQG D VLQJOH DOWHUQDWLYH SURSRVLWLRQ WR 3 � WKLV
VLQJOH DOWHUQDWLYH SURSRVLWLRQ ZLOO VHUYH DV WKH QHJDWLRQ RI 3 � 7KH DOWHUQDWLYH
ZKLFK LV UHDGLO\ VXJJHVWHG LV >LQW �3L

F�@ ZKHUH 3L LV DQ\ HOHPHQW RI 3 � 7KLV
FKRLFH RI WKH DOWHUQDWLYH SURSRVLWLRQ PRWLYDWHV RXU GHnQLWLRQV RI WKH WKUHH�
YDOXHG RSHUDWLRQV FRUUHVSRQGLQJ WR ?RU�� ?DQG�� DQG ?QRW�� 7KHVH RSHUDWRUV
DUH GHnQHG DV IROORZV�
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'HnQLWLRQ �� /HW 3 DQG 4 EH SURSRVLWLRQV� 7KDW LV� 3 LV WKH HTXLYDOHQFH
FODVV >3L@ DQG 4 LV WKH HTXLYDOHQFH FODVV >4M@� 7KHQ ZH GHnQH WKH ORJLFDO
RSHUDWRUV ?�� �?QRW���?A��?DQG��� DQG ?B� �?RU�� DV IROORZV�

�3  >�LQW3L�
F@ ����

3 A4 >�LQW3L� ? �LQW4M�@ ����

3 B4 >�LQW3L� > �LQW4M�@� ����

7KHVH GHnQLWLRQV DUH DOO EDVHG RQ WKH QRWLRQ WKDW D SURSRVLWLRQ LV WR EH LGHQ�
WLnHG ZLWK D VXEVWUXFWXUH RI WKH PDWKHPDWLFDO VWDWH VSDFH� LQ WKLV FDVH� DQ
HTXLYDOHQFH FODVV RI VHWV�

7KHRUHP �� 7KH RSHUDWLRQV B DQG A DUH ERWK FRPPXWDWLYH DQG DVVRFLDWLYH�
)XUWKHUPRUH� B GLVWULEXWHV RYHU A� DQG A GLVWULEXWHV RYHU B�

3URRI� :H ZLOO RPLW WKH SURRIV RI FRPPXWDWLYLW\ DQG DVVRFLDWLYLW\� DQG JLYH
RQO\ WKH SURRI IRU WKH GLVWULEXWLYLW\ RI A RYHU B� 2WKHU SDUWV RI WKH SURRI DUH
VWUDLJKWIRUZDUG�

6XSSRVH $� %� DQG & DUH SURSRVLWLRQV LQ RSHQ SKDVH VSDFH ORJLF� 7KHQ

$ A �% B &� >LQW$x@ A >LQW%y > LQW&s@ ����

 >LQW$x ? LQW �LQW%y > LQW&s�@� ����

5HIHUULQJ WR WKH WRSRORJLFDO SURSHUWLHV OLVWHG LQ ���^��� ZH VHH WKDW

$ A �% B &� >LQW$x ? �LQW%y > LQW&s�@ ����

 >�LQW$x ? LQW%y� > �LQW$x ? LQW&s�@� ����

7KH LQWHUVHFWLRQ RI WZR RSHQ VHWV LV RSHQ� VR

LQW9 ? LQW:  LQW �LQW 9 ? LQW: �� ����

7KXV�

$ A �% B &� >LQW �LQW$x ? LQW%y� > LQW �LQW$x ? LQW&s�@ ����

 >LQW$x ? LQW%y@ B >LQW$x ? LQW&s@ ����

 �$ A%� B �$ A &�� ����

7KHUHIRUH� A GLVWULEXWHV RYHU B LQ RSHQ SKDVH VSDFH ORJLF� 7KH SURRI WKDW B
GLVWULEXWHV RYHU A LV VLPLODU� (
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7KHRUHP �� )RU D SURSRVLWLRQ 3 � 3 Y ��3

5HPDUN� 5HFDOO IURP >�@ WKDW 3 Y 4 PHDQV WKDW IRU HYHU\ VHW 3L LQ WKH
HTXLYDOHQFH FODVV 3 WKHUH LV D VHW 4M LQ 4 VXFK WKDW 3L t 4M�

3URRI� /HW 3 EH D SURSRVLWLRQ� L�H��

3  >3L@ ����

 >LQW3L@� ����

)RU DQ\ VHW 6� LW LV WKH FDVH WKDW LQW6 t LQW ��LQW �6F��F�� 7KLV FDQ EH VHHQ DV
IROORZV� /HW [ � LQW6� 7KHQ WKHUH LV D QHLJKERUKRRG RI [� GHQRWHG E\ 8[� VXFK
WKDW 8[ t LQW6 t 6� +HQFH� 8[ ? 6F  � DQG VR 8[ ? LQW �6

F�  �� 7KXV 8[ t
�LQW �6F��F VR WKDW [ � LQW ��LQW �6F��F� DQG ZH KDYH LQW6 t LQW ��LQW �6F��F� DV
FODLPHG� 7KXV� ZH PD\ FRQWLQXH WKH SURRI RI WKH WKHRUHP�

3 Y >LQW ��LQW �3L
F��F�@ ����

 �>�LQW �3L
F��@ ����

 ��>3L@ ����

 ��3 � ����

(

7KHRUHP �� ,Q RSHQ SKDVH VSDFH ORJLF� $ A �$  � �?�� KHUH GHQRWHV WKH
HTXLYDOHQFH FODVV ZKLFK FRQWDLQV WKH HPSW\ VHW� ZKLFK LV WKH QHYHU YHULnHG�
RU DOZD\V IDOVH� SURSRVLWLRQ� IRU DOO SURSRVLWLRQV $ � WKXV� LQ WKH RSHQ SKDVH
VSDFH ORJLF WKHUH LV D ODZ RI QRQ�FRQWUDGLFWLRQ�� 2Q WKH RWKHU KDQG� $B�$� �
IRU VRPH WRSRORJLFDO VSDFHV� L�H��QR WHUWLXP QRQ GDWXU �?�� KHUH GHQRWHV WKH
HTXLYDOHQFH FODVV ZKLFK FRQWDLQV WKH HQWLUH VSDFH� ZKLFK LV WKH DOZD\V YHULnHG�
RU DOZD\V WUXH� SURSRVLWLRQ��

7KHRUHP �� )RU SURSRVLWLRQV $ DQG % LQ WKH RSHQ SKDVH VSDFH ORJLF�

��$ B%�  �$ A �% ����

�$ B �%Y��$ A%�� ����

,Q WKH VHFRQG UHODWLRQ� HTXDOLW\ QHHG QRW KROG�

7KH SURRIV RI WKHVH IDFWV DUH VWUDLJKWIRUZDUG� 7KH WZR UHODWLRQV ZRUN RXW
GLmHUHQWO\ EHFDXVH RI WKH DV\PPHWU\ EHWZHHQ VHW XQLRQ DQG LQWHUVHFWLRQ ZLWK
UHVSHFW WR WKH LQWHULRU RSHUDWLRQ� 7KDW LV� E\ WKH WRSRORJLFDO SURSHUWLHV ���^
���� WKH LQWHULRU RI WKH LQWHUVHFWLRQ RI WZR VHWV LV HTXDO WR WKH LQWHUVHFWLRQ RI
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WKHLU LQWHULRUV� KRZHYHU� LQ JHQHUDO WKH XQLRQ RI WKHLU LQWHULRUV PHUHO\ FRQWDLQV
WKH LQWHULRU RI WKH XQLRQ RI WKRVH VHWV�

,W LV LQWHUHVWLQJ WR QRWH WKDW WKH RSHQ SKDVH VSDFH ORJLF LV %RROHDQ LI WKH
XQGHUO\LQJ SKDVH VSDFH KDV D GLVFUHWH WRSRORJ\� �7KH SKDVH VSDFHV RI RUGLQDU\
FODVVLFDO G\QDPLFDO V\VWHPV� RI FRXUVH� GR QRW�� 7KXV� WKH WRSRORJLFDO VWUXFWXUH
RI WKH VWDWH VSDFH JRYHUQV WKH FKDUDFWHU RI WKH GHULYHG ORJLF�

:H UHLWHUDWH WKDW WKHVH SURSHUWLHV DUH LQGHSHQGHQW RI ZKHWKHU WKH VWDWHPHQWV
DUH LQWHUSUHWHG XVLQJ D ELYDOHQW �3 LV YHULnHG RU QRW YHULnHG� RU D WKUHH�YDOXHG
LQWHUSUHWDWLRQ� )RU D GLVFXVVLRQ RI WKH ELYDOHQW LQWHUSUHWDWLRQ RI RSHQ SKDVH
VSDFH ORJLF VHH >�@� 7KH GHVFULSWLRQ RI WKH WKUHH�YDOXHG LQWHUSUHWDWLRQ IROORZV
LQ 6HFWLRQ ,9�

,,,� %LYDOHQW 2SHQ 3KDVH 6SDFH /RJLF DQG %LOOLDUG %DOO &RPSXWDWLRQ

$V ZDV PHQWLRQHG LQ WKH LQWURGXFWRU\ VHFWLRQ� WKH GHULYHG LQ WKH WHUP ?GHULYHG
ORJLF� UHIHUV WR WKH IDFW WKDW WKHVH ORJLFDO VWUXFWXUHV DUH GHULYHG IURP D WKHRU\
RI PHDVXUHPHQW� ,Q WKH FDVH RI WKH FODVVLFDO SKDVH VSDFH ORJLFV� WKDW WKHRU\ LV
TXLWH VLPSOH� LW LV HPERGLHG LQ WKH IROORZLQJ VHW RI D[LRPV >�@�

�L� 2EVHUYDEOHV DUH FRQWLQXRXV SKDVH�VSDFH IXQFWLRQV�
�LL� 9DOXHV RI REVHUYDEOHV FDQQRW EH GHWHUPLQHG ZLWK DUELWUDULO\ EXW QRW LQ�

nQLWHO\ KLJK SUHFLVLRQ�
�LLL� 2QO\ nQLWHO\ PDQ\ PHDVXUHPHQW RXWFRPHV DUH DYDLODEOH�

7KH ELYDOHQW RSHQ SDVH VSDFH ORJLF ZDV XVHG WR DQDOL]H VHYHUDO SK\VLFDO V\VWHPV
LQ >�@� ,Q WKLV SDSHU� ZH FRQVLGHU DQRWKHU SK\VLFDO V\VWHP� D FRPSXWHU

7KH PDWKHPDWLFV RI FRPSXWLQJ PDFKLQHU\� LQ SDUWLFXODU IRU FXUUHQW GLJLWDO
FRPSXWHUV� KDV LWV IRXQGDWLRQ LQ ERROHDQ DOJHEUD� ,W LV D FRPPRQ H[HUFLVH
LQ EHJLQQLQJ FRPSXWHU FRXUVHV WR VKRZ WKDW ERWK WKH SURSRVLWLRQDO ORJLF DQG
FROOHFWLRQV RI FHUWDLQ FLUFXLWU\ WRJHWKHU ZLWK ZD\V RI FRPELQLQJ HOHFWURQLF JDWHV
IRUP ERROHDQ DOJHEUDV� 7KLV IDFW \LHOGV D PDMRU DGYDQWDJH WR WKRVH ZKR QHHG
WR UHDVRQ DERXW FRPSXWLQJ FLUFXLWV�

+RZHYHU� WKH XVH RI ERROHDQ �VWDQGDUG� ORJLF IRU UHDVRQLQJ DERXW FLUFXLWU\
LJQRUHV TXHVWLRQV RI PHDVXUHPHQW� 2QH H[DPLQHV LQSXW DQG RXWSXW SDWKV RI
FLUFXLWV IURP WKH SRLQW RI YLHZ RI ZKHWKHU KLJK RU ORZ YROWDJH LV RQ D SDUWLF�
XODU SDWK� 6XFK DQ DSSURDFK QHFHVVLWDWHV WKDW RQH DVVXPH WKHUH LV DQ H[DFW
PHDVXUHPHQW IRU WKHVH YDOXHV� 2I FRXUVH� RXU XQGHUVWDQGLQJ RI SK\VLFV PDNHV
LW FOHDU WKDW VXFK H[DFWQHVV LV QRW WKH UHDOLW\� )RU WKLV UHDVRQ LW VHHPV UHD�
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VRQDEOH WR DSSO\ ORJLF WKDW LV EDVHG RQ SK\VLFDO PHDVXUHPHQW WR PRGHOV RI
FRPSXWDWLRQ�

+HUH� ZH FRQVLGHU VRPH QRQVWDQGDUG ORJLFV ZLWK WKH LGHDV RI VHHLQJ ZKDW NLQGV
RI VWDWHPHQWV FDQ EH H[SUHVVHG DERXW FRPSXWDWLRQ PRGHOV� :H DUH HVSHFLDOO\
LQWHUHVWHG WR VHH ZKDW FDQ EH VDLG WKDW LV QRW SRVVLEOH WR VD\ XVLQJ WUDGLWLRQDO
ORJLF� :H QRWH WKDW WKHVH QRQVWDQGDUG ORJLFV GR QRW IRUP ERROHDQ DOJHEUDV� DQG
ZH SURSRVH WKDW LQ IXWXUH ZRUN ZH SODQ WR IRUPDOL]H WKH NLQG RI PDWKHPDWLFDO
V\VWHP WKHVH QRQVWDQGDUG ORJLFV WDNH DQG WR PDNH VRPH FRPSDULVRQV ZLWK
WUDGLWLRQDO ERROHDQ ORJLF�

,Q WKH DQDO\VLV RI ELOOLDUG EDOO JDWHV� WKH PHDVXUHPHQWV ZLWK ZKLFK ZH ZLOO
EH FRQFHUQHG DUH ORFDWLRQV RI WKH EDOOV� ,Q RUGHU WR VLPSOLI\ WKH DQDO\VLV� ZH
ZLOO OLPLW RXUVHOYHV WR ORFDWLQJ WKH EDOOV LQ VSDFH UDWKHU WKDQ WKH PRUH FRUUHFW
VSDFHWLPH� 6WULFWO\ VSHDNLQJ� $[LRP � PXVW EH PRGLnHG WR UHoHFW WKH IDFW
WKDW� JLYHQ D SDUWLFXODU PDFKLQH� WKH SUHFLVLRQ LV nQLWHO\ OLPLWHG� L�H�� D JLYHQ
PDFKLQH ZLOO KDYH D JLYHQ UHVROXWLRQ�

/HW XV FRQVLGHU WKH ELOOLDUG EDOO LQWHUDFWLRQ JDWH VKRZQ LQ )LJXUH �� 7KH PHD�
VXUHPHQW WR EH FRQVLGHUHG LV ZKHWKHU RU QRW D EDOO LV ORFDWHG DW SRVLWLRQV
ODEHOOHG \�� \�� \�� DQG \�� ,Q WKH QDLYH YLHZ� RQH FRQVLGHUV WKHVH ORFDWLRQV WR
EH SRLQWV DQG WKH PHDVXUHPHQW LV WR ORRN DW WKH SRLQW DQG VHH LI WKHUH LV D
EDOO DW WKDW SRLQW RU QRW�

7KH VLWXDWLRQ LV DFWXDOO\ PRUH FRPSOLFDWHG� $V PHDVXUHPHQWV KDYH RQO\ n[HG
UHVROXWLRQ �OHW XV FDOO WKLV UHVROXWLRQ p� D PHDVXUHPHQW LV SHUIRUPHG E\ ORRNLQJ
DW RSHQ LQWHUYDOV DERXW HDFK RI WKH SRLQWV� +RZ ELJ VKRXOG WKHVH LQWHUYDOV EH"
7KH DQVZHU WR WKDW TXHVWLRQ GHSHQGV XSRQ KRZ PXFK HUURU RQH LV ZLOOLQJ WR
WROHUDWH� +HQFH WKH UHVXOW RI D PHDVXUHPHQW GHSHQGV XSRQ D WROHUDQFH� WKH
WROHUDQFH �OHW XV GHQRWH LW E\ q� ZLOO n[ WKH VL]H RI WKH LQWHUYDOV DERXW WKH
SRLQWV \� WR \� DV VKRZQ LQ )LJXUH ��

:H ZLOO VD\ WKH UHVXOW RI WKH FRPSXWDWLRQ E\ WKH JDWH LV DV IROORZV� SURSRVLWLRQ
? $ DQG %� LV YHULnHG LI EDOO $ LV ORFDWHG LQ LQWHUYDO \� DQG EDOO % LV ORFDWHG
LQ LQWHUYDO \�� :H VKRXOG EH SUHFLVH LQ VD\LQJ ZKDW FRQVWLWXWHV WKH VLWXDWLRQ
?D EDOO [ LV ORFDWHG LQ LQWHUYDO \�� ,W LV VLPSO\ WKLV� D PHDVXUHPHQW P LV
DQ LQWHUYDO RI ZLGWK GHOWD� ZH VD\ D EDOO LV ORFDWHG LQ LQWHUYDO \ LI P | \�
&RPSOHPHQWDULO\� ZH VD\ WKDW ?EDOO [ LV QRW LQ \� LI P | \F �WKH VXSHUVFULSW
F GHQRWH VHW FRPSOHPHQWDWLRQ��

7KXV� WKH JDWH ZLOO UHWXUQ WKH UHVXOW ?$ DQG % LV YHULnHG� LI DQG RQO\ LI
P$ | �\� b q� \� � q� DQG P% | �\� b q� \� � q�� ZKHUH P- GHQRWHV WKH
PHDVXUHPHQW IRU EDOO - �-  $�%�� 6LPLODUO\� WKH JDWH ZLOO UHWXUQ D YDOXH RI
?% DQG QRW $ LV YHULnHG� LI DQG RQO\ LI P% | �\� b q� \� � q� DQG P$ �| <
ZKHUH < LV WKH HQWLUH ULJKW KDQG ZDOO RI WKH JDWH� 7KH JDWH ZLOO UHWXUQ D YDOXH
RI ?$ DQG QRW % LV YHULnHG� LI DQG RQO\ LI P$ | �\� b q� \� � q� DQG P% �| < �
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7KXV� RQH ZLOO QRW VHW WKH WROHUDQFH q WR EH OHVV WKDQ WKH UHVROXWLRQ p� RWKHUZLVH�
WKH JDWH ZLOO QHYHU UHWXUQ D YDOXH RI YHULnHG IRU DQ\ RI WKH IRXU SRVVLEOH RXWSXWV
RI WKH JDWH� 7KLV GRHV QRW PHDQ WKDW VXFK D JDWH ZRXOG DOZD\V SURGXFH D
YDOXH RI XQYHULnHG� )URP WKH GLVFXVVLRQ LQ 6HFWLRQ ,� ZH UHFDOO WKDW LQ RSHQ
SKDVH VSDFH ORJLF� D SURSRVLWLRQ 3 LV DVVLJQHG WKH YDOXH RI ?XQYHULnHG� E\ D
PHDVXUHPHQW P LI DQG RQO\ LI P | LQW>�3��

F@� 7KDW LV� P DVVLJQV ?XQYHULnHG�
WR 3 LI DQG RQO\ LI P LV FRQWDLQHG HQWLUHO\ LQVLGH WKH FRPSOHPHQW RI DQ\
UHSUHVHQWDWLYH RI 3 � %XW WKLV LV QRW WKH RQO\ ZD\ LQ ZKLFK D PHDVXUHPHQW FDQ
IDLO WR DVVLJQ D YDOXH RI ?YHULnHG� WR D SURSRVLWLRQ�

,W LV TXLWH SRVVLEOH WKDW D PHDVXUHPHQW P LV VXFK WKDW P�| 3� DQG DOVR WKDW
P�| LQW�3��

F� )RU H[DPSOH� LQ WKH LQWHUDFWLRQ JDWH XQGHU FRQVLGHUDWLRQ KHUH�
P ZLWK UHVROXWLRQ p PLJKW EH WKH LQWHUYDO �\��qbp �� \��q�p �� �VHH )LJXUH
���� 7KXV WKH SURSRVLWLRQ ?$ DQG % � LV DVVLJQHG QHLWKHU D YDOXH RI ?YHULnHG�
QRU D YDOXH RI ?XQYHULnHG�� ,Q IDFW� LQ WKH ELYDOHQW RSHQ SKDVH VSDFH VXFK D
PHDVXUHPHQW IDLOV WR DVVLJQ DQ\ YDOXH WR WKH SURSRVLWLRQ ?$ DQG %�� 7KLV
IDLOXUH WR DVVLJQ DQ\ YDOXH PRWLYDWHV XVLQJ WKUHH�YDOXHG ORJLFV LQ WKH DQDO\VLV
RI ELOOLDUG EDOO FRPSXWHUV�

,9� 7KUHH�9DOXHG 2SHQ 3KDVH 6SDFH /RJLF

,Q DGGLWLRQ WR WKH FRQVLGHUDWLRQV QRWHG DW WKH HQG RI WKH ODVW VHFWLRQ LW KDV
EHHQ QRWHG >���@ WKDW WKH ODZ RI WHUWLXP QRQ GDWXU GRHV QRW KROG LQ RSHQ SKDVH
VSDFH ORJLF� 7KH SRVVLELOLW\ WKDW WKH ODZ RI WHUWLXP QRQ GDWXU LV QRW D WDXWRORJ\
KDV SUHYLRXVO\ EHHQ D PRWLYDWLRQ IRU WKH GHYHORSPHQW RI WKUHH�YDOXHG ORJLFV
DV SRVVLEOH DOWHUQDWLYHV WR VWDQGDUG %RROHDQ ORJLF �FI� >�@� >�@� >�@� >�@� >�@��
7KXV� WKH SRVVLELOLW\ RI D WKUHH�YDOXHG ORJLF IRU FODVVLFDO PHFKDQLFDO V\VWHPV
LV VXJJHVWHG� 2QH EHQHnW RI GHYHORSLQJ D WKUHH YDOXHG GHULYHG ORJLF LV WKDW ZH
PD\ KRSH WR WKHUHE\ DYRLG WKH DPELJXLW\ WKDW RIWHQ DWWHQGV WKH VHOHFWLRQ RI
WKUHH�YDOXHG FRQQHFWLYHV� $V SRLQWHG RXW LQ >�@� WZHOYH GLVWLQFW ?QHJDWLRQV� DUH
SRVVLEOH IRU D WKUHH�YDOXHG ORJLF� 7KH FKRLFH DPRQJ WKHVH LV WR VRPH GHJUHH DG
KRF� ,QGHHG� LQ WKH WKUHH�YDOXHG V\VWHP KH GHYHORSHG IRU TXDQWXP PHFKDQLFV�
5HLFKHQEDFK �>�@� FKRVH WR LQFOXGH WKUHH GLmHUHQW QHJDWLRQV� $V ZH ZLOO VKRZ�
WKH GHULYDWLRQ RI D WKUHH�YDOXHG ORJLF IURP WKH PDWKHPDWLFDO VWUXFWXUH RI WKH
VWDWH VSDFH HOLPLQDWHV VRPH RI WKH DG KRF IHDWXUHV RI WKH FKRLFH RI FRQQHFWLYHV�

$V ZH KDYH VHHQ� ZKHQ D SURSRVLWLRQ 3 LV QRW YHULnHG� LW GRHV QRW IROORZ WKDW
WKH QHJDWLRQ RI 3 LV YHULnHG �L�H�� ?3 EHLQJ QRW YHULnHG� LV QRW HTXLYDOHQW WR
?�3 EHLQJ YHULnHG��� 6LPLODUO\� LI WKH QHJDWLRQ RI 3 LV QRW YHULnHG ZH FDQQRW
FRQFOXGH WKDW 3 LV YHULnHG� ,Q RWKHU ZRUGV� LW LV SRVVLEOH WKDW D SURSRVLWLRQ
DQG LWV QHJDWLRQ PD\ ERWK IDLO WR EH YHULnHG� 7KLV UHoHFWV WKDW WHUWLXP QRQ

GDWXU GRHV QRW KROG LQ RSHQ SKDVH VSDFH ORJLF� L�H�� 3 B �3 � �� $V WKH
FDQRQLFDO UHSUHVHQWDWLYHV RI 3 DQG �3 GR QRW FRYHU WKH HQWLUH VSDFH� RQH
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FDQ UHDVRQDEO\ H[SHFW WKHUH WR EH DQRWKHU DOWHUQDWLYH� ,W LV WKH H[LVWHQFH RI
WKLV WKLUG DOWHUQDWLYH WKDW LQGLFDWHV WKDW D WKUHH�YDOXHG LQWHUSUHWDWLRQ PD\ EH
XVHIXO IRU RSHQ SKDVH VSDFH ORJLF�

7KHUH DUH WZR SRLQWV ZRUWK QRWLQJ� )LUVW� ZKHQ GHDOLQJ ZLWK D WKUHH�YDOXHG
ORJLF RQH PXVW WDNH VRPH FDUH ZLWK GHnQLQJ WKH QHJDWLRQ RI D SURSRVLWLRQ� 7KLV
FRQWUDVWV ZLWK WKH VLWXDWLRQ RQH nQGV LQ D WZR�YDOXHG ORJLF� ,Q WKH WZR�YDOXHG
FDVH� RQO\ RQH QHJDWLRQ LV SRVVLEOH EXW LQ D WKUHH�YDOXHG ORJLF� WKH H[LVWHQFH RI
PRUH WKDQ RQH DOWHUQDWLYH YDOXH IRU D JLYHQ SURSRVLWLRQ LPSOLHV WKDW PRUH WKDQ
RQH QHJDWLRQ LV SRVVLEOH� ,Q WKH SUHVHQW GHYHORSPHQW� DV RXU DQDO\VLV XVHV D
GHULYHG ORJLF� ZH DUH DEOH WR FKRRVH RQH QHJDWLRQ� 7KLV FKRLFH RI RQH QHJDWLRQ
LV SRVVLEOH EHFDXVH� LQ D GHULYHG ORJLF� ORJLFDO FRQQHFWLYHV DUH DVVRFLDWHG ZLWK
VXEVWUXFWXUHV RI WKH PDWKHPDWLFDO VWDWH VSDFH PRGHOLQJ WKH SK\VLFDO V\VWHP�

7KH IROORZLQJ GHnQLWLRQV ZLOO DLG LQ HVWDEOLVKLQJ D WKUHH�YDOXHG LQWHUSUHWDWLRQ
IRU RSHQ SKDVH VSDFH ORJLF�

'HnQLWLRQ �� )RU D VHW 6 LQ WKH WRSRORJLFDO VSDFH ;� ZH GHnQH WKH ERXQGDU\
RI 6 WR EH WKH VHW #6  6?6F� $ SRLQW [ LV D ERXQGDU\ SRLQW RI 6 LI [ � #6�

1RWH� WKLV GHnQLWLRQ LPSOLHV WKDW� IRU D JLYHQ VHW� WKH LQWHULRU DQG WKH ERXQGDU\
RI WKDW VHW DUH GLVMRLQW� $OVR� IRU D JLYHQ VHW $� LW LV WKH FDVH WKDW $  LQW�$�>
#�$��

'HnQLWLRQ �� /HW 6 EH D VHW LQ WKH WRSRORJLFDO VSDFH ;� 7KHQ D SRLQW \ RQ
WKH ERXQGDU\ RI 6 LV DQ DGKHUHQW SRLQW LI DQG RQO\ LI HYHU\ QHLJKERUKRRG RI
\ FRQWDLQV D SRLQW RI WKH LQWHULRU RI 6� 7KH VHW RI DOO WKH DGKHUHQW SRLQWV RI
6 LV GHQRWHG E\ DGK�6��

$ IHZ ZRUGV DUH LQ RUGHU FRQFHUQLQJ WKH LGHD RI DQ DGKHUHQW SRLQW� &RQVLGHU
D VHW 3L DV DQ HOHPHQW RI WKH SURSRVLWLRQ 3 � 5RXJKO\ VSHDNLQJ� WKH DGKHUHQW
SRLQWV RI 3L DUH WKRVH ERXQGDU\ SRLQWV WKDW FDQQRW EH ?SULHG DZD\ IURP 3L�
E\ DQ\ PHDVXUHPHQW� 7KDW LV WR VD\� [ � #3L LV DQ DGKHUHQW SRLQW RI 3L LI�
IRU DQ\ RSHQ VHW P� �VXFK DV WKRVH UHSUHVHQWLQJ PHDVXUHPHQWV� FRQWDLQLQJ [ LV
VXFK WKDW P ? 3L KDV D QRQ�HPSW\ LQWHULRU� 6WDWHG \HW DQRWKHU ZD\� [ � #3L

LV DQ DGKHUHQW SRLQW LI DQ\ PHDVXUHPHQW WKDW FRQWDLQV [� PXVW DOVR FRQWDLQ
VRPH RI WKH LQWHULRU RI 3L�

7KHRUHPV � WKURXJK � SURYLGH SURSHUWLHV RI DGKHUHQW SRLQWV WKDW DUH XVHIXO LQ
GHVFULELQJ WKH WKUHH�YDOXHG RSHQ SKDVH VSDFH ORJLF� &RPSOHWH SURRIV RI WKHVH
IDFWV FDQ EH IRXQG LQ >�@�

7KHRUHP �� ,I 6 LV DQ RSHQ VHW� WKHQ WKH VHW RI ERXQGDU\ SRLQWV RI 6 LV HTXDO
WR WKH VHW RI DGKHUHQW SRLQWV RI 6� L�H� #6  DGK�6��

7KHRUHP �� /HW >5@  >6@ �L�H�� OHW LQW �5�  LQW �6��� WKHQ DGK�5�  DGK�6��
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5HPDUN� ,W VKRXOG EH QRWHG WKDW 7KHRUHP � DOORZV XV WR WDON RI WKH VHW

RI DGKHUHQW SRLQWV DVVRFLDWHG ZLWK WKH SURSRVLWLRQ 3 � HYHQ WKRXJK 3 LV DQ
HTXLYDOHQFH FODVV RI VHWV� +HQFH ZH PD\ XQDPELJXRXVO\ VSHDN RI DGK�3 � HYHQ
ZKHQ 3 LV D SURSRVLWLRQ DQG QRW MXVW D VHW RI SRLQWV�

7KH IROORZLQJ WRSRORJLFDO IDFW ZLOO EH XVHIXO ZKHQ ZH FRPSDUH D SURSRVLWLRQ
3 WR LWV GRXEOH QHJDWLRQ ��3 �

7KHRUHP �� )RU DQ\ SURSRVLWLRQ 3 � DGK���3 � t DGK�3 ��

)RU D SURSRVLWLRQ 3 LQ ELYDOHQW RSHQ SKDVH VSDFH ORJLF� ZH VDZ WKDW D PHD�
VXUHPHQW PLJKW YHULI\ 3 RU LW PLJKW QRW YHULI\ 3 � +RZHYHU� LI D PHDVXUHPHQW
GRHV QRW YHULI\ 3 ZH FDQQRW FRQFOXGH WKDW WKLV PHDVXUHPHQW JLYHV XV WKDW 3
LV IDOVH� :H ZLOO QRZ GHVFULEH D WKUHH�YDOXHG RSHQ SKDVH VSDFH ORJLF LQ ZKLFK
SURSRVLWLRQV PD\ EH QDWXUDOO\ DVVLJQHG YDOXHV RI ?WUXH� RU ?IDOVH� E\ D JLYHQ
PHDVXUHPHQW� 7KH SULFH WR EH SDLG LV WKDW D JLYHQ PHDVXUHPHQW PD\ DOVR UH�
VXOW LQ D YDOXH RI ?LQGHWHUPLQDWH� EHLQJ DVVLJQHG WR 3 � :H VKDOO DVVLJQ WUXWK
YDOXHV DFFRUGLQJ WR WKH IROORZLQJ FULWHULD�

'HnQLWLRQ �� /HW 3 EH D SURSRVLWLRQ LQ RSHQ SKDVH VSDFH ORJLF DQG OHWP EH D
PHDVXUHPHQW UHVXOW� 6XSSRVH WKDW 3L LV DQ\ VHW LQ >3 @� 7KHQ WKH SURSRVLWLRQ
3 ZLOO EH DVVLJQHG WKH WUXWK YDOXH
�� WUXH LI P YHULnHV 3 �
�� IDOVH LI P GRHV QRW YHULI\ 3 EXW P ? DGK�3L�  ��
RU
�� LQGHWHUPLQDWH LI P GRHV QRW YHULI\ 3 EXW P ? DGK�3L�� ��

$ IHZ REVHUYDWLRQV FRQFHUQLQJ WKLV GHnQLWLRQ DUH LQ RUGHU� ,Q YLHZ RI RXU
PHDVXUHPHQW WKHRU\� WKHVH WKUHH WUXWK YDOXHV DUH VXpFLHQW IRU DOO SRVVLEOH
PHDVXUHPHQWV RI D V\VWHP GHVLJQHG WR YHULI\ D SURSRVLWLRQ 3 � 7KHRUHP � LP�
SOLHV WKDW DOO VHWV LQ D JLYHQ SURSRVLWLRQ �DQ HTXLYDOHQFH FODVV� ZLOO KDYH WKH
VDPH VHW RI DGKHUHQW SRLQWV� +HQFH WKH DVVLJQPHQW SURYLGHG E\ 'HnQLWLRQ �
LV ZHOO�GHnQHG� $V PHDVXUHPHQWV DUH LGHQWLnHG ZLWK RSHQ VHWV� DQ\ PHDVXUH�
PHQW RI 3 ZKLFK FRQWDLQV DGKHUHQW SRLQWV RI D VHW 3L � 3 PXVW DOVR FRQWDLQ
LQWHULRU SRLQWV RI 3L� 7KXV WKHUH H[LVWV D PRUH SUHFLVH PHDVXUHPHQW FRQVLVWHQW
ZLWK WKH FXUUHQW PHDVXUHPHQW ZKLFK PLJKW YHULI\ 3 � L�H�� WKH PHDVXUHPHQWV
ZKLFK FRQWDLQ DGKHUHQW SRLQWV RI WKH UHSUHVHQWDWLYHV RI 3 DUH SUHFLVHO\ WKRVH
PHDVXUHPHQW ZKLFK GR QRW YHULI\ 3 DQG ZHUH LQFRQFOXVLYH DV WR ZKHWKHU RU
QRW 3 LV IDOVH�

:H QRZ WXUQ RXU DWWHQWLRQ WR VWDWHPHQWV ZKRVH LQWHUSUHWDWLRQV LQ ELYDOHQW
RSHQ SKDVH VSDFH ORJLF GLmHU IURP WKH LQWHUSUHWDWLRQV LQ WKUHH�YDOXHG RSHQ
SKDVH VSDFH ORJLFV� $JDLQ� FRPSOHWH SURRIV RI WKHVH IDFWV FDQ EH IRXQG LQ
>�@� 5HFDOO WKDW LQ ELYDOHQW RSHQ SKDVH VSDFH ORJLF RXU ? WUXWK YDOXHV � ZHUH
?YHULnHG � DQG ?XQYHULnHG�� 2QH RI WKH PRWLYDWLRQV IRU WKH WKUHH�YDOXHG ORJLF
SUHVHQWHG KHUH LV WR UHFRYHU D QDWXUDO QRWLRQ IRU WKH YDOXDWLRQ RI SURSRVLWLRQV
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DV EHLQJ ?WUXH� RU ?IDOVH�� 2I FRXUVH WKH QRWLRQV RI YHULnHG DQG WUXWK DUH
UHODWHG� :H VD\� XVLQJ WKH WKUHH�YDOXHG ORJLF� WKDW D PHDVXUHPHQW GHWHUPLQHV
WKDW D SURSRVLWLRQ LV WUXH LI WKH PHDVXUHPHQW YHULnHV WKH SURSRVLWLRQ DQG D
SURSRVLWLRQ LV GHWHUPLQHG WR EH IDOVH LI WKH PHDVXUHPHQW YHULnHV WKH QHJDWLRQ
RI WKH SURSRVLWLRQ� $V ZH KDYH VHHQ� ZH FDQQRW HTXDWH WKH LGHDV RI ? WUXH �
DQG ?YHULnHG� DV LW LV FRQFHLYDEOH WKDW QHLWKHU D SURSRVLWLRQ QRU LWV QHJDWLRQ
ZLOO EH YHULnHG E\ D VXLWH RI PHDVXUHPHQWV� 7KLV LV WKH UHDVRQ ZK\ ZH QHHG
WKH YDOXH RI ?LQGHWHUPLQDWH� DORQJ ZLWK WKRVH RI ?WUXH� DQG ?IDOVH��

7KHRUHP � LV DQ H[DPSOH RI D VWDWHPHQW ZKLFK FDQ EH PDGH XVLQJ WKUHH�
YDOXHG RSHQ SKDVH VSDFH ORJLF ZKLFK KDV QR QDWXUDO DQDORJXH LQ WKH ELYDOHQW
RSHQ SKDVH VSDFH ORJLF� :H PD\ WKLQN RI WKLV WKHRUHP DV D ZHDNHU IRUP RI
WHUWLXP QRQ GDWXU�

7KHRUHP �� 7KH SURSRVLWLRQ 3 B�3 LV QHYHU IDOVH �L�H� QR PHDVXUHPHQW FDQ
YHULI\ WKH QHJDWLRQ RI 3 B �3 ��

7KH TXHVWLRQ DULVHV� :KDW FDQ EH VDLG DERXW �3 DQG ��3 JLYHQ WKDW D PHD�
VXUHPHQW DVVLJQV D SDUWLFXODU WUXWK YDOXH WR 3" 7KHRUHPV � WR �� DQG &RUROODU\
�� SURYLGH WKH DQVZHU�

7KHRUHP �� ,I D PHDVXUHPHQW DVVLJQV WUXH WR 3 � WKHQ WKH VDPH PHDVXUHPHQW
DVVLJQV IDOVH WR �3 DQG WUXH WR ��3 �

7KHRUHP �� ,I D PHDVXUHPHQW DVVLJQV IDOVH WR 3 � WKHQ WKH VDPH PHDVXUHPHQW
DVVLJQV WUXH WR �3 DQG IDOVH WR ��3 �

7KHRUHP ��� ,I D PHDVXUHPHQW DVVLJQV LQGHWHUPLQDWH WR 3 � WKHQ WKH VDPH
PHDVXUHPHQW PD\ DVVLJQ WUXH RU LQGHWHUPLQDWH WR ��3 �

&RUROODU\ ��� ,I D PHDVXUHPHQW DVVLJQV LQGHWHUPLQDWH WR 3 � WKHQ WKH VDPH
PHDVXUHPHQW PD\ DVVLJQ IDOVH RU LQGHWHUPLQDWH WR �3 �

9� 7KUHH�YDOXHG 2SHQ 3KDVH 6SDFH /RJLF DQG %LOOLDUG %DOO &RPSX�

WDWLRQ

7KH WKUHH�YDOXHG RSHQ SDVH VSDFH ORJLF ZDV XVHG WR DQDOL]H VHYHUDO SK\VLFDO
V\VWHPV LQ >�@� :H QRZ WXUQ WR WKH DQDO\VLV RI ELOOLDUG EDOO FRPSXWDWLRQ XVLQJ
WKH WKUHH�YDOXHG LQWHUSUHWDWLRQ RI RSHQ SKDVH VSDFH ORJLF� /HW XV DJDLQ FRQVLGHU
WKH ELOOLDUG EDOO LQWHUDFWLRQ JDWH VKRZQ LQ )LJXUH ��

7KH WKHRU\ RI PHDVXUHPHQW LV XQFKDQJHG IURP WKDW GHVFULEHG LQ 6HFWLRQ ,,,
DERYH� 6LPLODUO\� WKH FRQVLGHUDWLRQV RI UHVROXWLRQ DQG WROHUDQFH DUH ODUJHO\
XQFKDQJHG� 7KH GLmHUHQFH EHWZHHQ WKH DQDO\VHV LV LQ WKH YDOXHV WKDW PHD�

��



VXUHPHQWV DVVLJQ WR SURSRVLWLRQV� )RU H[DPSOH� ZH ZLOO VD\ WKH JDWH DVVLJQV
WKH SURSRVLWLRQ ? $ DQG %� D YDOXH RI WUXH LI EDOO $ LV ORFDWHG LQ LQWHUYDO \�
DQG EDOO % LV ORFDWHG LQ LQWHUYDO \�� 5HFDOO WKDW WKH ELYDOHQW RSHQ SKDVH VSDFH
ORJLF DVVLJQHG D YDOXH RI ?YHULnHG� WR WKH SURSRVLWLRQ ?$ DQG %� XQGHU WKHVH
FLUFXPVWDQFHV�

6LPLODUO\� WKH JDWH ZLOO UHWXUQ D YDOXH RI ?% DQG QRW $ LV WUXH� LI DQG RQO\ LI
P% | �\� b q� \� � q� DQG P$ �| < ZKHUH < LV WKH HQWLUH ULJKW KDQG ZDOO RI
WKH JDWH� 7KH JDWH ZLOO UHWXUQ D YDOXH RI ?$ DQG QRW % LV WUXH� LI DQG RQO\ LI
P$ | �\� b q� \� � q� DQG P% �| < �

5HFDOO WKDW� LQ WKH ELYDOHQW YDULDQW� LW LV SRVVLEOH WKDW D PHDVXUHPHQW P ZLOO
DVVLJQ QR YDOXH WR D JLYHQ SURSRVLWLRQ �VHH WKH GLVFXVVLRQ DW WKH HQG RI 6HFWLRQ
,,,��� /HW XV UHFRQVLGHU WKH H[DPSOH LQYROYLQJ WKH LQWHUDFWLRQ JDWH ZKHUH WKH
PHDVXUHPHQW P ZLWK UHVROXWLRQ p LV WKH LQWHUYDO �\��qbp �� \��q�p �� �VHH
nJXUH ���� ,Q WKH WKUHH�YDOXHG ORJLF� WKH SURSRVLWLRQ ?$ DQG % � LV DVVLJQHG
D YDOXH RI ?LQGHWHUPLQDWH�� ,Q WKH WKUHH�YDOXHG RSHQ SKDVH VSDFH ORJLF QR
PHDVXUHPHQW IDLOV WR DVVLJQ RQH RI WKH WKUHH YDOXHV WR D JLYH SURSRVLWLRQ�
7KXV� WKLV WKUHH�YDOXHG ORJLF SURYLGHV D PRUH QDWXUDO DQDO\VLV RI ELOOLDUG EDOO
FRPSXWHUV WKDQ GRHV WKH ELYDOHQW RSHQ SKDVH VSDFH ORJLF�

7KLV WKUHH�YDOXHG ORJLF LV QRW HQWLUHO\ VDWLVIDFWRU\� 7KH UHVXOWV ,9�� WR ,9���
LOOXVWUDWH DQ LPSRUWDQW IDFW DERXW WKH RSHUDWRUV LQ WKUHH�YDOXHG RSHQ SKDVH
VSDFH ORJLF� WKH RSHUDWRUV DUH QRW WUXWK IXQFWLRQDO� 7KDW LV WR VD\� D JLYHQ WUXWK
YDOXH IRU D PHDVXUHPHQW � SURSRVLWLRQ SDLU �P�3 � GRHV QRW JLYH D ZHOO�GHnQHG
WUXWK YDOXH IRU DQ RSHUDWRU DFWLQJ RQ 3 XQGHU P� &RUROODU\ ,9��� SURYLGHV D
SULPH H[DPSOH RI WKLV ODFN RI WUXWK IXQFWLRQDO EHKDYLRU� ,I 3 LV DVVLJQHG WKH
YDOXH LQGHWHUPLQDWH E\ P� WKHQ �3 PD\ EH DVVLJQHG LQGHWHUPLQDWH RU IDOVH
E\ P�

7KLV ODFN RI WUXWK IXQFWLRQDOLW\ LV VKDUHG E\ RWKHU GHULYHG ORJLFV� WKH ELYDOHQW
RSHQ DQG FORVHG SKDVH VSDFH ORJLFV� DQG WKH YRQ 1HXPDQQ � %LUNKRm ORJLF
IRU TXDQWXP PHFKDQLFV DUH DOO H[DPSOHV RI QRQ�WUXWK IXQFWLRQDO ORJLFV� )RU D
GLVFXVVLRQ RI WKLV SURSHUW\ IRU WKH YRQ 1HXPDQQ � %LUNKRm ORJLF VHH >��@� 7KDW
WKH ELYDOHQW SKDVH VSDFH ORJLFV DUH QRW WUXWK IXQFWLRQDO LV FORVHO\ UHODWHG WR WKH
IDFW WKDW WKH WKUHH�YDOXHG YDULHW\ RI RSHQ SKDVH VSDFH ORJLF LV QRW WUXWK IXQF�
WLRQDO� $V ZH QRWHG DERYH� LW LV SRVVLEOH IRU D SURSRVLWLRQ DQG LWV QHJDWLRQ WR
ERWK EH XQYHULnHG� 2I FRXUVH LW LV DOVR SRVVLEOH WKDW D SURSRVLWLRQ PD\ EH XQ�
YHULnHG DQG IRU LWV QHJDWLRQ WR EH YHULnHG� 7KXV WKH QHJDWLRQ RSHUDWRU LQ RSHQ
SKDVH VSDFH ORJLF XQGHU WKH ELYDOHQW LQWHUSUHWDWLRQ LV QRW WUXWK IXQFWLRQDO�

7KH IDFW WKDW WKHVH ORJLFV DUH QRW WUXWK IXQFWLRQDO LV FORVHO\ UHODWHG WR D SHU�
KDSV PRUH REYLRXV SURSHUW\ ZKLFK WKH\ VKDUH� WKH\ DUH QRW WUXWK�YDOXHG� 7KDW
LV� WKH FRQQHFWLYHV LQ WKHVH ORJLFV GR QRW DVVLJQ WUXWK YDOXHV WR SURSRVLWLRQV�
UDWKHU WKH\ DVVLJQ RWKHU SURSRVLWLRQV WR SURSRVLWLRQV� 7KLV FRQWUDVWV ZLWK WKH

��



VLWXDWLRQ IRXQG LQ FODVVLFDO ORJLF ZKHUH FRQQHFWLYHV DVVLJQ WUXWK YDOXHV WR VHWV
RI SURSRVLWLRQV� ,QGHHG� WKH VLWXDWLRQ LQ FODVVLFDO ORJLF LV WKDW ZH PD\ WKLQN
RI RSHUDWRUV DV EHLQJ HLWKHU WUXWK�YDOXHG RU SURSRVLWLRQ YDOXHG� $VVLJQLQJ D
SURSRVLWLRQ WR DQ RSHUDWLRQ DFWLQJ RQ RWKHU SURSRVLWLRQV LV HTXLYDOHQW WR DV�
VLJQLQJ D WUXWK YDOXH WR WKH RSHUDWLRQ EDVHG RQO\ RQ WKH WUXWK YDOXHV RI WKH
SURSRVLWLRQV XSRQ ZKLFK WKH RSHUDWLRQ LV DFWLQJ� :LWK WKH GHULYHG ORJLFV OLVWHG
DERYH WKHVH WZR DVVLJQPHQWV DUH QR ORQJHU HTXLYDOHQW�

,Q >�@ D PRGLnHG SKDVH VSDFH ORJLF ZDV GHVFULEHG LQ ZKLFK QHJDWLRQ LV WUXWK
IXQFWLRQDO� DW OHDVW XSRQ D UHVWULFWHG FODVV RI SURSRVLWLRQV �HTXLYDOHQFH FODVVHV
RI VHWV�� $V WKLV UHVWULFWLRQ LV VRPHZKDW DG KRF DQG DV WKHUH H[LVWV DQRWKHU
WKUHH YDOXHG GHULYHG ORJLF ZKLFK LV WUXWK IXQFWLRQDO ZH ZLOO QRW FRQVLGHU WKH
PRGLnHG WKUHH YDOXHG SKDVH VSDFH ORJLF KHUH� ,QVWHDG� ZH ZLOO QRZ GHVFULEH
WKLV RWKHU WKUHH YDOXHG ORJLF� 7KLV ORJLF LV UHIHUUHG WR DV WKH ?WZLQ RSHQ VHW
SKDVH VSDFH ORJLF� IRU UHDVRQV ZKLFK ZLOO VRRQ EH PDGH FOHDU�

9,� 3URSHUWLHV RI 7ZLQ 2SHQ 6HW 3KDVH 6SDFH /RJLF

7KH WZLQ RSHQ VHW SKDVH VSDFH ORJLF LV VXJJHVWHG E\ WKH REVHUYDWLRQ WKDW WKHUH
DUH WZR ZD\V D PHDVXUHPHQW DVVLJQV D WUXWK YDOXH WR D SURSRVLWLRQ FRQFHUQLQJ
D SK\VLFDO V\VWHP� 2QH RI WKHVH ZD\V LV WR XVH WKH PHDVXUHPHQW WR YHULI\ WKH
SURSRVLWLRQ� :H VD\ WKDW D PHDVXUHPHQW P YHULnHV 3 LI P | 3�� ZKHUH 3� LV
WKH FDQRQLFDO UHSUHVHQWDWLYH RI 3 � 7KH RWKHU ZD\ WR XVH WKH PHDVXUHPHQW LV WR
IDOVLI\ WKH SURSRVLWLRQ� :H VD\ WKDW D PHDVXUHPHQWP IDOVLnHV 3 LI P | �3��

F�
ZKHUH �3��

F LV WKH FRPSOHPHQW RI WKH FORVXUH RI WKH FDQRQLFDO UHSUHVHQWDWLYH
RI 3 � 1RWH WKDW WKH VHW �3��

F LV DQ RSHQ VHW� 7KHVH GXDO QRWLRQV ZHUH XVHG
LQ >�@ WR GHVFULEH WKH RSHQ SKDVH VSDFH ORJLF DQG LWV GXDO� WKH FORVHG SKDVH
VSDFH ORJLF� ,Q WZLQ RSHQ VHW SKDVH VSDFH ORJLF� WKHVH WZR QRWLRQV DUH XVHG
VLPXOWDQHRXVO\ WR DVVLJQ WUXWK YDOXHV WR D SURSRVLWLRQ�

,Q RUGHU WR FRQVLGHU VLPXOWDQHRXVO\ WKH YHULnDELOLW\ DQG IDOVLnDELOLW\ RI D
SURSRVLWLRQ ZH ZLOO QRW FRQVLGHU VLQJOH HTXLYDOHQFH FODVVHV RI VXEVHWV RI WKH
SKDVH VSDFH� UDWKHU� ZH FRQVLGHU RUGHUHG SDLUV RI FHUWDLQ HTXLYDOHQFH FODVVHV
RI VXEVHWV RI WKH SKDVH VSDFH� 7KDW LV� LQ WZLQ RSHQ VHW SKDVH VSDFH ORJLF� ZH
GHnQH SURSRVLWLRQV DV IROORZV�

'HnQLWLRQ �� :H VD\ WKDW 3 LV D SURSRVLWLRQ LQ WZLQ RSHQ VHW SKDVH VSDFH
ORJLF LI 3  �>9�@� >)�@�� ZKHUH 9� DQG )� DUH GLVMRLQW RSHQ VHWV� +HUH� >;@
GHQRWHV WKH HTXLYDOHQFH FODVV RI DOO VHWV WKDW KDYH WKH VDPH LQWHULRU DV WKH
VHW ;�

*LYHQ WKLV QRWLRQ RI SURSRVLWLRQ� ZH QRZ GHnQH WKH DVVLJQPHQW RI WUXWK YDOXHV
DV IROORZV�

��



'HnQLWLRQ �� /HW 3  �>9�@� >)�@� EH D SURSRVLWLRQ LQ WZLQ RSHQ VHW SKDVH
VSDFH ORJLF DQG OHW P EH D PHDVXUHPHQW� 7KH SURSRVLWLRQ 3 ZLOO EH DVVLJQHG
WKH WUXWK YDOXH
�� WUXH LI P | 9��
�� IDOVH LI P | )��
RU
�� LQGHWHUPLQDWH RWKHUZLVH�

:H ZLOO UHIHU WR >9�@ DV WKH ?YHULnDELOLW\ FODVV� RI 3 DQG >)�@ DV WKH ?IDOVLnDELOLW\
FODVV� RI 3 � :H ZLOO UHIHU WR 9� DV WKH ?YHULnDELOLW\ VHW RI 3� DQG WR )� DV WKH
?IDOVLnDELOLW\ VHW RI 3��

1RWH WKDW WKH GHnQLWLRQV RI ?WUXH� DQG ?IDOVH� DUH QRW LGHQWLFDO WR WKH QRWLRQV
RI ?YHULnDELOLW\� DQG ?IDOVLnDELOLW\� GLVFXVVHG DERYH� ,I VXFK ZHUH WKH FDVH
WKHQ SURSRVLWLRQV ZRXOG DOZD\V EH RI WKH IRUP 3  �>9�@� >�9��

F@�� 7KDW LV� WKH
IDOVLnDELOLW\ VHW ZRXOG DOZD\V EH WKH LQWHULRU RI WKH FRPSOHPHQW RI WKH FORVXUH
RI WKH YHULnDELOLW\ VHW� 7KXV� SURSRVLWLRQV ZRXOG EH HQWLUHO\ FKDUDFWHUL]HG E\
WKHLU YHULnDELOLW\ VHWV �RU E\ WKHLU IDOVLnDELOLW\ VHWV� DORQH� 7KH FROOHFWLRQ RI
SURSRVLWLRQV LQ WKH WKUHH�YDOXHG ORJLF GHYHORSHG KHUH LV PXFK ODUJHU� WKH RQO\
UHTXLUHPHQW IRU WKH FDQRQLFDO WZLQ RSHQ VHWV LV WKDW WKH\ PXVW EH GLVMRLQW� 7KLV
EURDGHU FROOHFWLRQ RI SURSRVLWLRQV UHoHFWV WKDW DQ H[SHULPHQWHU
V UHVRXUFHV IRU
YHULI\LQJ D VWDWHPHQW DUH RIWHQ QRW LGHQWLFDO WR WKRVH UHVRXUFHV WKDW IDOVLI\ WKH
VDPH VWDWHPHQW�

1RWH DOVR WKDW D VXEVHW 6 LV DOZD\V DQ HOHPHQW RI WKH YHULnDELOLW\ FODVV RI VRPH
SURSRVLWLRQ �6 LV DOVR WKH HOHPHQW RI WKH IDOVLnDELOLW\ FODVV RI WKH QHJDWLRQ RI 3 �
D IDFW WKDW ZLOO EH H[SODLQHG LQ WKH IROORZLQJ�� :H QHHG RQO\ OHW 9�  LQW�6�
DQG WKHQ OHW )� EH VRPH RSHQ VHW GLVMRLQW ZLWK LQW�6�� 7KHUH ZLOO DOZD\V
EH VXFK DQ )�� HYHQ LQ VSDFHV ZLWK PLQLPDO VHSDUDWLRQ SURSHUWLHV �H�J� QRQ�
+DXVGRUm� ZH FDQ DW OHDVW WDNH )�  �� 7KXV� WKHUH ZLOO EH QR UHVWULFWLRQ WR
?SURSHU SURSRVLWLRQV� DV LQ WKH PRGLnHG WKUHH�YDOXHG SKDVH VSDFH ORJLF�

:H QRZ GHnQH ORJLFDO RSHUDWRUV IRU DQ\ WZR SURSRVLWLRQV 3 DQG 4� :H ZLOO
WDNH

3  �>3Y@� >3I @� ����

4 �>4Y@� >4I @� ����

ZKHUH $Y LV DQ\ UHSUHVHQWDWLYH RI WKH YHULnDELOLW\ FODVV RI WKH SURSRVLWLRQ $
DQG $I LV DQ\ UHSUHVHQWDWLYH RI WKH IDOVLnDELOLW\ FODVV RI WKH SURSRVLWLRQ $�

'HnQLWLRQ �� 7KH ORJLFDO RSHUDWRUV � �QHJDWLRQ�� B �GLVMXQFWLRQ�� DQG A
�FRQMXQFWLRQ� DUH GHnQHG DV IROORZV�

3 B 4  �>LQW�3Y� > LQW�4Y�@� >LQW�3I� ? LQW�4I�@�� ����

��



3 A 4  �>LQW�3Y� ? LQW�4Y�@� >LQW�3I� > LQW�4I�@�� ����

�3  �>LQW�3I�@� >LQW�3Y�@�� ����

:H FDVW WKHVH GHnQLWLRQV LQ WHUPV RI WKH RSHQ VHWV LQW�3Y�� LQW�3I �� HWF� EH�
FDXVH HDFK HTXLYDOHQFH FODVV FRQWDLQV H[DFWO\ RQH RSHQ VHW� 7KLV VHW FDQ EH
WDNHQ DV WKH FDQRQLFDO UHSUHVHQWDWLYH IRU WKH HTXLYDOHQFH FODVV� ,Q HDFK GHnQL�
WLRQ ZH DSSO\ VHW RSHUDWLRQV RQ WKH FDQRQLFDO UHSUHVHQWDWLYH YHULnDELOLW\ DQG
IDOVLnDELOLW\ VHWV IRU HDFK SURSRVLWLRQ� 7KH GHnQLWLRQV DUH WKXV XQDPELJXRXV�

7KH LQWHUSUHWDWLRQ RI WKHVH RSHUDWLRQV LQ WHUPV RI PHDVXUHPHQWV LV VWUDLJKW�
IRUZDUG� )RU H[DPSOH� D PHDVXUHPHQW P ZLOO DVVLJQ D YDOXH RI ?WUXH� WR WKH
SURSRVLWLRQ 3 A 4 LI DQG RQO\ LI P DVVLJQV D YDOXH RI ?WUXH� WR ERWK SURSR�
VLWLRQV 3 DQG 4� 7KDW LV� P DVVLJQV D YDOXH RI ?WUXH� WR 3 A 4 LI DQG RQO\
LI P | LQW�3Y� ? LQW�4Y�� $OWHUQDWLYHO\� P ZLOO DVVLJQ D YDOXH RI ?IDOVH�
WR WKH SURSRVLWLRQ 3 A 4 LI DQG RQO\ LI P DVVLJQV D YDOXH RI ?IDOVH� WR HL�
WKHU SURSRVLWLRQ 3 RU 4� 7KDW LV� P DVVLJQV D YDOXH RI ?IDOVH� WR 3 A 4
LI DQG RQO\ LI P | LQW�3I� > LQW�4I�� P ZLOO DVVLJQ D YDOXH RI ?LQGHWHUPL�
QDWH� WR WKH SURSRVLWLRQ 3 A 4 LI DQG RQO\ LI P �| LQW�3Y� > LQW�4Y� DQG
P�| LQW�3I� ? LQW�4I��

,Q SUHYLRXV GLVFXVVLRQV RI SKDVH VSDFH ORJLFV >���@� QR DWWHPSW ZDV PDGH WR
GHnQH DQ LPSOLFDWLRQ RSHUDWLRQ� ,QGHHG� DV ZDV SRLQWHG RXW LQ >�@� WKH RQO\
GHULYHG ORJLF IRU ZKLFK D QDWXUDO LPSOLFDWLRQ ZDV NQRZQ WR H[LVW ZDV WKH ORJLF
UHIHUUHG WR DV WKH ?ORJLF GHULYHG IURP WKH XQSK\VLFDO WKHRU\ RI PHDVXUHPHQW��
�7KH ?XQSK\VLFDO WKHRU\ RI PHDVXUHPHQW� LV WKH RQH ZKLFK DOORZV IRU PHD�
VXUHPHQWV RI LQnQLWH SUHFLVLRQ� ,Q WKLV ORJLF WKH ODWWLFH RI SURSRVLWLRQV LV WKH
%RROHDQ ODWWLFH RI VXEVHWV RI WKH SKDVH VSDFH�� ,Q FRQWUDVW ZLWK WKH RWKHU ORJ�
LFV GHULYHG IURP PRUH UHDOLVWLF WKHRULHV PHDVXUHPHQW� DQ LPSOLFDWLRQ RSHUDWLRQ
ZLOO EH GHnQHG IRU WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF� 7KH GHnQLWLRQ LV DV
IROORZV�

'HnQLWLRQ �� 7KH ORJLFDO RSHUDWRU � �LPSOLFDWLRQ� LV GHnQHG DV IROORZV�

3 � 4  �3 B 4 ����

 �>LQW�3I� > LQW�4Y�@� >LQW�3Y� ? LQW�4I �@� ����

7KLV RSHUDWLRQ DOVR KDV D QDWXUDO LQWHUSUHWDWLRQ� D PHDVXUHPHQW P ZLOO DVVLJQ
D YDOXH RI ?WUXH� WR WKH SURSRVLWLRQ 3 � 4 LI DQG RQO\ LI P DVVLJQV D YDOXH
RI ?WUXH� WR HLWKHU �3 RU 4� 7KDW LV� P DVVLJQV D YDOXH RI ?WUXH� WR 3 � 4
LI DQG RQO\ LI P | LQW�3I� > LQW�4Y�� $OWHUQDWLYHO\� P ZLOO DVVLJQ D YDOXH RI
?IDOVH� WR WKH SURSRVLWLRQ 3 � 4 LI DQG RQO\ LI P DVVLJQV D YDOXH RI ?IDOVH�
WR ERWK �3 DQG 4� 7KDW LV� P DVVLJQV D YDOXH RI ?IDOVH� WR 3 � 4 LI DQG
RQO\ LI P | LQW�3Y� ? LQW�4I�� P ZLOO DVVLJQ D YDOXH RI ?LQGHWHUPLQDWH�

��



WR WKH SURSRVLWLRQ 3 � 4 LI DQG RQO\ LI P �| LQW�3I� > LQW�4Y� DQG
P�| LQW�3Y� ? LQW�4I ��

:H ZLOO QRZ VWDWH VRPH UHVXOWV DERXW WKH RSHUDWLRQV LQ WKH WZLQ RSHQ VHW SKDVH
VSDFH ORJLF�

7KHRUHP �� 7KH RSHUDWLRQV B DQG A DUH FRPPXWDWLYH DQG DVVRFLDWLYH� B
GLVWULEXWHV RYHU A DQG YLFH YHUVD�

3URRI� ,Q RUGHU WR H[KLELW WKH FKDUDFWHU RI WKH GHULYDWLRQV� ZH ZLOO JLYH RQO\
WKH SURRI RI WKH GLVWULEXWLYLW\ RI A RYHU B� 2WKHU SDUWV RI WKH SURRI DUH HTXDOO\
VWUDLJKWIRUZDUG�

6XSSRVH $� %� DQG & DUH SURSRVLWLRQV LQ WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF�
7KHQ

$ A �% B &� �>$Y@� >$I @� A �>LQW�%Y� > LQW�&Y�@� >LQW�%I � ? LQW�&I�@� ����

 �>LQW�$Y� ? LQWILQW�%Y� > LQW�&Y�J@� >LQW�$I� > LQWILQW�%I� ? LQW�&I�J@������

7KH XQLRQ RI RSHQ VHWV LV RSHQ� VR LQW�LQW�9 �> LQW�: ��  �LQW�9 �> LQW�: ��
$OVR� WKH LQWHULRU RI DQ LQWHUVHFWLRQ RI VHWV LV HTXDO WR WKH LQWHUVHFWLRQ RI WKHLU
LQWHULRUV� VR LQW�LQW�9 � ? LQW�: ��  �LQW�9 � ? LQW�: �� 7KXV

$ A �% B &� �>�LQW�$Y� ? LQW�%Y�� > �LQW�$Y� ? LQW�&Y��@� ����

>�LQW�$I� > LQW�%I �� ? �LQW�$I� > LQW�&I ��@� ����

 �>�LQW�$Y� ? LQW�%Y��@� >�LQW�$I � > LQW�%I��@� ����

B �>�LQW�$Y� ? LQW�&Y��@� >�LQW�$I� > LQW�&I ��@� ����

 �$ A%� B �$ A &�� ����

7KHUHIRUH A GLVWULEXWHV RYHU B LQ WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF� 7KH
SURRI WKDW B GLVWULEXWHV RYHU A LV WKH GXDO RI WKH SURRI JLYHQ� VLPSO\ UHSODFH
B ZLWK A�? ZLWK > DQG YLFH YHUVD� (

7KH QH[W VHYHUDO WKHRUHPV KLJKOLJKW WKH PDLQ GLmHUHQFH EHWZHHQ WKH WZLQ
RSHQ VHW SKDVH VSDFH ORJLF DQG WKH SKDVH VSDFH ORJLFV WKDW KDYH EHHQ GHVFULEHG
SUHYLRXVO\� QHJDWLRQ LQ WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF KDV PDQ\ RI WKH
SURSHUWLHV RI WKH QHJDWLRQ LQ VWDQGDUG %RROHDQ ORJLF� ,Q SDUWLFXODU� QHJDWLRQ LV
DQ LQYROXWLYH RSHUDWLRQ� L�H�� ��3  3 IRU DOO SURSRVLWLRQV 3 � $OVR� YHUVLRQV
RI WKH /DZ RI 1RQFRQWUDGLFWLRQ DQG WHUWLXP QRQ GDWXU KROG LQ WZLQ RSHQ VHW
SKDVH VSDFH ORJLF�

7KHRUHP �� ,Q WZLQ RSHQ VHW SKDVH VSDFH ORJLF� ���3 �  3 IRU DOO SURSR�
VLWLRQV 3 �

��



3URRI� /HW 3  �>3Y@� >3I @� EH D SURSRVLWLRQ LQ WZLQ RSHQ VHW ORJLF� %\ WKH
GHnQLWLRQ RI QHJDWLRQ ZH KDYH

���3 � ��>3I @� >3Y@� ����

 �>3Y@� >3I @� ����

 3�( ����

7KH IROORZLQJ WKHRUHP FDQ EH WKRXJKW RI DV D YHUVLRQ RI WKH /DZ RI 1RQFRQ�
WUDGLFWLRQ� ,Q VWDQGDUG %RROHDQ ORJLF 3 A �3 LV DOZD\V IDOVH� ,Q WKH WZLQ
RSHQ VHW ORJLF WKLV SURSRVLWLRQ LV QHYHU WUXH� L�H� IRU GLmHUHQW PHDVXUHPHQWV
DQG SURSRVLWLRQV LW PD\ UHFHLYH D YDOXH RI LQGHWHUPLQDWH RU D YDOXH RI IDOVH�

7KHRUHP �� ,Q WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF� IRU DQ\ SURSRVLWLRQ 3 �
3 A �3  �>�@� >8 @�� 7KDW LV� 3 A �3 LV D SURSRVLWLRQ ZKLFK LV QHYHU
DVVLJQHG WKH YDOXH RI WUXH �8 LV VRPH RSHQ VXEVHW RI WKH WRSRORJLFDO VSDFH ;��

3URRI� /HW 3 EH DQ\ SURSRVLWLRQ LQ WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF� :H
WKHQ KDYH

3 A �3  �>3Y@� >3I @� A �>3I @� >3Y@� ����

 �>LQW�3Y� ? LQW�3I �@� >LQW�3I � > LQW�3Y�@� ����

 �>�@� >8 @�� ����

ZKHUH 8  LQW�3I � > LQW�3Y�� DQ RSHQ VXEVHW RI ;� (

%\ D GXDO DUJXPHQW� ZH DOVR KDYH D YHUVLRQ RI WKH /DZ RI WKH ([FOXGHG 0LGGOH
�WHUWLXP QRQ GDWXU�� $V D PLGGOH WUXWK YDOXH LV DOORZHG� ZH PLJKW ZLVK IRU D
PRUH DSSURSULDWH QDPH�

7KHRUHP �� ,Q WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF� IRU DQ\ SURSRVLWLRQ 3 �
3 B �3  �>8 @� >�@�� 7KDW LV� 3 B �3 LV D QHYHU IDOVH SURSRVLWLRQ �DJDLQ�
8 LV VRPH RSHQ VXEVHW RI WKH WRSRORJLFDO VSDFH ;�

3URRI� /HW 3 EH DQ\ SURSRVLWLRQ LQ WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF� :H
WKHQ KDYH

3 B �3  �>3Y@� >3I @� B �>3I @� >3Y@� ����

 �>LQW�3Y� > LQW�3I�@� >LQW�3I� ? LQW�3Y�@� ����

 �>�@� >8 @�� ����

ZKHUH 8  LQW�3I � > LQW�3Y�� DQ RSHQ VXEVHW RI ;� (

'H 0RUJDQ
V ODZV DOVR KROG LQ WZLQ RSHQ VHW SKDVH VSDFH ORJLF�

��



7KHRUHP �� )RU SURSRVLWLRQV 3 DQG 4 LQ WZLQ RSHQ VHW SKDVH VSDFH ORJLF�

��3 A 4�  �3 B �4� ����

��3 B 4�  �3 A �4� ����

3URRI� /HW 3  �>3Y@� >3I @� DQG 4  �>4Y@� >4I @� EH SURSRVLWLRQV LQ WZLQ
RSHQ VHW SKDVH VSDFH ORJLF� :H WKHQ KDYH

��3 A 4�  ��>LQW�3Y� > LQW�4Y�@� >LQW�3I� ? LQW�4I �@� ����

 �>LQW�3I� ? LQW�4I �@� >LQW�3Y� > LQW�4Y�@� ����

 �>LQW�3I�@� >LQW�3Y�@� B �>LQW�4I �@� >LQW�4Y�@� ����

 �>3I @� >3Y@� B �>4I @� >4Y@� ����

 �3 B �4� ����

%\ D GXDO DUJXPHQW� ZH VHH WKDW 'H 0RUJDQ
V RWKHU ODZ KROGV DV ZHOO� (

$V 7KHRUHPV � DQG � LOOXVWUDWH� WKHUH DUH PDQ\ SURSRVLWLRQV WKDW DUH QHYHU
IDOVH DQG WKHUH DUH PDQ\ SURSRVLWLRQV WKDW DUH QHYHU WUXH� $PRQJ VXFK SURSRVL�
WLRQV� WKHUH DUH WZR ZRUWK\ RI VSHFLDO PHQWLRQ� 7KH SURSRVLWLRQ �  �>;@� >�@�
LV WKH DOZD\V WUXH� QHYHU IDOVH SURSRVLWLRQ� 'XDOO\� WKH SURSRVLWLRQ �  
�>�@� >;@� LV WKH DOZD\V IDOVH� QHYHU WUXH SURSRVLWLRQ� ,Q WKH IROORZLQJ WKHRUHP�
ZH VHH WKDW � DQG � DFW DV LGHQWLW\ HOHPHQWV IRU B DQG A UHVSHFWLYHO\�

7KHRUHP ��� )RU HDFK SURSRVLWLRQ 3 LQ WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF
ZH KDYH

3 B �  3 ����

3 A �  3 ����

3URRI� /HW 3  �>3Y@� >3I @� EH DQ\ SURSRVLWLRQ� ZH KDYH

3 B �  �>3Y@� >3I @� B �>�@� >;@� ����

 �>3Y > �@� >3I ? ;@� ����

 �>3Y@� >3I @� ����

 3� ����

7KH SURRI WKDW 3 A �  3 LV HTXDOO\ VWUDLJKWIRUZDUG� (

:H VHH E\ WKH WKHRUHPV SUHVHQWHG DERYH WKDW WKH SURSRVLWLRQV LQ WKH WZLQ
RSHQ VHW ORJLF� XQGHU WKH RSHUDWLRQV RI B DQG A� VDWLVI\ PDQ\ RI WKH SURSHUWLHV

��



RI D %RROHDQ DOJHEUD� 5HFDOO >��@ WKDW DQ DOJHEUD � /�j�l�a� �� � ! LV VDLG WR
EH %RROHDQ LI LW VDWLVnHV WKH IROORZLQJ D[LRPV�

�L� j DQG l DUH DVVRFLDWLYH ELQDU\ RSHUDWRUV�
�LL� j DQG l DUH V\PPHWULF�
�LLL� � DQG � DUH WKH LGHQWLWLHV RI j DQG l UHVSHFWLYHO\�
�LY� WKH XQDU\ RSHUDWRUaVDWLVnHV EjaE  � DQG ElaE  ��
�Y� j GLVWULEXWHV RYHU l DQG YLFH�YHUVD�

:H VHH WKDW �LY� LV WKH RQO\ D[LRP IRU D %RROHDQ DOJHEUD WKDW WZLQ RSHQ VHW
SKDVH VSDFH ORJLF IDLOV WR VDWLVI\� $V WKLV ORJLF VDWLVnHV ZHDNHQHG IRUPV RI WKH
/DZ RI 1RQ�FRQWUDGLFWLRQ DQG WHUWLXP QRQ GDWXU� LW PD\ IDLO WR EH %RROHDQ�
,W VKRXOG EH QRWHG WKDW LI ; LV JLYHQ WKH WULYLDO �RU LQGLVFUHWH� WRSRORJ\� WKHQ
WKH GHULYHG WZLQ RSHQ VHW SKDVH VSDFH ORJLF LV %RROHDQ� ,W LV DOVR LQWHUHVWLQJ
WR QRWH WKDW WKH WZLQ RSHQ VHW SKDVH VSDFH ORJLF GHULYHG IURP VXFK D WRSRORJ\
LV HmHFWLYHO\ ELYDOHQW� LQ WKDW QR PHDVXUHPHQW ZLOO HYHU DVVLJQ D YDOXH RI
LQGHWHUPLQDWH WR D SURSRVLWLRQ�

2QH PRWLYDWLRQ IRU GHYHORSLQJ WKH PRGLnHG SKDVH VSDFH ORJLF ZDV WR H[KLELW
D GHULYHG ORJLF ZKHUH WKH QHJDWLRQ RSHUDWRU LV WUXWK IXQFWLRQDO >�@� :H UHFDOO
ZKHQ DQ RSHUDWLRQ LV VDLG WR EH WUXWK IXQFWLRQDO� *LYHQ D n[HG PHDVXUHPHQW
P DQG SURSRVLWLRQV 3 DQG 4� ZH VD\ WKDW WKH RSHUDWLRQ ; RQ 3 DQG 4 LV WUXWK
IXQFWLRQDO LI WKH WUXWK YDOXHV RI 3 DQG 4 XQLTXHO\ LPSO\ WKH WUXWK YDOXH RI
;�3�4� XQGHU WKH PHDVXUHPHQWP� ,W LV HDV\ WR VHH WKDW WKH QHJDWLRQ RSHUDWRU
LV WUXWK IXQFWLRQDO� KRZHYHU� WKH GLVMXQFWLRQ RSHUDWRU LV QRW WUXWK IXQFWLRQDO�

7KLV ODFN RI WUXWK IXQFWLRQDOLW\ FDQ EH VHHQ LQ WKH IROORZLQJ FRXQWHUH[DP�
SOH� /HW WKH SKDVH VSDFH EH WKH (XFOLGHDQ VSDFH O5� OHW 3 EH WKH SURSRVLWLRQ
3  �>�b�� ��@� >�@� DQG OHW 4 EH WKH SURSRVLWLRQ 4  �>��� ��@� >�@�� 7KH
PHDVXUHPHQW P  ��� �� DVVLJQV ?LQGHWHUPLQDWH� WR 3 � 4 DQG WR 3 B 4� ,Q
FRQWUDVW� WKH PHDVXUHPHQW P  ��� �� DVVLJQV ?LQGHWHUPLQDWH� WR 3 DQG WR
4 EXW LW DVVLJQV ?WUXH� WR 3 B 4�

7KLV H[DPSOH SRLQWV RXW WKDW WUXWK IXQFWLRQDOLW\ LV D IDLUO\ VWURQJ UHTXLUHPHQW
LQ WKDW WKH RSHUDWLRQV PXVW DVVLJQ WUXWK YDOXHV XQLTXHO\ IRU DOO PHDVXUHPHQWV
P� ,QGHHG� RQH PLJKW REMHFW WKDW WKH VHFRQG PHDVXUHPHQW FRQVLGHUHG LQ WKH
H[DPSOH LV WRR ELJ� 7KH PHDVXUHPHQWV P  ��� �� RU P  ��� �� DV EHLQJ
PRUH PHDQLQJIXO IRU GHWHUPLQLQJ WKH YDOXH RI 3 B 4� ,Q IDFW� LI P LV DQ\
PHDVXUHPHQW FRQWDLQHG LQ ����� ZH VHH WKDW WKH GLVMXQFWLRQ RSHUDWLRQ LV WUXWK
IXQFWLRQDO IRU VXFK DQ P�

7KHVH FRQVLGHUDWLRQV OHDG XV WR GHnQH WKH QRWLRQ RI ZHDNO\ WUXWK IXQFWLRQDO DV
IROORZV�

'HnQLWLRQ ��� *LYHQ SURSRVLWLRQV 3 DQG 4� ZH VD\ WKDW WKH RSHUDWLRQ ; RQ
3 DQG 4 LV ZHDNO\ WUXWK IXQFWLRQDO LI WKHUH H[LVWV D PHDVXUHPHQW P VXFK WKDW

��



WKH WUXWK YDOXHV RI 3 DQG 4 XQLTXHO\ LPSO\ WKH WUXWK YDOXH RI ;�3�4� XQGHU
P�

,I DQ RSHUDWLRQ LV PDGH ZHDNO\ WUXWK IXQFWLRQDO E\ D PHDVXUHPHQW P LW LV DOVR
ZHDNO\ WUXWK IXQFWLRQDO XQGHU DQ\ PHDVXUHPHQW Q VXFK WKDW Q | P� )RU
WKLV UHDVRQ ZH VD\ WKDW WKH QRWLRQ RI ZHDN WUXWK IXQFWLRQDOLW\ LV UREXVW ZLWK
UHJDUG WR UHnQHPHQWV RI PHDVXUHPHQWV� ,W LV VWUDLJKWIRUZDUG WR VKRZ WKDW B
DQG A LQ WZLQ RSHQ VHW SKDVH VSDFH ORJLF DUH ZHDNO\ WUXWK IXQFWLRQDO�

9,,� 7ZLQ 2SHQ 6HW 3KDVH 6SDFH /RJLF DQG %LOOLDUG %DOO &RPSXWD�

WLRQ

7KH DQDO\VLV RI ELOOLDUG EDOO FRPSXWDWLRQ XVLQJ WZLQ RSHQ VHW SKDVH VSDFH ORJLF
LV� LQ PDQ\ UHVSHFWV� WKH VDPH DV WKH DQDO\VLV GRQH XVLQJ WKH PRGLnHG WKUHH�
YDOXHG ORJLF GHVFULEHG LQ 6HFWLRQ 9� $V ZDV PHQWLRQHG LQ WKH GLVFXVVLRQ RI
WKH PRGLnHG WKUHH�YDOXHG ORJLF� WKHUH LV D UHVWULFWLRQ WR SURSHU SURSRVLWLRQV�
5RXJKO\ VSHDNLQJ� D SURSRVLWLRQ LV VDLG WR EH SURSHU LI WKH FDQRQLFDO UHSUHVHQ�
WDWLYH FRQWDLQV QR ?JUD\ UHJLRQV�� 0RUH SUHFLVHO\� 3 IDLOV WR EH SURSHU LI WKHUH
LV DQ RSHQ VXEVHW 8 RI ; VXFK WKDW 3� ? 8 LV GHQVH LQ 8 ZLWK HPSW\ LQWHULRU�

7KH DQDO\VLV XVLQJ WKH WZLQ RSHQ VHW ORJLF GRHV GLmHU IURP WKH HDUOLHU DQDO\VLV
LQ DW OHDVW RQH IHDWXUH� WKH LGHQWLW\ RI WKH IDOVLnDELOLW\ VHW IRU D SDUWLFXODU
SURSRVLWLRQ� /HW XV DJDLQ FRQVLGHU WKH LQWHUDFWLRQ JDWH GLVSOD\HG LQ )LJXUH
�� ,Q WKH WKUHH�YDOXHG RSHQ SKDVH VSDFH ORJLF WKH SURSRVLWLRQ ?$ DQG %� LV
DVVLJQHG D YDOXH RI IDOVH LI DQG RQO\ LI P$ � LQW>< Q �\�� q� \�b q�@� ?$ DQG %�
LV DVVLJQHG D YDOXH RI LQGHWHUPLQDWH LI DQG RQO\ LIP$ ? DGK�\��q� \�bq� � ��
7KLV PDNH VHQVH PDWKHPDWLFDOO\ EXW RQH LV OHIW WR ZRQGHU ZKDW WKLV PHDQV
LQ WHUPV RI WKH SK\VLFDO VHW XS RI WKH JDWH� +RZ FRXOG D SURSRVLWRQ HYHU EH
DVVLJQHG D YDOXH RI ?LQGHWHUPLQDWH� E\ D UHDO OLYH LQWHUDFWLRQ JDWH"

1RZ FRQVLGHU WKH JDWH XVLQJ WKH WZLQ RSHQ VHW ORJLF� 6HWWLQJ WKH YHULnDELOLW\ VHW
DV �\��q� \�bq� GRHV QRW DXWRPDWLFDOO\ SURYLGH WKH LGHQWLW\ RI WKH IDOVLnDELOW\
VHW� :H FRXOG PDNH WKH VDPH LGHQWLnFDWLRQ DV ZDV GRQH LQ WKH WKUHH�YDOXHG
RSHQ SKDVH VSDFH ORJLF� EXW ZH FDQ FKRVH PDQ\ RWKHU SRVVLELOWLHV� )RU H[DPSOH�
ZH FRXOG PDNH �\� � q� \� b q� > �\� � q� \� b q� WKH IDOVLnDELOLW\ VHW IRU ?$
DQG %�� 7KLV PDNH D FHUWDLQ DPRXQW RI VHQVH� HDFK VHW LQ WKH XQLRQ LV WKH
YHULnDELOLW\ VHW IRU D ?FRPSHWLQJ� SURSRVLWLRQ� 2QH FDQ LPDJLQH VHWWLQJ XS
?FKXWHV� IRU WKH ELOOLDUG EDOOV DW WKH HQGSRLQWV RI HDFK RI RXU LQWHUYDOV DV
VKRZQ LQ )LJXUH �� ,Q VXFK D FDVH ZH NQRZ WKDW ?$ DQG %� ZLOO EH DVVLJQHG
D YDOXH RI LQGHWHUPLQDWH LI EDOO $ LV IRXQG RXWVLGH DQ\ RI WKH FKXWHV FHQWHUHG
DW \�� \� RU \�� 7KXV� XVLQJ WKH WZLQ RSHQ VHW ORJLF DOORZV XV WR SK\VLFDOO\
LPSOHPHQW WKH DVVLJQPHQW RI WKH LQGHWHUPLQDWH WUXWK YDOXH�

��



7KH WZLQ RSHQ VHW SKDVH VSDFH ORJLF DOVR KDV DQRWKHU� PDWKHPDWLFDOO\� GHVLU�
DEOH IHDWXUH� WKHUH LV QR UHVWULFWLRQ WR SURSHU SURSRVLWLRQV� $ SURSRVLWLRQ LV
GHWHUPLQHG RQFH D SDLU RI GLVMRLQW RSHQ VHWV LV VSHFLnHG� *LYHQ D VHW 6� WKHUH
DUH VHYHUDO SURSRVLWLRQV WKDW FDQ EH DVVRFLDWHG ZLWK 6� 2QH VXFK SURSRVLWLRQ
ZDV DOOXGHG WR DW WKH EHJLQQLQJ RI WKH SUHYLRXV VHFWLRQ� IRU WKH VHW 6 ZH FDQ
FRQVLGHU WKH SURSRVLWLRQ 3  �>LQW�6�@� >�LQW�6��F@� �DV �LQW�6��F LV RSHQ DQG
GLVMRLQW IURP LQW�6� LW LV D SURSRVLWLRQ LQ WZLQ RSHQ VHW SKDVH VSDFH ORJLF��

9,,,� 6XPPDU\ DQG )XWXUH :RUN

7KH GHVLJQ RI FLUFXLWU\ LQ FXUUHQW FRPSXWHUV LV EDVHG RQ %RROHDQ DOJHEUD
WKHRU\� DQG UHDVRQLQJ DERXW WKLV FLUFXLWU\ LV FDUULHG RXW XVLQJ %RROHDQ SURSR�
VLWLRQDO ORJLF� D QDWXUDO UHVXOW RI WKH IDFW WKDW ERWK %RROHDQ FLUFXLWU\ DQG
SURSRVLWLRQDO ORJLF ZLWK DSSURSULDWH GHnQLWLRQV RI RSHUDWLRQV� GXDOV� DQG LGHQ�
WLWLHV IRUP %RROHDQ DOJHEUDV� 7KH PRGHOV RI FRPSXWDWLRQ� RQ ZKLFK H[LVWLQJ
FRPSXWHUV DUH EDVHG� DVVXPH WKDW SK\VLFDO PHDVXUHPHQW FDQ EH PDGH SUHFLVH�
$ IDFW WKDW LV QRW RQO\ IDOVH� EXW WKDW DFWV DV D OLPLWLQJ IDFWRU ZKHQ FRQVLGHULQJ
KRZ FRPSXWDWLRQ FDQ EH FDUULHG RXW�

+HUH� ZH KDYH FRQVLGHUHG QRQVWDQGDUG ORJLFV WR DQDO\]H RQH PRGHO RI FRPSX�
WDWLRQ� WKH ELOOLDUG EDOO PRGHO� :H FKRVH WKLV PRGHO EHFDXVH RI LWV FRQVHUYDWLYH
QDWXUH� DQG ZH FKRVH QRQVWDQGDUG ORJLFV IRU WKH DQDO\VLV� EHFDXVH WKLV DQDO\VLV
DOORZV XV WR DFFHSW WKH SK\VLFDO UHDOLW\ WKDW PHDVXUHPHQW LV QRW SUHFLVH� 8VLQJ
ERWK WZR YDOXHG DQG WKUHH YDOXHG GHULYHG ORJLFV ZH H[DPLQHG ZKDW FDQ EH
VDLG DERXW WKH ELOOLDUG EDOO PRGHO� ,Q SDUWLFXODU� ZH QRWHG WKDW WKH WZLQ RSHQ
VHW SKDVH VSDFH ORJLF VDWLVnHV DOO EXW RQH RI WKH D[LRPV IRU %RROHDQ DOJHEUDV�
D IDFW WKDW HQDEOHV PDQ\ RI WKH FRPPRQ SURSHUWLHV VXFK DV 'H 0RUJDQ
V ODZV
WR KROG�

+DYLQJ FRPSOHWHG RXU DQDO\VLV RI WKH ELOOLDUG EDOO LQWHUDFWLRQ JDWH� ZH DUH
QRZ FRQVLGHULQJ FRPSRVLWLRQ RI JDWHV LQ WKLV PRGHO� 6LQFH PRVW FRPSXWDWLRQV
FRQVLVW RI FRPSRVLQJ PXOWLSOH JDWHV� ZH QHHG WR FRQWLQXH RXU DSSOLFDWLRQ RI
QRQVWDQGDUG ORJLFV WR PRUH FRPSOLFDWHG FRPSXWDWLRQV� 2QFH FRPSRVLWLRQV DUH
LQWURGXFHG� ZH PXVW GHDO ZLWK WKH SUREOHP RI HUURU SURSDJDWLRQ� L�H�� DV FRP�
SXWDWLRQ SURJUHVVHV WKURXJK D PRGHO� HUURU EXLOGV XS H[SRQHQWLDOO\� WKHUHE\
PDNLQJ UHVXOWV PHDQLQJOHVV DIWHU HYHQ D VPDOO QXPEHU RI FRPSXWDWLRQV� ,Q
WKH FRQVHUYDWLYH ELOOLDUG EDOO PRGHO ZH KRSH WR nQG D ZD\ WR FDUU\ RXW HUURU
FRUUHFWLRQ DW HDFK VWHS GXULQJ WKH FRPSXWDWLRQ SURFHVV E\ XVLQJ WKH ?H[WUD�
LQIRUPDWLRQ DYDLODEOH LQ WKH RXWSXW RI HDFK JDWH� 7KDW LV� DV FRQVHUYDWLYH JDWHV
SURYLGH RQH WR RQH PDSSLQJV IURP LQSXW WR RXWSXW� ZH ZLOO FRQVLGHU KRZ WR
XVH WKLV IRU HUURU FRUUHFWLRQ LQVWHDG RI HQHUJ\ FRQVHUYDWLRQ�

$QRWKHU TXHVWLRQ ZH SODQ WR DGGUHVV FRQFHUQV WKH PDWKHPDWLFDO V\VWHP RQH

��



JHWV ZKHQ XVLQJ D GHULYHG ORJLF� ,Q SDUWLFXODU� ZH KDYH DOUHDG\ VKRZQ IRU WKH
WZLQ RSHQ VHW SKDVH VSDFH ORJLF WKDW ZH KDYH D PDWKHPDWLFDO V\VWHP WKDW LV
DOPRVW D %RROHDQ DOJHEUD� :H ZDQW WR VHH ZKDW WKHRUHPV UHVXOW IURP WKLV
V\VWHP DQG ZKDW� LI DQ\� QDWXUDO FLUFXLWU\ FDQ EH GHVLJQHG�

$FNQRZOHGJHPHQWV

0�:� DQG -�.� JUDWHIXOO\ DFNQRZOHGJH WKH VXSSRUW SURYLGHG E\ WKH 5REHUW &�
*RRG )RXQGDWLRQ DW 'HQLVRQ 8QLYHUVLW\�

5HIHUHQFHV

>�@ *� %LUNKRm DQG -� YRQ 1HXPDQQ� $QQ� RI 0DWK� ��� ���^�� �������

>�@ 0� '� :HVWPRUHODQG DQG %� :� 6FKXPDFKHU� 3K\V� 5HY� $ ��� ���^�� �������

>�@ 0� '� :HVWPRUHODQG� %� :� 6FKXPDFKHU� DQG 6� %DLOH\ ,QWHUQDWLRQDO -RXUQDO

RI 7KHRUHWLFDO 3K\VLFV� ��� ���

>�@ 6WHYHQ 9LFNHUV� 7RSRORJ\ 9LD /RJLF� &DPEULGJH 7UDFWV LQ 7KHRUHWLFDO &RPSXWHU
6FLHQFH � �&DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH� ������

>�@ -� �/XNDVLHZF]� 6HOHFWHG :RUNV� /� %RUNRZVNL� HG� �1RUWK�+ROODQG 3XEOLVKLQJ
&RPSDQ\� $PVWHUGDP� ������ FLWHG LQ >��@�

>�@ +� 5HLFKHQEDFK� 3KLORVRSKLF )RXQGDWLRQV RI 4XDQWXP 0HFKDQLFV �8QLYHUVLW\ RI
&DOLIRUQLD 3UHVV� %HUNHOH\ DQG /RV $QJHOHV� ����� ������ VHFWLRQV ����� UHSULQWHG
LQ 7KH /RJLFR�$OJHEUDLF $SSURDFK WR 4XDQWXP 0HFKDQLFV &� $� +RRNHU� HG�
�5HLGHO� 'RUGUHFKW�+ROODQG� ������

>�@ -� %� 5RVVHU� $PHULFDQ -RXUQDO RI 3K\VLFV �� ������� ������� FLWHG LQ >�@�

>�@ &� ,� /HZLV DQG &� +� /DQJIRUG� 6\PEROLF /RJLF �7KH &HQWXU\ &RPSDQ\� 1HZ
<RUN� ������FLWHG LQ >�@

>�@ -� %� 5RVVHU DQG $� 5� 7XUTXHWWH� 0DQ\�YDOXHG /RJLFV �1RUWK�+ROODQG
3XEOLVKLQJ &RPSDQ\� $PVWHUGDP� ������

>��@ -� )� 0XQNUHV� 7RSRORJ\� $ )LUVW &RXUVH �3UHQWLFH�+DOO� (QJOHZRRG &OLmV� 1-�
������

>��@ 3� *LEELQV� 3DUWLFOHV DQG 3DUDGR[HV� 7KH /LPLWV RI 4XDQWXP /RJLF �&DPEULGJH
8QLYHUVLW\ 3UHVV� &DPEULGJH DQG 1HZ <RUN� ������

>��@ &� *� +HPSHO� 7KH -RXUQDO RI 6\PEROLF /RJLF ��� ������ ������� FLWHG LQ >��@�

>��@ $� 5� 7XUTXHWWH� 7KH 3KLORVRSKLF 5HYLHZ ��� ������� ������� FLWHG >��@�

��



>��@ (� 1DJHO� ?/RJLF ZLWKRXW 2QWRORJ\�� LQ 1DWXUDOLVP DQG WKH +XPDQ 6SLULW� <� +�
.ULNRULDQ� HG� �&ROXPELD 8QLYHUVLW\ 3UHVV� 1HZ <RUN� ������ �������� UHSULQWHG
LQ 5HDGLQJV LQ 3KLORVRSKLFDO $QDO\VLV� +� )HLJO DQG:� 6� 6HOODUV� HGV� �$SSOHWRQ�
1HZ <RUN� ������ �������� FLWHG LQ >��@�

>��@ 3� 7� *HDFK� /RJLF 0DWWHUV �8QLYHUVLW\ RI &DOLIRUQLD 3UHVV� %HUNHOH\ DQG /RV
$QJHOHV� ������

>��@ 0� -DPPHU� 7KH 3KLORVRSK\ RI 4XDQWXP 0HFKDQLFV �:LOH\� 1HZ <RUN� ������

>��@ '� *ULHV DQG )� %� 6FKQHLGHU� $ /RJLFDO $SSURDFK WR 'LVFUHWH 0DWK �6SULQJHU�
9HUODJ� 1HZ <RUN� %HUOLQ� DQG +HLGHOEHUJ� �����
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