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5HFHLYHG $XJXVW ��� ����� UHYLVHG -DQXDU\ ��� ����

:H DQDO\]H WKH =HQR
V IDPLOLDU SDUDGR[ RI WKH DUURZ XVLQJ UHFHQWO\
GHYHORSHG QRQ�%RROHDQ GHULYHG ORJLFV IRU FODVVLFDO V\VWHPV� :H VKRZ
WKDW WKH SDUDGR[ GHSHQGV XSRQ D SUHPLVH WKDW LV LGHQWLFDOO\ IDOVH
LQ VXFK ORJLFV� VR WKDW WKH ODQJXDJH RI H[SHULPHQWDO SURSRVLWLRQV LV
LPPXQH WR WKH SDUDGR[�

.H\ ZRUGV� ORJLF� =HQR
V SDUDGR[HV� PHDVXUHPHQW�
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,Q D IDPRXV ���� SDSHU� YRQ 1HXPDQQ DQG %LUNKRm >�@ VXJJHVWHG
WKDW VRPH RI WKH SDUDGR[HV RI TXDQWXP PHFKDQLFV FRXOG EH DGGUHVVHG
E\ DSSO\LQJ D QRQVWDQGDUG ORJLF WR SURSRVLWLRQV FRQFHUQLQJ TXDQWXP
PHFKDQLFDO V\VWHPV� )RU H[DPSOH� WKH FRXQWHU�LQWXLWLYH UHVXOWV RI WKH
IDPLOLDU GRXEOH�VOLW H[SHULPHQW LOOXVWUDWH WKH QRQ�GLVWULEXWLYH FKDUDF�
WHU RI WKH TXDQWXP ORJLF RI YRQ 1HXPDQQ DQG %LUNKRm� ,Q >�@ ZH KDYH
VKRZQ WKDW RWKHU WKHRULHV EHVLGHV TXDQWXP PHFKDQLFV QDWXUDOO\ OHDG



WR GHULYHG ORJLFV RI H[SHULPHQWDO SURSRVLWLRQV ZKHQ DQ H[SOLFLW DF�
FRXQW RI PHDVXUHPHQW LV LQFOXGHG� ,Q SDUWLFXODU� ZH KDYH VKRZQ WKDW
D VLPSOH PHDVXUHPHQW WKHRU\ IRU FODVVLFDO PHFKDQLFV JLYHV ULVH WR
QRQVWDQGDUG GHULYHG ORJLFV� 7KHVH FODVVLFDO SKDVH VSDFH ORJLFV GLmHU
IURP TXDQWXP ORJLF LQ WKDW LW LV QHJDWLRQ WKDW LV QRQVWDQGDUG LQVWHDG
RI GLVWULEXWLYLW\�
2XU SXUSRVH KHUH LV WR VKRZ WKDW QRQVWDQGDUG GHULYHG ORJLFV IRU

FODVVLFDO PHFKDQLFV FDQ EH DSSOLHG WR FODVVLFDO SDUDGR[HV LQ D ZD\
DQDORJRXV WR WKH DSSOLFDWLRQ RI TXDQWXP ORJLF WR WKH FRXQWHU�LQWXLWLYH
IHDWXUHV RI TXDQWXP WKHRU\� ,Q ERWK VLWXDWLRQV� WKH FRQQHFWLRQV RI
H[SHULPHQWDO REVHUYDWLRQ WR WKH XQGHUO\LQJ WKHRU\ LV QRQ�WULYLDO� 7KH
SDUDGR[LFDO DVSHFWV RI HDFK WKHRU\ DULVH LQ SDUW IURP WKH VXEWOH QDWXUH
RI WKH OLQN EHWZHHQ REVHUYDWLRQ DQG WKHRU\� 7KLV LV UHoHFWHG LQ WKH
QRQ�%RROHDQ SURSHUWLHV RI WKH GHULYHG ORJLFV�
$OWKRXJK RQH GRHV QRW XVXDOO\ GZHOO RQ WKLV LQ DQ LQWURGXFWRU\

SK\VLFV FRXUVH� WKHUH DUH DSSDUHQW SDUDGR[HV UHODWHG WR FODVVLFDO PH�
FKDQLFV� 7KH PRVW IDPRXV RI WKHVH DUH WKH SDUDGR[HV RI PRWLRQ SXW
IRUZDUG E\ =HQR RI (OHD LQ DERXW ��� %�&� 7KHVH SDUDGR[HV VXS�
SRUWHG WKH (OHDWLF FRQWHQWLRQ WKDW WKH XQLYHUVH ZDV DQ XQGLYLGHG
DQG XQFKDQJLQJ XQLW\ DQG WKDW WKH DQDO\VLV RI VSDFH DQG WLPH LQWR
VHSDUDWH SRLQWV DQG PRPHQWV RPLWWHG HVVHQWLDO DVSHFWV RI WKDW XQLW\
>�@� )RU H[DPSOH� WKH SDUDGR[ RI WKH DUURZ UXQV�

� � � =HQR DUJXHV WKDW DQ DUURZ LQ oLJKW LV DOZD\V DW UHVW�
$W DQ\ JLYHQ LQVWDQW� KH FODLPV� WKH DUURZ LV ZKHUH LW LV�
RFFXS\LQJ D SRUWLRQ RI VSDFH HTXDO WR LWVHOI� 'XULQJ WKH
LQVWDQW LW FDQQRW PRYH� IRU WKDW ZRXOG UHTXLUH WKH LQVWDQW
WR KDYH SDUWV� DQG DQ LQVWDQW LV E\ GHnQLWLRQ D PLQLPDO
DQG LQGLYLVLEOH HOHPHQW RI WLPH� ,I WKH DUURZ GLG PRYH
GXULQJ WKH LQVWDQW LW ZRXOG KDYH WR EH LQ RQH SODFH DW RQH
WLPH RI WKH LQVWDQW� DQG LQ LQ D GLmHUHQW SODFH DW DQRWKHU
SDUW RI WKH LQVWDQW� >�@

,I WKH DUURZ LV DW UHVW DW DQ\ JLYHQ LQVWDQW� KRZ FDQ WKH DUURZ PRYH"
0DQ\ UHVROXWLRQV WR WKLV SDUDGR[ KDYH EHHQ SURmHUHG� 2QH RI WKH

PRUH ZLGHO\ DFFHSWHG UHVROXWLRQV �FI� 6DOPRQ >�@ DQG *U�XQEDXP >�@�
RI WKH SDUDGR[ RI WKH DUURZ LV WKH RQH SURSRVHG E\ %HUWUDQG 5XVVHOO�
ZKLFK KDV FRPH WR EH NQRZQ DV WKH ?DW�DW� WKHRU\ RI PRWLRQ� :HVOH\
6DOPRQ JLYHV WKH IROORZLQJ GHVFULSWLRQ �>�@� S� ����

/HW XV QRZ DSSO\ >WKH@ FRQFHSWLRQ RI D PDWKHPDWLFDO IXQF�
WLRQ WR WKH PRWLRQ RI DQ DUURZ� WR NHHS WKH DULWKPHWLF
VLPSOH OHW LW WUDYHO DW WKH XQLIRUP VSHHG RI WHQ IHHW SHU
VHFRQG LQ D VWUDLJKW OLQH� VWDUWLQJ IURP [  � DW W  ��
$W DQ\ VXEVHTXHQW WLPH W� LWV SRVLWLRQ [  ��W� � � � 7KH
UHTXLUHPHQW LV WKDW WKH DUURZ EH DW WKH DSSURSULDWH SRLQW
DW WKH DSSURSULDWH WLPH � QRWKLQJ LV VDLG DERXW WKH LQVWDQ�
WDQHRXV YHORFLW\ RI WKH DUURZ DV LW RFFXSLHV HDFK RI WKHVH



SRLQWV� � � � WKH PRWLRQ LWVHOI LV GHVFULEHG E\ WKH SDLULQJ RI
SRVLWLRQV ZLWK WLPHV DORQH�

$V DQ DFFRXQW RI ZKDW RQH PHDQV ZKHQ RQH VD\V ?WKH PRWLRQ RI
WKH DUURZ LV GHVFULEHG E\ D IXQFWLRQ� WKH ?DW�DW� WKHRU\ LV FHUWDLQO\
FRUUHFW� +RZHYHU�LI RQH LV FRQFHUQHG DERXW KRZ RQH DUULYHV DW VXFK D
IXQFWLRQ� WKHUH LV D SUREOHP� :KHQ D SK\VLFLVW VWDWHV WKDW D IXQFWLRQ
GHVFULEHV WKH oLJKW RI WKH DUURZ ZKDW LV PHDQW H[SHULPHQWDOO\ LV WKDW
D VHULHV RI PHDVXUHPHQWV KDV EHHQ SHUIRUPHG DQG WKH JLYHQ IXQFWLRQ
nWV WKH REVHUYHG GDWD� ,I RQH LV PLQGIXO RI D SK\VLFDO WKHRU\ RI
PHDVXUHPHQW WKHUH LV QR ZD\ WR DUULYH DW D XQLTXH IXQFWLRQ DV WKH
SURSHU GHVFULSWRU RI WKH DUURZ
V oLJKW�
,Q >�@ ZH DUJXH WKDW LQ DQ\ SK\VLFDOO\ PRWLYDWHG WKHRU\ RI PHD�

VXUHPHQW IRU FODVVLFDO V\VWHPV WKH IROORZLQJ DVVXPSWLRQV VKRXOG EH
UHoHFWHG�

�� 2EVHUYDEOHV DUH FRQWLQXRXV SKDVH VSDFH IXQFWLRQV�
�� 9DOXHV RI REVHUYDEOHV FDQQRW EH GHWHUPLQHG ZLWK LQnQLWHO\ KLJK
SUHFLVLRQ�

�� 2QO\ nQLWHO\ PDQ\ PHDVXUHPHQW RXWFRPHV DUH DYDLODEOH DW RQH
WLPH�

7KH SUREOHP IRU WKH ?DW�DW� WKHRU\ LV WKDW QR VHW RI PHDVXUHPHQWV
VDWLVI\LQJ WKHVH WKUHH SRVWXODWHV VXpFH WR VSHFLI\ D XQLTXH IXQFWLRQ
ZKLFK GHVFULEHV WKH PRWLRQ RI WKH DUURZ� &HUWDLQO\� JLYHQ D nQLWH VHW
RI WLPH DQG SRVLWLRQ PHDVXUHPHQWV RI WKH DUURZ� LW LV SRVVLEOH WR nQG
D IXQFWLRQ FRQVLVWHQW ZLWK WKHP� %XW VR ZLOO DQ XQFRXQWDEOH LQnQ�
LW\ RI RWKHU IXQFWLRQV� ,QGHHG� LW FDQ EH VKRZQ WKDW� JLYHQ DQ\ VHW RI
PHDVXUHPHQWV ZKLFK VDWLVI\ WKH DERYH SRVWXODWHV� RQH FDQ nQG DQ XQ�
FRXQWDEOH QXPEHU RI IXQFWLRQV ZLWK DOPRVW DQ\ ?QLFH� PDWKHPDWLFDO
SURSHUWLHV �VXFK DV FRQWLQXLW\� GLmHUHQWLDELOLW\� RU HYHQ DQDO\WLFLW\�
ZKLFK ZLOO SURYLGH DQ H[SHULPHQWDOO\ UHDVRQDEOH ?DW�DW� GHVFULSWLRQ
RI WKH DUURZ
V oLJKW� &RQYHUVHO\� JLYHQ D IXQFWLRQ ZKLFK SURYLGHV DQ
DSSURSULDWH ?DW�DW� GHVFULSWLRQ� QR VHW RI PHDVXUHPHQWV ZKLFK VDW�
LVI\ WKH SRVWXODWHV ZLOO YHULI\ WKH JLYHQ IXQFWLRQ WR WKH H[FOXVLRQ RI DOO
RWKHUV� 7KXV� HYHQ WKRXJK D IXQFWLRQ PD\ VDWLVI\ WKH UHTXLUHPHQWV
RI WKH ?DW�DW� WKHRU\� WKDW IXQFWLRQ FDQ QRW EH XQLTXHO\ SURYLGHG
RU YHULnHG E\ PHDVXUHPHQW� :H PD\ WKHUHIRUH VD\ WKDW WKH ?DW�DW�
WKHRU\ GRHV QRW RSHUDWH DW WKH OHYHO RI SK\VLFDO PHDVXUHPHQW�
2QH LV WKHQ OHIW WR ZRQGHU DERXW WKH VWDWXV RI WKH SDUDGR[ RI

WKH DUURZ DW WKH OHYHO RI PHDVXUHPHQW� ,I ZH DUH OHIW ZLWK =HQR
V
SDUDGR[LFDO VLWXDWLRQ XQUHVROYHG DW WKH OHYHO RI PHDVXUHPHQW� WKLV
PLJKW EH VXpFLHQW UHDVRQ WR DYRLG GLVFXVVLRQV RI SK\VLFDOO\ PRWLYDWHG
WKHRULHV RI PHDVXUHPHQW� )RUWXQDWHO\� WKLV WXUQV RXW QRW WR EH WKH
FDVH� ,Q >�@ ZH GLVFXVV ?GHULYHG ORJLFV� ZKHUH DW OHDVW VRPH RI WKH
SURSRVLWLRQV DUH VDQFWLRQHG E\ UHVXOWV RI PHDVXUHPHQWV �WKLV LV ZKDW
LV PHDQW E\ RXU SKUDVH ?DW WKH OHYHO RI SK\VLFDO PHDVXUHPHQW��� :H



ZLOO VKRZ WKDW WKH SUHPLVH IRU WKH SDUDGR[ RI WKH DUURZ LV LQ IDFW
LGHQWLFDOO\ IDOVH LQ WKHVH ORJLFV� %HIRUH ZH GHPRQVWUDWH WKLV� ZH ZLOO
nUVW SURYLGH D EULHI GHVFULSWLRQ RI WKHVH GHULYHG ORJLFV IRU FODVVLFDO
V\VWHPV�
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2QH ZD\ WR WKLQN DERXW WKH LPSOLFDWLRQV RI D PHDVXUHPHQW WKHRU\
LV WR GLVFXVV WKH GHULYHG ORJLFV RI H[SHULPHQWDO SURSRVLWLRQV WKDW UHVXOW
IURP WKH WKHRU\� )RU FODVVLFDO V\VWHPV� ZH KDYH SUHYLRXVO\ GHYHORSHG
?FORVHG� DQG ?RSHQ� SKDVH VSDFH ORJLFV GHULYHG IURP D UXGLPHQWDU\
WKHRU\ RI FODVVLFDO PHDVXUHPHQWV >�@� 7KHVH ORJLFV� DOVR FDOOHG ?IDOVL�
nDELOLW\� DQG ?YHULnDELOLW\� ORJLFV� FDQ EH XVHG WR H[DPLQH WKH EDVLV
IRU WKH SDUDGR[ RI WKH DUURZ� ,Q WKH IROORZLQJ VHFWLRQV ZH ZLOO UHYLHZ
VRPH RI WKH SURSHUWLHV RI WKHVH ORJLFV� XVH WKHP WR DQDO\]H DVSHFWV RI
WKH SDUDGR[ RI WKH DUURZ� DQG GLVFXVV VRPH RI WKH LPSOLFDWLRQV�
7KH PHDVXUHPHQW WKHRU\ IRU WKH WZR FODVVLFDO SKDVH VSDFH ORJ�

LFV WKDW ZH GHYHORS LV EDVHG XSRQ WKH WKUHH SRVWXODWHV JLYHQ DERYH�
3RVWXODWH ��� H[SUHVVHV WKH IDFW WKDW D FODVVLFDO PHDVXUHPHQW SUR�
FHVV LV LWVHOI D FRQWLQXRXV G\QDPLFDO HYROXWLRQ RI D V\VWHP RI LQWHUHVW
DQG D PHDVXUHPHQW GHYLFH� 3RVWXODWH ��� LPSOLHV WKDW WKH YDOXH RI
DQ REVHUYDEOH LV RQO\ ORFDOL]HG ZLWKLQ VRPH RSHQ LQWHUYDO E\ D PHD�
VXUHPHQW� $ PHDVXUHPHQW WKHUHIRUH RQO\ ORFDOL]HV WKH VWDWH RI WKH
V\VWHP RI LQWHUHVW WR DQ RSHQ VHW LQ SKDVH VSDFH� 3RVWXODWH ��� VLP�
SO\ LQGLFDWHV WKDW WKH OLPLWDWLRQV LPSRVHG E\ 3RVWXODWHV ��� DQG ���
FDQQRW EH HYDGHG E\ OLPLWLQJ SURFHVVHV LQYROYLQJ DQ LQnQLWH QXPEHU
RI PHDVXUHPHQWV�
7KXV FODVVLFDO PHDVXUHPHQWV� LQ WKHLU PRVW JHQHULF IRUP� SURYLGH

WKH DQVZHUV WR TXHVWLRQV RI WKH IRUP ?,V WKH VWDWH RI WKH V\VWHP ZLWKLQ
WKH RSHQ VHW 2"� 7ZR SURSRVLWLRQV DERXW WKH VWDWH RI WKH V\VWHP
DUH H[SHULPHQWDOO\ HTXLYDOHQW LI WKH\ FDQQRW EH GLVWLQJXLVKHG IURP
RQH DQRWKHU E\ WKH DQVZHUV WR DQ\ nQLWH VHW RI VXFK TXHVWLRQV� 7KH\
DUH HmHFWLYHO\ WKH VDPH SURSRVLWLRQ� 7KHUH DUH DW OHDVW WZR SRVVLEOH
VHQVHV LQ ZKLFK WZR SURSRVLWLRQV DUH ?LQGLVWLQJXLVKDEOH� DQG WKXV
HTXLYDOHQW�

�� 7KH DVVHUWLRQV ZRXOG EH IDOVLnHG E\ H[DFWO\ WKH VDPH PHDVXUH�
PHQW UHVXOWV�

�� 7KH DVVHUWLRQV ZRXOG EH YHULnHG E\ H[DFWO\ WKH VDPH PHDVXUH�
PHQW UHVXOWV�

$ SURSRVLWLRQ LQ RQH RI RXU GHULYHG ORJLFV LV DFWXDOO\ DQ HTXLYDOHQFH
FODVV RI LQGLVWLQJXLVKDEOH SKDVH VSDFH SURSRVLWLRQV DFFRUGLQJ WR RQH
RI WKH WZR VHQVHV DERYH�
$ SKDVH VSDFH SURSRVLWLRQ FDQ EH LGHQWLnHG ZLWK D VXEVHW RI WKH

SKDVH VSDFH ;_QDPHO\� WKH VHW RI SRLQWV LQ SKDVH VSDFH IRU ZKLFK



WKH SURSRVLWLRQ LV WUXH� 7KHUHIRUH� D SURSRVLWLRQ LQ RXU GHULYHG ORJLFV
FDQ EH LGHQWLnHG ZLWK DQ HTXLYDOHQFH FODVV RI SKDVH VSDFH VHWV WKDW
DUH LQGLVWLQJXLVKDEOH E\ D nQLWH QXPEHU RI RSHQ VHWV �ZKLFK UHSUH�
VHQW PHDVXUHPHQWV�� $V EHIRUH� WKHUH DUH WZR GLVWLQFW PHDQLQJV RI
?LQGLVWLQJXLVKDEOH��

�� 7ZR VHWV DUH LQGLVWLQJXLVKDEOH LI WKH\ LQWHUVHFW H[DFWO\ WKH VDPH
RSHQ VHWV� 7KLV PHDQV WKDW WKH WZR FRUUHVSRQGLQJ SKDVH VSDFH
SURSRVLWLRQV DUH FRQVLVWHQW ZLWK H[DFWO\ WKH VDPH PHDVXUHPHQW
UHVXOWV� VR WKLV GHnQLWLRQ DJUHHV ZLWK WKH ?IDOVLnFDWLRQ� RQH
DERYH� 7ZR VHWV WKDW DUH LQGLVWLQJXLVKDEOH LQ WKLV VHQVH KDYH
WKH VDPH FORVXUH�

�� 7ZR VHWV DUH LQGLVWLQJXLVKDEOH LI WKH\ FRQWDLQ H[DFWO\ WKH VDPH
RSHQ VHWV� 7KLV PHDQV WKDW WKH WZR FRUUHVSRQGLQJ SKDVH VSDFH
SURSRVLWLRQV DUH LPSOLHG E\ H[DFWO\ WKH VDPH PHDVXUHPHQW UH�
VXOWV� VR WKDW WKLV GHnQLWLRQ DJUHHV ZLWK WKH ?YHULnFDWLRQ� RQH
DERYH� 7ZR VHWV WKDW DUH LQGLVWLQJXLVKDEOH LQ WKLV VHQVH KDYH
WKH VDPH LQWHULRU�

:H FDOO WKH GHULYHG ORJLF UHVXOWLQJ IURP FULWHULRQ ��� WKH FORVHG SKDVH
VSDFH ORJLF �RU IDOVLnDELOLW\ ORJLF�� DQG WKH ORJLF UHVXOWLQJ IURP FULWH�
ULRQ ��� WKH RSHQ SKDVH VSDFH ORJLF �RU YHULnDELOLW\ ORJLF��
:H ZLOO GHVFULEH WKH FORVHG SKDVH VSDFH ORJLF DQG DSSO\ LW WR

DQDO\]H WKH SDUDGR[ RI WKH DUURZ� 7KH FRUUHVSRQGLQJ GLVFXVVLRQ IRU
WKH RSHQ SKDVH VSDFH ORJLF ZLOO EH SURYLGHG LQ WKH $SSHQGL[�
7KH IDFW WKDW SURSRVLWLRQV RI RXU ORJLFV DUH LGHQWLnHG ZLWK HTXLY�

DOHQFH FODVVHV RI VHWV UDWKHU WKDQ WKH VHWV WKHPVHOYHV UHTXLUHV XV WR
WDNH FDUH LQ GHnQLQJ WKH ORJLFDO RSHUDWRUV RI QHJDWLRQ ���� FRQMXQFWLRQ
�A�� DQG GLVMXQFWLRQ �B�� ,Q WKH %RROHDQ ORJLF DVVRFLDWHG ZLWK UDZ
VXEVHWV RI WKH SKDVH VSDFH� WKHVH RSHUDWLRQV DUH GHnQHG LQ WHUPV RI
RUGLQDU\ VHW RSHUDWLRQV� FRPSOHPHQW� LQWHUVHFWLRQ� DQG XQLRQ� ,Q WKH
GHULYHG ORJLFV� WKLV DSSURDFK PXVW EH PRGLnHG WR PHHW WZR UHTXLUH�
PHQWV� nUVW� WKH UHVXOW RI DQ\ RSHUDWLRQ PXVW LWVHOI EH DQ HTXLYDOHQFH
FODVV RI VHWV� DQG VHFRQG� HDFK RSHUDWLRQ PXVW EH ZHOO�GHnQHG� L�H��
PXVW EH LQGHSHQGHQW RI WKH HTXLYDOHQFH FODVV UHSUHVHQWDWLYHV WKDW DUH
XVHG IRU LWV GHnQLWLRQ�
,Q WKH FORVHG SKDVH VSDFH ORJLF� WKLV LV GRQH E\ GHnQLQJ RSHUD�

WLRQV LQ WHUPV RI WKH FORVXUHV RI WKH UHSUHVHQWDWLYH VHWV� )RU H[DPSOH�
VXSSRVH $ DQG % DUH SURSRVLWLRQV LQ WKH FORVHG SKDVH VSDFH ORJLF�
FRUUHVSRQGLQJ WR HTXLYDOHQFH FODVVHV >$x@ DQG >%y@ RI VXEVHWV RI WKH
SKDVH VSDFH� 7KH VHWV LQ HDFK HTXLYDOHQFH FODVV KDYH D FRPPRQ FOR�
VXUH� $x  $y IRU DOO VHWV $x DQG $y LQ WKH HTXLYDOHQFH FODVV $
�WKH RYHUOLQH ?;� V\PERO UHSUHSUHVHQWV VHW FORVXUH��:H FDQ GHnQH
RXU ORJLFDO RSHUDWRUV DV IROORZV �WKH VXSHUVFULSW ?F� UHSUHVHQWV VHW
FRPSOHPHQWDWLRQ��

�$  >�$x�
F@�
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6LQFH DOO VHWV LQ D JLYHQ HTXLYDOHQFH FODVV KDYH WKH VDPH FORVXUH� HDFK
HTXLYDOHQFH FODVV FRQWDLQV H[DFWO\ RQH FORVHG VHW� 7KLV VHW FDQ EH
WDNHQ DV WKH FDQRQLFDO UHSUHVHQWDWLYH IRU WKH HTXLYDOHQFH FODVV� ,Q
HDFK GHnQLWLRQ� ZH DSSO\ WKH XVXDO VHW RSHUDWLRQV RQ WKH FDQRQLFDO
UHSUHVHQWDWLYH VHW IRU HDFK SURSRVLWLRQ� 7KH GHnQLWLRQV DUH WKXV XQ�
DPELJXRXV�
7ZR SURSRVLWLRQV LQ WKLV ORJLF DUH HVSHFLDOO\ LPSRUWDQW� WKDW UHS�

UHVHQWHG E\ WKH ZKROH VSDFH ; DQG WKDW UHSUHVHQWHG E\ WKH QXOO VHW�
7KH HTXLYDOHQFH FODVV IRU WKH HQWLUH VSDFH LV WKH ?QHYHU IDOVLnDEOH�
VWDWHPHQW� VR LW LV JLYHQ D VSHFLDO QDPH� >;@  �� 6LPLODUO\� WKH
HTXLYDOHQFH FODVV RI WKH QXOO VHW LV WKH ?DOZD\V IDOVLnDEOH� VWDWHPHQW�
VR ZH GHQRWH LW E\ >�@  ��
0DQ\ RI WKH SURSHUWLHV RI FODVVLFDO ORJLF DOVR KROG IRU WKH FORVHG

SKDVH VSDFH ORJLF� B GLVWULEXWHV RYHU A DQG YLFH YHUVD� +RZHYHU� WKH
QRQVWDQGDUG QDWXUH RI QHJDWLRQ LQGXFHV VHYHUDO QRQ�%RROHDQ IHDWXUHV
WR WKLV ORJLF� WKH ?/DZ RI 1RQFRQWUDGLFWLRQ� � $ A �$  � � GRHV
QRW KROG LQ WKH FORVHG SKDVH VSDFH ORJLF� 2Q WKH RWKHU KDQG� WHUWLXP
QRQ GDWXU WKH ?ODZ RI WKH H[FOXGHG PLGGOH� � $ B �$  � � GRHV
KROG�� �$FFRUGLQJ WR D GXDOLW\ SULQFLSOH� WKH VLWXDWLRQ LQ WKH RSHQ
SKDVH VSDFH ORJLF LV H[DFWO\ UHYHUVHG� ZLWK WKH ODZ RI QRQFRQWUDGLFWLRQ
KROGLQJ EXW QRW WKH ODZ RI WKH H[FOXGHG PLGGOH��
$Q H[DPSOH LV LQ RUGHU� 6XSSRVH D SDUWLFOH LV FRQVWUDLQHG WR

PRYH LQ RQH GLPHQVLRQ� OLNH D WUDLQ RQ LWV WUDFN� $W DQ\ PRPHQW� WKH
ORFDWLRQ DQG YHORFLW\ RI WKH WUDLQ DUH RQO\ NQRZQ WR D nQLWH SUHFLVLRQ�
&RQVLGHU WKH IROORZLQJ VWDWHPHQW�

$W WLPH W  W�� WKH WUDLQ LV EHWZHHQ ������ DQG ������
PHWHUV IURP WKH EHJLQQLQJ RI WKH WUDFN� DQG LV WUDYHOLQJ
EHWZHHQ ���� DQG ���� PHWHUV SHU VHFRQG�

�:H ZLOO LJQRUH WKH IDFW WKDW WLPH PHDVXUHPHQWV FDQ RQO\ EH PDGH
ZLWK nQLWH SUHFLVLRQ� )RU RXU SUHVHQW SXUSRVHV� WKLV LV DQ XQQHFHVVDU\
FRPSOLFDWLRQ��
7KLV VWDWHPHQW FRUUHVSRQGV WR D SURSRVLWLRQ LQ WKH FORVHG SKDVH

VSDFH ORJLF� WKH HTXLYDOHQFH FODVV $ RI VXEVHWV RI WKH SKDVH VSDFH ;
FRQWDLQLQJ WKH FORVHG VHW

$x  I�[� Y� � ;M������ � [ � ������� ���� � Y � ����J�

:H VKRXOG SRLQW RXW WKDW WKH HTXLYDOHQFH FODVV $ FRQWDLQV D JUHDW
PDQ\ RWKHU VHWV� VXFK DV

$y  I�[� Y� � $xM[� Y DUH ERWK UDWLRQDOJ�



$x DQG $y DUH HTXLYDOHQW EHFDXVH QR PHDVXUHPHQW FDQ GLVWLQJXLVK
EHWZHHQ WKH SRLQWV LQ $y �ZKLFK KDYH UDWLRQDO SKDVH VSDFH FRRUGL�
QDWHV� DQG WKH SRLQWV LQ $x�
,Q RXU DQDO\VLV RI WKH SDUDGR[ RI WKH DUURZ ZH ZLOO QHHG WKH IRO�

ORZLQJ SURSHUWLHV RI FORVHG SKDVH VSDFH ORJLF�
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�7KH V\PERO Y UHSUHVHQWV FRQWDLQPHQW RI WKH FDQRQLFDO UHSUHVHQ�
WDWLYH VHWV RI WKH SURSRVLWLRQV�� $ PRUH FRPSOHWH GLVFXVVLRQ RI WKHVH
SURSHUWLHV FDQ EH IRXQG LQ 6HF� ,, RI >�@�
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:H EHJLQ RXU DQDO\VLV RI WKH DUURZ SDUDGR[ E\ IRFXVLQJ RQ RQH
RI =HQR
V SUHPLVHV� $V 6DOPRQ SXWV LW� ?$W DQ\ JLYHQ LQVWDQW � � � WKH
DUURZ LV ZKHUH LW LV� RFFXS\LQJ D SRUWLRQ RI VSDFH HTXDO WR LWVHOI��
7KXV� WKH WLS RI WKH DUURZ RFFXSLHV D VLQJOH SRLQW� &RQVLGHULQJ DQ
DUURZ PRYLQJ LQ RQH GLPHQVLRQ� ZH FDQ VD\ WKLV DV�

$W DQ\ PRPHQW W  W�� WKH SRVLWLRQ [ RI WKH WLS RI WKH
DUURZ LV SUHFLVHO\ [  [��

7R VD\ WKDW WKH WLS LV SUHFLVHO\ DW [  [� LV LQ IDFW WR DVVHUW WKDW WKH
SRVLWLRQ WDNHV WKLV YDOXH DQG QR RWKHU_WKDW LV� ZH UHDOO\ KDYH

$W DQ\ PRPHQW W  W�� WKH SRVLWLRQ [ RI WKH WLS RI WKH
DUURZ LV [  [�� )XUWKHUPRUH� IRU DQ\ \� � [�� [� \� DW
WKLV PRPHQW�

=HQR GHSHQGV RQ WKLV PRUH HODERUDWH SUHPLVH WR DUJXH WKDW WKH DUURZ
LV DW UHVW GXULQJ WKH PRPHQW�
7KDW LV� LI ZH VHW

3  $W WKH PRPHQW W  W�� WKH SRVLWLRQ RI WKH WLS RI WKH DUURZ LV
SUHFLVHO\ DW [  [��

4  $W WKH PRPHQW W  W�� WKH SRVLWLRQ RI WKH WLS RI WKH DUURZ LV
DW VRPH RWKHU SRVLWLRQ [� [��

8VLQJ WKLV QRWDWLRQ ZH VHH WKDW WKH UHIRUPXODWLRQ RI =HQR
V SUHPLVH
LV RI WKH IRUP 3 A �4�
:H QRZ VKRZ WKDW WKLV VWURQJHU VWDWHPHQW LV IDOVH DW WKH REMHFW

ODQJXDJH OHYHO �WKDW LV� LQ WKH ODQJXDJH RI SK\VLFDO SURSRVLWLRQV WKDW
DUH VDQFWLRQHG E\ SK\VLFDO PHDVXUHPHQWV� ZKHQ WKH REMHFW ODQJXDJH



ORJLF LV WKH FORVHG �IDOVLnDELOLW\� SKDVH VSDFH ORJLF� ,Q WHUPV RI WKH
PDWKHPDWLFDO VWUXFWXUH RI WKH ORJLF� ZH VHH WKDW
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(YHQ WKRXJK QHJDWLRQ LV QRW VWDQGDUG LQ FORVHG SKDVH VSDFH ORJLF� ZH
GR KDYH ��  �� WKHUHIRUH� ZH PD\ FRQFOXGH WKDW

3 A �4  3 A �  ��

+HQFH WKLV SUHPLVH RI WKH DUURZ SDUDGR[ LV IDOVH LQ WKH FORVHG SKDVH
VSDFH ORJLF�
2QH PLJKW ZRQGHU ZK\ ZH FKRVH WR ODEHO WKH VHFRQG FRQMXQFW DV

�4 LQVWHDG RI ���3 �� ZKLFK LW FHUWDLQO\ LV� %\ XVLQJ WKH QHZ ODEHO ZH
DUH HPSKDVL]LQJ WKH GLmHUHQFH EHWZHHQ ���3 � DQG 3 � 5HFDOO WKDW�
LQ JHQHUDO� LQ WKH FORVHG SKDVH VSDFH ORJLF ZH KDYH WKDW ���3 � # 3 �
7KXV� HYHQ WKRXJK ZH FDQ VD\ WKDW �4  ���3 � LV IDOVH_WKDW LV�
HTXLYDOHQW WR WKH DOZD\V IDOVLnDEOH VWDWHPHQW �_ZH FDQ QRW FRQFOXGH
WKDW WKH VWDWHPHQW UHSUHVHQWHG E\ 3 LV IDOVH�
&RQVLGHULQJ WKLV VLWXDWLRQ LQ SK\VLFDO WHUPV� ZH UHFDOO WKDW WKH

RXWFRPH RI D PHDVXUHPHQW ORFDOL]HV WKH V\VWHP WR VRPH RSHQ VHW LQ
SKDVH VSDFH� $Q\ VXFK VHW WKDW LQFOXGHV SRLQWV ZLWK [  [� PXVW
QHFHVVDULO\ DOVR LQFOXGH GLVWLQFW SRLQWV �DQ LQnQLWH QXPEHU� LQ IDFW�
QHDUE\� 7KXV� DW WKH OHYHO RI H[SHULPHQW� �3 LV QHYHU IDOVLnDEOH� VR
�3  �� +HQFH �4  ���3 � LV HTXLYDOHQW WR WKH ?DOZD\V IDOVH�
VWDWHPHQW LQ WKH REMHFW ODQJXDJH WKDW XVHV WKH FORVHG SKDVH VSDFH
ORJLF�
7KH IROORZLQJ REMHFWLRQ PLJKW EH UDLVHG DW WKLV SRLQW� ,I WKH SDWK

RI WKH WLS RI WKH DUURZ FDQ EH GHVFULEHG E\ VRPH ZHOO�GHnQHG PDWKH�
PDWLFDO IXQFWLRQ �LQ WKH VWULFW PDWKHPDWLFDO VHQVH� WKHQ WKH WLS PXVW
EH ORFDWHG DW VRPH SDUWLFXODU SRVLWLRQ DW VRPH SDUWLFXODU WLPH� %XW
KRZ GR ZH NQRZ WKDW D SDUWLFXODU PDWKHPDWLFDO IXQFWLRQ GHVFULEHV
WKH SDWK RI WKH WLS RI WKH DUURZ" 7KH RQO\ WKLQJV ZKLFK VDQFWLRQ RXU
FODLPV RI WUXWK RU IDOVHKRRG IRU FHUWDLQ SURSRVLWLRQV DUH WKH UHVXOWV
RI PHDVXUHPHQWV KDYLQJ OLPLWHG SUHFLVLRQ� ,W PD\ ZHOO EH WUXH �LQ
IDFW� LI WKH WKHRUHWLFDO VHW�XS LV D JRRG RQH LW PXVW EH WUXH� WKDW D
SDUWLFXODU PDWKHPDWLFDO IXQFWLRQ GHVFULEHV WKH SDWK RI WKH WLS RI WKH
DUURZ WR ZLWKLQ H[SHULPHQWDO HUURU� EXW WR DVVHUW WKDW ZKDW WKH DUURZ
LV UHDOO\ GRLQJ LV RFFXS\LQJ SDUWLFXODU SRVLWLRQV DW SDUWLFXODU WLPHV LV
WR DVVHUW VRPHWKLQJ EH\RQG WKH DELOLW\ RI SK\VLFDO PHDVXUHPHQWV WR
GHWHUPLQH�
:H QHHG QRW GHQ\ WKH H[LVWHQFH RI PRPHQWV DQG H[DFW SRVLWLRQV�

+RZHYHU� LI PRPHQWV DQG H[DFW SRVLWLRQV GR H[LVW� ZH KDYH QR ZD\
RI DVVHUWLQJ WKLV DW WKH REMHFW OHYHO� L�H�� WKH OHYHO RI H[SHULPHQWDO



SURSRVLWLRQV� ,Q VSLWH RI WKHVH FDXWLRQDU\ UHPDUNV� ZH GR QRWH WKDW
WKH DQDO\VLV RI =HQR
V SUHPLVH EDVHG RQ WKH FORVHG SKDVH VSDFH ORJLF LV
VRPHZKDW UHPLQLVFHQW RI $ULVWRWOH
V DSSURDFK WR WKH SDUDGR[� $ULVWR�
WOH GHQLHG WKDW WKH SDUDGR[ KDG DQ\ PHDQLQJ LQ DV PXFK DV PRPHQWV
GR QRW H[LVW� $V ZH KDYH PDGH WKH VLPSOLI\LQJ DVVXPSWLRQ WKDW WLPH
FDQ EH SUHFLVHO\ GHWHUPLQHG� RXU DQDO\VLV VD\V RI VSDWLDO SRVLWLRQV
ZKDW $ULVWRWOH KDV WR VD\ RI PRPHQWV� ZH FRXOG PDNH WKH DQDORJ\
FORVHU E\ GURSSLQJ RXU VLPSOLI\LQJ DVVXPSWLRQ� +LV DUJXPHQW LV DV
IROORZV�

7KH WKLUG DUJXPHQW� WKH RQH MXVW VWDWHG� LV WKDW WKH PRY�
LQJ DUURZ LV VWDQGLQJ� 7KLV IROORZV IURP DVVXPLQJ WKDW
WLPH LV FRPSRVHG IURP QRZV� IRU LI RQH GRHV QRW JUDQW
WKLV� WKHUH ZLOO EH QR V\OORJLVP� >�@

7KLV UHPDUN UHPLQGV XV WKDW WKHUH LV D VXEVWDQWLDO GLmHUHQFH EH�
WZHHQ D SRLQW LQ O5 DQG DQ LQWHUYDO� 7KLV GLmHUHQFH LV ZRUWK NHHSLQJ
LQ PLQG� 7KH YHORFLW\ DW DQ\ PRPHQW RI WLPH LV GHnQHG DV D GHULYD�
WLYH� EXW WKLV GHULYDWLYH LV GHnQHG DV WKH OLPLW RI DYHUDJH YHORFLWLHV
RYHU VPDOOHU DQG VPDOOHU LQWHUYDOV RI WLPH� ,Q RWKHU ZRUGV� WR GHnQH
LQVWDQWDQHRXV YHORFLW\ ZH QHHG WR KDYH WKH WUDMHFWRU\ RI WKH SDUWLFOH
DOUHDG\ GHnQHG IRU DQ HQWLUH LQWHUYDO RI WLPH �DOEHLW SHUKDSV D VPDOO
RQH��
7KLV UDLVHV LQWHUHVWLQJ TXHVWLRQV DERXW FDXVDOLW\� ,Q FODVVLFDO

SK\VLFV� WKH ODZV RI PRWLRQ DUH RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ZLWK
WLPH DV WKH LQGHSHQGHQW YDULDEOH� ,Q +DPLOWRQLDQ PHFKDQLFV� IRU
H[DPSOH� ZH KDYH nUVW�RUGHU HTXDWLRQV RI PRWLRQ IRU SRVLWLRQ DQG
PRPHQWXP YDULDEOHV �TL DQG SL� UHVSHFWLYHO\��
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ZKHUH +�SL� TL� LV WKH +DPLOWRQLDQ IXQFWLRQ� ,QLWLDO YDOXHV RI TL DQG
SL GHWHUPLQH D XQLTXH VROXWLRQ WR WKHVH HTXDWLRQV� VR LQ D VHQVH ZH
FDQ VD\ WKDW WKH IXWXUH WUDMHFWRU\ RI WKH V\VWHP LV GHWHUPLQHG E\ LWV
SRVLWLRQ DQG PRPHQWXP DW D VLQJOH PRPHQW� 7KH LQLWLDO FRQGLWLRQV
?FDXVH� WKH IXWXUH EHKDYLRU RI WKH V\VWHP YLD WKH ODZV RI PRWLRQ�
+RZHYHU� WKH GHnQLWLRQ RI WKH WLPH GHULYDWLYHV RQ WKH OHIW�KDQG VLGH
RI WKH HTXDWLRQV RI PRWLRQ UHTXLUHV WKDW WKH WUDMHFWRU\ DOUHDG\ EH
GHnQHG IRU DQ LQWHUYDO RI WLPH WKDW FRQWDLQV PRPHQWV IURP ERWK WKH
IXWXUH DQG WKH SDVW RI WKH PRPHQW LQ TXHVWLRQ� (TXDWLRQV RI PRWLRQ
RQO\ PDNH VHQVH LI WKH WUDMHFWRU\ LV ?DOUHDG\ H[LVWV� RYHU DQ HQWLUH
LQWHUYDO RI WLPH�
2XU DSSURDFK WR WKH SDUDGR[ GRHV EHDU VRPH UHVHPEODQFH WR WKH

?$ULVWRWHOLDQ� UHVROXWLRQ� WKHUH LV DQ HVVHQWLDO GLmHUHQFH EHWZHHQ DU�
ELWUDULO\ VPDOO VFDOHV DQG LQnQLWHO\ VPDOO VFDOHV� 2Q WKH RWKHU KDQG�
ZKLOH $ULVWRWOH FODLPV WKDW LVRODWHG PRPHQWV GR QRW H[LVW� ZH PDNH



QR VXFK VWURQJ FODLP� 2XU UXGLPHQWDU\ PHDVXUHPHQW WKHRU\ PHUHO\
LPSOLHV WKDW PHDVXUHPHQW GRHV QRW VDQFWLRQ VWDWHPHQWV DERXW SRLQWV
DQG PRPHQWV� :H DUH WKHUHIRUH OHG WR FRQVLGHU WKH ORJLF RI HPSLU�
LFDO VWDWHPHQWV DERXW SK\VLFDO V\VWHPV� $V ZDV SRLQWHG RXW LQ >�@�
WKH ORJLF RI SK\VLFDO V\VWHPV LV QRW QHFHVVDULO\ WKH VWDQGDUG %RROHDQ
ORJLF�
$QRWKHU ZD\ RI SXWWLQJ WKLV LV WKDW WKHUH DUH XQREVHUYDEOH DVSHFWV

RI PDWKHPDWLFDO PRGHOV IRU FODVVLFDO PHFKDQLFV� 7KHVH XQREVHUYDEOH
DVSHFWV UHVLGH LQ WKH UHODWLRQ RI SRLQWV WR LQWHUYDOV_L�H�� LQ WKH LQ�
nQLWHVLPDO VWUXFWXUH RI O5 � 7KLV FDQ EH VHHQ E\ QRWLQJ WKH GHYHORS�
PHQW RI QRQVWDQGDUG DQDO\VLV� 2UGLQDU\ FODVVLFDO PHFKDQLFV FDQ EH
UHFDVW XVLQJ D QRQVWDQGDUG YHUVLRQ RI O5 WKDW LQFOXGHV LQnQLWHVLPDO
TXDQWLWLHV� %\ WKH WUDQVIHU SULQFLSOH >�@� ZH NQRZ WKDW WKH FDOFXODWHG
UHVXOWV RI VXFK D WKHRU\ ZRXOG EH LGHQWLFDO WR WKRVH RI WKH VWDQGDUG
WKHRU\� VR WKDW WKH WZR WKHRULHV ZRXOG EH REVHUYDWLRQDOO\ HTXLYDOHQW�
7KH\ GLmHU RQO\ LQ WKH LQnQLWHVLPDO VWUXFWXUH RI WKH XQGHUO\LQJ PDWK�
HPDWLFDO PRGHO�
2QFH ZH FRQnQH RXUVHOYHV WR WKH UHVXOWV RI PHDVXUHPHQWV� ZKLFK

FDQQRW H[SORUH WKLV LQnQLWHVLPDO VWUXFWXUH� ZH ZLOO EH OHG WR XVH GH�
ULYHG ORJLFV� ZKLFK QHHG QRW EH VWDQGDUG� 7KH\ GLmHU IURP RUGLQDU\
ORJLF QRW RQO\ LQ WKH FDOFXOXV RI ORJLFDO FRQQHFWLYHV EXW DOVR LQ WKH
VWDWXV RI WUXWK FODLPV ZLWKLQ WKH ORJLF� ,Q VWDQGDUG ORJLF� WKH WUXWK
YDOXH RI D JLYHQ VWDWHPHQW LV D SULRUL UHODWLYH WR WKH ORJLF� 7KDW LV� WKH
FODLP WKDW VRPHWKLQJ LV WUXH LV VDQFWLRQHG E\ FRQVLGHUDWLRQV RXWVLGH
WKH ORJLF� 7KLV FRQWUDVWV ZLWK WKH VLWXDWLRQ FRQFHUQLQJ SK\VLFDO V\V�
WHPV� 7KH WUXWK RU IDOVLW\ RI D VWDWHPHQW DERXW D SK\VLFDO V\VWHP LV
VDQFWLRQHG E\ PHDVXUHPHQW� DQG DV PHDVXUHPHQW LV LWVHOI D SK\VLFDO
SURFHVV WKLV WUXWK RU IDOVLW\ LV QRW D SULRUL UHODWLYH WR WKH ORJLF�
,Q WKH FORVHG SKDVH VSDFH ORJLF� WKH QRQ�%RROHDQ QDWXUH RI WKH

QHJDWLRQ OHDGV XV WR VD\ WKDW =HQR
V K\SRWKHVLV DERXW WKH DUURZ LV
IDOVH DW WKH OHYHO RI WKH REMHFW ODQJXDJH� ,Q WKH ODQJXDJH RI WKH VWDQ�
GDUG PDWKHPDWLFDO PRGHO� WKH VWDWHPHQW FRQFHUQLQJ =HQR
V DUURZ LV
SHUIHFWO\ WUXH� DQG OHDGV XV WR 5XVVHOO
V ?DW�DW� WKHRU\ RI PRWLRQ� $V
ZH KDYH SRLQWHG RXW� KRZHYHU� WKH EDVLF ?DW�DW� VWDWHPHQWV RI WKLV
WKHRU\ FDQQRW EH H[SHULPHQWDOO\ VDQFWLRQHG��

7KH WUDMHFWRU\ RI WKH DUURZ LV D PDWKHPDWLFDO LGHDOL]DWLRQ WKDW
FDQQRW EH IXOO\ MXVWLnHG RQ HPSLULFDO JURXQGV� $Q\ nQLWH VHW RI PHD�
VXUHPHQWV RI nQLWH SUHFLVLRQ FDQ RQO\ SURYLGH DQ DSSUR[LPDWH WUDMHF�
WRU\ IRU WKH DUURZ� DQG QR DSSUR[LPDWH WUDMHFWRU\ �KRZHYHU SUHFLVHO\
GHWHUPLQHG� LV H[DFW� 7KXV� WKH QRWLRQ RI DQ H[DFW WUDMHFWRU\ LV SURE�
OHPDWLF HYHQ LQ FODVVLFDO PHFKDQLFV� ,Q TXDQWXP WKHRU\� RI FRXUVH�
H[DFW WUDMHFWRULHV GR QRW HYHQ H[LVW� DQG WKH QRWLRQ RI D WUDMHFWRU\
EUHDNV GRZQ RQ VPDOO VFDOHV �GHWHUPLQHG E\ WKH VL]H RI xK��
,QGHHG� 5LFKDUG 6FKOHJHO >�@ KDV JLYHQ D TXDQWXP PHFKDQLFDO UHV�

ROXWLRQ WR =HQR
V SDUDGR[ RI WKH DUURZ� 6FKOHJHO
V UHVROXWLRQ GHSHQGV
RQ WKH XQFHUWDLQW\ UHODWLRQV� LQ WKDW SUHFLVH LQIRUPDWLRQ DERXW WKH



DUURZ
V YHORFLW\ H[FOXGHV SUHFLVH LQIRUPDWLRQ DERXW WKH DUURZ
V SRVL�
WLRQ� DQG YLFH�YHUVD� 6FKOHJHO� OLNH WKH SUHVHQW ZRUN� EXLOGV KLV UHV�
ROXWLRQ E\ FRQVLGHULQJ ZKDW FDQ EH PHDVXUHG� :H KDYH DUJXHG WKDW
RQH GRHV QRW QHHG WKH PDFKLQHU\ RI TXDQWXP PHFKDQLFV WR SURGXFH D
UHVROXWLRQ DORQJ WKHVH OLQHV� FODVVLFDO PHFKDQLFV� LI YLHZHG WKRXJK WKH
SURSHU ORJLFDO OHQVHV� FDQ DOVR SURYLGH D UHVROXWLRQ WR =HQR
V DUURZ
SDUDGR[�
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,Q WKH RSHQ �YHULnDELOLW\� SKDVH VSDFH ORJLF� SURSRVLWLRQV DUH DV�
VRFLDWHG ZLWK HTXLYDOHQFH FODVVHV RI VXEVHWV RI WKH VSDFH� EXW QRZ WZR
VXEVHWV DUH HTXLYDOHQW LI DQG RQO\ LI WKHLU LQWHULRUV DUH HTXDO� ,Q WKLV
ORJLF� D SURSRVLWLRQ $ LV YHULnDEOH RQO\ LI WKHUH LV VRPH PHDVXUHPHQW
RI nQLWH SUHFLVLRQ ZKLFK FDQ ORFDOL]H WKH V\VWHP WR DQ RSHQ VHW LQ
SKDVH VSDFH HQWLUHO\ FRQWDLQHG LQ HYHU\ VHW LQ $� 7KLV PHDQV WKDW
DQ\ VWDWHPHQW RI WKH IRUP ?WKH SRVLWLRQ LV [  [�� LV XQYHULnDEOH
DQG WKHUHIRUH IDOVH �HTXLYDOHQW WR �� LQ DQ REMHFW ODQJXDJH ZKLFK XVHV
WKH RSHQ SKDVH VSDFH ORJLF� 7KLV LV GXH WR WKH IDFW WKDW WKH VXEVHW
RI SKDVH VSDFH GHWHUPLQHG E\ WKH SURSHUW\ [  [� KDV DQ HPSW\
LQWHULRU�
7KH RSHUDWLRQV LQ WKH RSHQ SKDVH VSDFH ORJLF DUH GHnQHG LQ WHUPV

RI WKH LQWHULRUV RI WKH UHSUHVHQWDWLYH VHWV� $OO VHWV LQ D JLYHQ HTXLY�
DOHQFH FODVV KDYH WKH VDPH LQWHULRU� VR WKLV LV WKH RQO\ RSHQ VHW LQ
WKDW HTXLYDOHQFH FODVV� ,I ZH GHQRWH WKH HTXLYDOHQFH FODVV RI $x LQ
WKH RSHQ SKDVH VSDFH ORJLF E\
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WKH ORJLFDO RSHUDWRUV DUH GHnQHG DV IROORZV�
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,Q D ZD\ WKDW LV DOVR DQDORJRXV WR WKH FORVHG SKDVH VSDFH ORJLF� WKH
?DOZD\V YHULnDEOH� SURSRVLWLRQ >;@

p
LV GHQRWHG E\ � DQG WKH ?QHYHU

YHULnDEOH� SURSRVLWLRQ >�@
p
E\ �� 7KH FORVHG DQG RSHQ SKDVH VSDFH

ORJLFV DUH UHODWHG E\ D ?GXDOLW\ WKHRUHP� �FI� 6HF� ,, RI >�@��
2QH RI WKH FRQMXQFWV RI WKH UHYLVHG VWDWHPHQW RI WKH DUURZ SDUDGR[

DVVHUWV WKDW WKH WLS RI WKH DUURZ LV DW RQH SDUWLFXODU SRLQW DW RQH
SDUWLFXODU WLPH� 7KLV VWDWHPHQW GHnQHV D ?WKLQ� VXEVHW RI WKH SKDVH
VSDFH� D VXEVHW ZLWK HPSW\ LQWHULRU� VR WKDW LW LV LQ WKH HTXLYDOHQFH



FODVV >�@� WKH ?QHYHU YHULnDEOH� SURSRVLWLRQ� 7KLV WLPH� ZH FDQ VWDWH
=HQR
V SUHPLVH LQ WKH IRUP
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LQ WKH REMHFW ODQJXDJH� ,Q WKLV FDVH ZH VHH WKDW
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� ��� 7KXV� LQ WKH RSHQ SKDVH VSDFH ORJLF YHUVLRQ� ERWK
FRQMXQFWV RI WKH SUHPLVH DUH DVVLJQHG WKH DOZD\V IDOVH �L�H�� QHYHU
YHULnDEOH� WUXWK YDOXH�
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>�@ *� %LUNKRm DQG -� YRQ 1HXPDQQ� $QQ� RI 0DWK� ��� ���^��
�������

>�@ 0� '� :HVWPRUHODQG DQG %� :� 6FKXPDFKHU� 3K\V� 5HY� $ ���
���^�� �������

>�@ )� &RSSOHVWRQ� $ +LVWRU\ RI 3KLORVRSK\� 9ROXPH ,_*UHHFH DQG
5RPH �,PDJH %RRNV� *DUGHQ &LW\� 1HZ <RUN� ������

>�@ :� 6DOPRQ� 6SDFH� 7LPH� DQG 0RWLRQ �'LFNHQVRQ� (QFLQR� &DO�
LIRUQLD� ������

>�@ $� *U�XQEDXP� 0RGHUQ 6FLHQFH DQG =HQR
V 3DUDGR[HV �$OOHQ 	
8QZLQ� /RQGRQ� ������

>�@ 5� %DLHUOHLQ� 1HZWRQLDQ '\QDPLFV �0F*UDZ�+LOO� 1HZ <RUN�
������

>�@ 3K\VLFV =�� ���E������ FLWHG E\ *� 9ODVWRV� LQ 5� (� $OOHQ DQG
'� -� )XUOH\ �HGV��� 6WXGLHV LQ 3UHVRFUDWLF 3KLORVRSK\ �9ROXPH
�� �5RXWOHGJH 	 .HJDQ 3DXO� /RQGRQ� ������

>�@ 0� 'DYLV� $SSOLHG 1RQVWDQGDUG $QDO\VLV �:LOH\� 1HZ <RUN�
������

>�@ 5� 6FKOHJHO� $P� 6FLHQWLVW ��� ���^��� �������
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�� ,W PD\ VHHP RGG WR WKH UHDGHU WKDW ZH FODLP KHUH WKDW QHJDWLRQ
LV QRQVWDQGDUG EXW WKDW WHUWLXP QRQ GDWXU GRHV KROG LQ FORVHG
SKDVH VSDFH ORJLF� 7KDW WKH IRUPHU LV WUXH LV SURYHG E\ H[KLEL�
WLRQ RI DQ H[DPSOH� /HW XV VXSSRVH WKDW RXU WRSRORJLFDO VSDFH
LV O5 � DQG OHW $  >I��� \�M\ � O5 J@� L�H�� $ LV WKH FODVV RI DOO
VXEVHWV RI O5 � ZKRVH FORVXUH LV WKH \ D[LV� 7KLV LPSOLHV WKDW

�$  >I�[� \�M[� �J@  >I�[� \�M[� �J@
 >;@  ��

%XW� DV ZH QRWH LQ WKH WH[W� ��  � DQG VR ���$�  ��  �
JLYLQJ XV DQ H[DPSOH RI ���$�� $� 7KDW WHUWLXP QRQ GDWXU
KROGV LV SURYHG DV IROORZV� %\ WKH GHnQLWLRQV RI B DQG � ZH
KDYH
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ZKHUH $x DQG $y DUH DUELWUDU\ UHSUHVHQWDWLYHV RI $� /HW XV
FKRRVH ERWK WR EH WKH FDQRQLFDO FORVHG UHSUHVHQWDWLYH $b� 7KHQ
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6LQFH 9 > 9 F  ; IRU DQ\ VXEVHW 9 RI ;� DQG VLQFH 9 t 9 � LW
IROORZV WKDW $b > �$b�F  ;� 7KXV� $ B �$  �� DQG WHUWLXP
QRQ GDWXU KROGV�

�� 7KHVH FRQVLGHUDWLRQV OHDG XV WR ZRQGHU ZKHWKHU G\QDPLFDO ODZV
PLJKW EH UH�SKUDVHG LQ WHUPV WKDW EHWWHU UHoHFW WKH H[SHULPHQ�
WDO IDFWV RI OLIH� ,QVWHDG RI PHUHO\ FRQVWUXFWLQJ GHULYHG ORJLFV�
ZH PLJKW DOVR FDOFXODWH XVLQJ D PDWKHPDWLFV EDVHG RQ IXQF�
WLRQV ZLWK H[SHULPHQWDOO\ PHDQLQJIXO GRPDLQV DQG UDQJHV_
IRU H[DPSOH� ZH PLJKW GHVFULEH D ?JHQHUDOL]HG WUDMHFWRU\� DV D
IXQFWLRQ IURP UHJLRQV RI WLPH WR UHJLRQV RI SKDVH VSDFH� 6XFK
DQ DQDO\VLV LV EH\RQG WKH VFRSH RI WKH SUHVHQW SDSHU�


