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:H FRQVLGHU WKH WUDQVPLVVLRQ RI FODVVLFDO LQIRUPDWLRQ RYHU D TXDQWXP FKDQ�
QHO� 7KH FKDQQHO LV GHnQHG E\ DQ ?DOSKDEHW� RI TXDQWXP VWDWHV� H�J� FHUWDLQ
SKRWRQ SRODUL]DWLRQV� WRJHWKHU ZLWK D VSHFLnHG VHW RI SUREDELOLWLHV ZLWK ZKLFK
WKHVH VWDWHV PXVW EH VHQW� ,I WKH UHFHLYHU LV UHVWULFWHG WR PDNLQJ VHSDUDWH PHD�
VXUHPHQWV RQ WKH UHFHLYHG ?OHWWHU� VWDWHV� WKHQ WKH .KROHYR WKHRUHP LPSOLHV
WKDW WKH DPRXQW RI LQIRUPDWLRQ WUDQVPLWWHG SHU OHWWHU FDQQRW EH JUHDWHU WKDQ
WKH YRQ 1HXPDQQ HQWURS\+ RI WKH OHWWHU HQVHPEOH� ,Q IDFW WKH DFWXDO DPRXQW
RI WUDQVPLWWHG LQIRUPDWLRQ ZLOO XVXDOO\ EH VLJQLnFDQWO\ OHVV WKDQ+� :H VKRZ�
KRZHYHU� WKDW LI WKH VHQGHU XVHV D EORFN FRGLQJ VFKHPH FRQVLVWLQJ RI D FKRLFH
RI FRGHZRUGV ZKLFK UHVSHFWV WKH D SULRUL SUREDELOLWLHV RI WKH OHWWHU VWDWHV� DQG
WKH UHFHLYHU GLVWLQJXLVKHV ZKROH ZRUGV UDWKHU WKDQ LQGLYLGXDO OHWWHUV� WKHQ WKH
LQIRUPDWLRQ WUDQVPLWWHG SHU OHWWHU FDQ EH PDGH DUELWUDULO\ FORVH WR + DQG
QHYHU H[FHHGV +� 7KLV SURYLGHV D SUHFLVH LQIRUPDWLRQ^WKHRUHWLF LQWHUSUHWD�
WLRQ RI YRQ 1HXPDQQ HQWURS\ LQ TXDQWXP PHFKDQLFV� :H DSSO\ WKLV UHVXOW
WR ?VXSHUGHQVH� FRGLQJ� DQG ZH FRQVLGHU LWV H[WHQVLRQ WR QRLV\ FKDQQHOV�
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� 4XDQWXP FKDQQHOV

4XDQWXP LQIRUPDWLRQ WKHRU\ FRQFHUQV WKH WUDQVPLVVLRQ DQG PDQLSXODWLRQ RI
LQIRUPDWLRQ VWRUHG LQ V\VWHPV WKDW PXVW EH WUHDWHG TXDQWXP PHFKDQLFDOO\�
$V LQ FODVVLFDO LQIRUPDWLRQ WKHRU\� RQH RI WKH PRVW EDVLF TXHVWLRQV LQ TXDQWXP
LQIRUPDWLRQ WKHRU\ LV WKLV� +RZ HpFLHQWO\ FDQ RQH WUDQVPLW LQIRUPDWLRQ XVLQJ
D JLYHQ VHW RI UHVRXUFHV" ,Q FRQWUDVW WR WKH FODVVLFDO FDVH� KRZHYHU� TXDQWXP
WKHRU\ SUHVHQWV WZR YHU\ GLmHUHQW IRUPV RI WKH TXHVWLRQ� GHSHQGLQJ RQ WKH
QDWXUH RI WKH LQIRUPDWLRQ WR EH FRQYH\HG� 2Q WKH RQH KDQG� RQH FDQ WU\ WR
FRQYH\ TXDQWXP VWDWHV WKHPVHOYHV� WKH VHQGHU KDV D TXDQWXP V\VWHP LQ DQ
XQNQRZQ VWDWH DQG ZDQWV WKH UHFHLYHU WR HQG XS ZLWK D VLPLODU V\VWHP LQ WKH
VDPH VWDWH� $ FRGLQJ WKHRUHP IRU WKLV FDVH KDV UHFHQWO\ EHHQ SURYHG>�� �@�
2Q WKH RWKHU KDQG� RQH PLJKW ZDQW WR XVH TXDQWXP VWDWHV WR FRQYH\ FODVVLFDO
LQIRUPDWLRQ� WKDW LV� LQIRUPDWLRQ WKDW FDQ EH H[SUHVVHG DV D VHTXHQFH RI ]HURV
DQG RQHV� 7KH VLWXDWLRQ LV SDUWLFXODUO\ LQWHUHVWLQJ LI WKH TXDQWXP VWDWHV RQH
LV XVLQJ DUH QRW DOO RUWKRJRQDO WR HDFK RWKHU� LQ ZKLFK FDVH WKH\ FDQQRW EH
GLVWLQJXLVKHG IURP HDFK RWKHU SHUIHFWO\ E\ WKH UHFHLYHU� 7KLV LV WKH SUREOHP
ZH FRQVLGHU KHUH� $V ZH ZLOO VHH� WKLV SUREOHP OHDGV WR D QHZ LQIRUPDWLRQ�
WKHRUHWLF LQWHUSUHWDWLRQ RI WKH YRQ 1HXPDQQ HQWURS\ RI DQ HQVHPEOH RI VWDWHV�
1RQ�RUWKRJRQDO TXDQWXP VWDWHV PLJKW EH XVHG LQ D YDULHW\ RI FRQWH[WV

WR WUDQVPLW FODVVLFDO LQIRUPDWLRQ� ,Q VWXGLHV RI TXDQWXP FU\SWRJUDSK\� QRQ�
RUWKRJRQDO VLJQDOV DUH XVHG LQWHQWLRQDOO\ LQ RUGHU WR DYRLG HDYHVGURSSLQJ>�@�
0RUHRYHU� LQ DQ\ WUDQVPLVVLRQ XVLQJ VLJQDOV DW WKH TXDQWXP OHYHO� VXFK DV
ZHDN FRKHUHQW SXOVHV LQ DQ RSWLFDO nEHU� DQ\ DPELJXLW\ EHWZHHQ VLJQDOV PD\
EH PRUH D PDWWHU RI QRQ�RUWKRJRQDOLW\ �H�J� RYHUODSSLQJ SXOVHV� WKDQ FODVVLFDO
QRLVH� ,Q ZKDW IROORZV ZH ZLOO RIWHQ LPDJLQH WKH VLJQDOV WR EH QRQ�RUWKRJRQDO
SKRWRQ SRODUL]DWLRQ VWDWHV� EXW RXU DQDO\VLV DSSOLHV WR DOO TXDQWXP V\VWHPV�
6XSSRVH WKDW D VHQGHU� $OLFH� ZLVKHV WR WUDQVPLW FODVVLFDO LQIRUPDWLRQ WR

D UHFHLYHU� %RE� XVLQJ D FRPPXQLFDWLRQ FKDQQHO WKDW LV TXDQWXP PHFKDQLFDO
�IRU LQVWDQFH� WKH SRODUL]DWLRQ RI D SKRWRQ�� $OLFH ZLOO UHSUHVHQW SRVVLEOH
PHVVDJHV E\ SUHSDULQJ WKH FKDQQHO LQ YDULRXV TXDQWXP VWDWHV� %RE ZLOO
UHFRYHU WKH LQIRUPDWLRQ E\ VXEMHFWLQJ WKH FKDQQHO WR D PHDVXUHPHQW� $V
QRWHG DERYH� KRZHYHU� XQOHVV WKH VLJQDO VWDWHV XVHG E\ $OLFH DUH RUWKRJRQDO�
QR PHDVXUHPHQW ZLOO DOORZ %RE WR GLVWLQJXLVK SHUIHFWO\ EHWZHHQ WKHP� 7KXV�
%RE
V DELOLW\ WR UHFRYHU $OLFH
V PHVVDJH ZLWKRXW HUURU ZLOO EH OLPLWHG E\
WKH TXDQWXP PHFKDQLFV RI WKH FKDQQHO� ,QGHHG QR ?GHFRGLQJ REVHUYDEOH�
ZLOO EH VXpFLHQW WR UHFRYHU WKH HQWLUH LQIRUPDWLRQ FRQWHQW RI WKH PHVVDJH
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LQ WKH TXDQWXP VLJQDO VRXUFH� ,W LV WKHUHIRUH PRUH DSSURSULDWH WR FRQVLGHU
WKH DFFHVVLEOH LQIRUPDWLRQ� WKH PD[LPXP DPRXQW RI LQIRUPDWLRQ DERXW WKH
PHVVDJH WKDW FDQ EH UHFRYHUHG LQ D PHDVXUHPHQW SHUIRUPHG RQ WKH V\VWHP0
ZKLFK FRQYH\V WKDW PHVVDJH� 7KH SURSHU PHDVXUH RI UHFRYHUHG LQIRUPDWLRQ
LV WKH PXWXDO LQIRUPDWLRQ� ZKLFK IRU D SDLU RI UDQGRP YDULDEOHV ; DQG < LV
GHnQHG WR EH

,�; � < �  +�;�b+�;M< �� ���

+HUH + LV WKH 6KDQQRQ HQWURS\� ZKLFK LV D IXQFWLRQ RI WKH SUREDELOLWLHV S�[L�
RI WKH SRVVLEOH YDOXHV RI ;�
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�+HUH ZH LQWHUSUHW S ORJ� S DV WDNLQJ WKH YDOXH ]HUR ZKHQ S  ��� +�;M< � LV
WKH H[SHFWHG HQWURS\ RI ; RQFH RQH NQRZV WKH YDOXH RI < � 7KDW LV�
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,Q FODVVLFDO LQIRUPDWLRQ WKHRU\� WKH PXWXDO LQIRUPDWLRQ LV WKH DPRXQW RI
LQIRUPDWLRQ DERXW ; WKDW LV DFTXLUHG E\ GHWHUPLQLQJ WKH YDOXH RI < � 7KH
FUXFLDO WKHRUHP IURP FODVVLFDO LQIRUPDWLRQ WKHRU\ WKDW MXVWLnHV RXU IRFXV
RQ ,�; � < � LV WKLV� LI D FRPPXQLFDWLRQ FKDQQHO KDV PXWXDO LQIRUPDWLRQ
,�; � < � EHWZHHQ WKH LQSXW VLJQDO ; DQG WKH UHFHLYHG RXWSXW < � WKHQ E\
PHDQV RI VXpFLHQWO\ UHGXQGDQW FRGLQJ� WKDW FKDQQHO FDQ EH XVHG WR VHQG
XS WR� EXW QR PRUH WKDQ� ,�; � < � ELQDU\ GLJLWV SHU XVH RI WKH FKDQQHO
ZLWK DUELWUDULO\ ORZ SUREDELOLW\ RI HUURU� ,Q RXU TXDQWXP FRQWH[W� LI ZH
GHQRWH E\ % WKH RXWFRPH RI D PHDVXUHPHQW RI DQ REVHUYDEOH RQ 0 � WKH
TXDQWLW\ ,�$ � %� PHDVXUHV WKH LQIRUPDWLRQ DERXW WKH PHVVDJH VRXUFH $ WKDW
LV DFTXLUHG E\ PHDVXUHPHQW RI WKH REVHUYDEOH� ,W DOVR� WKHUHIRUH� PHDVXUHV
WKH QXPEHU RI ELQDU\ GLJLWV WKDW FDQ EH FRQYH\HG SHU VLJQDO ZKHQ WKH UHFHLYHU
XVHV WKLV REVHUYDEOH�
$ WKHRUHP VWDWHG E\ *RUGRQ>�@ DQG /HYLWLQ>�@ DQG nUVW SURYHG E\ .KROHYR>�@

VWDWHV WKDW WKH DPRXQW RI LQIRUPDWLRQ DFFHVVLEOH WR %RE LV OLPLWHG E\ WKH HQ�
WURS\ RI WKH HQVHPEOH RI VLJQDO VWDWHV� 7KDW LV� VXSSRVH $OLFH UHSUHVHQWV HDFK
PHVVDJH D �ZLWK D SULRUL SUREDELOLW\ SD� E\ D VWDWH |D� ZKLFK LV LQ JHQHUDO D
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PL[HG VWDWH� 7KHQ IRU DQ\ REVHUYDEOH WKDW %RE FKRRVHV WR PHDVXUH� WKH PX�
WXDO LQIRUPDWLRQ ,�$ � %� EHWZHHQ $OLFH
V LQSXW $ DQG %RE
V PHDVXUHPHQW
RXWFRPH % LV ERXQGHG E\

,�$ � %� � +�|�b;
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ZKHUH |  
3

D SD|D �WKH DYHUDJH GHQVLW\ PDWUL[ IRU WKH HQVHPEOH ( RI VLJQDOV�
DQG +�|�  b7U | ORJ | �WKH YRQ 1HXPDQQ HQWURS\ RI WKH GHQVLW\ PDWUL[
|�� ,I WKH VLJQDO VWDWHV |D DUH DOO SXUH VWDWHV� WKH VHFRQG WHUP RQ WKH ULJKW
YDQLVKHV� DQG ZH FDQ VLPSO\ VD\

,�$ � %� � +�|�� ���

$V .KROHYR KLPVHOI QRWHG>�@� WKHUH DUH VLWXDWLRQV LQ ZKLFK ,�$ � %� GRHV
QRW DSSURDFK +�|� YHU\ FORVHO\ IRU DQ\ FKRLFH RI %RE
V GHFRGLQJ REVHUYDEOH�
7KXV� WKRXJK WKLV WKHRUHP SURYLGHV DQ XSSHU ERXQG RQ WKH DPRXQW RI LQIRU�
PDWLRQ DFFHVVLEOH WR %RE� WKLV XSSHU ERXQG LV QRW LQ JHQHUDO YHU\ VWURQJ>�� �@�
2QH H[DPSOH RI WKLV ZDV VWXGLHG LQ GHWDLO E\ 3HUHV DQG :RRWWHUV>��@�

6XSSRVH $OLFH VHQGV D SKRWRQ LQ RQH RI WKUHH OLQHDU SRODUL]DWLRQ VWDWHV� �FDOOHG
?OHWWHU� VWDWHV� GHQRWHG M DL� M EL� DQG M FL� ZKLFK DUH VHSDUDWHG E\ ���p� (DFK
VWDWH LV XVHG HTXDOO\ RIWHQ� 7KLV VLJQDO HQVHPEOH KDV D YRQ 1HXPDQQ HQWURS\
+�|� RI ����� ELW� ZKHUHDV %RE
V RSWLPDO GHFRGLQJ REVHUYDEOH \LHOGV D PXWXDO
LQIRUPDWLRQ ,�$ � %� RI ����� ELWV� ,I WZR SKRWRQV DUH XVHG� WKHUH DUH QLQH
SRVVLEOH VLJQDO VWDWHV� M DDL� M DEL� HWF� 7KH YRQ 1HXPDQQ HQWURS\ LV �����
ELWV DQG WKH RSWLPDO PXWXDO LQIRUPDWLRQ DYDLODEOH WR %RE LV ����� ELWV�
+RZHYHU� VXSSRVH $OLFH VHQGV WZR SKRWRQV EXW RQO\ XVHV WKH WKUHH VWDWHV

M DDL� M EEL� DQG M FFL� 1RWH WKDW WKH LQGLYLGXDO OHWWHU VWDWHV DUH EHLQJ XVHG
ZLWK WKHLU RULJLQDO �HTXDO� SUREDELOLWLHV LQ WKLV UHVWULFWHG FKRLFH RI WZR�SKRWRQ
VWDWHV� 7KHQ WKH HQVHPEOH HQWURS\ 6�|� LV RQO\ ����� ELWV� EXW WKH RSWLPDO
PXWXDO LQIRUPDWLRQ LV ����� ELWV� RU DERXW ����� ELWV SHU SKRWRQ� ,Q RWKHU
ZRUGV� E\ UHVWULFWLQJ KHU FRGH WR D VXEVHW RI WKH SRVVLEOH FRGHZRUGV� ZKLOH VWLOO
UHVSHFWLQJ WKH JLYHQ OHWWHU IUHTXHQFLHV� $OLFH FDQ LQFUHDVH WKH GLVWLQJXLVKD�
ELOLW\ RI WKH FRGHZRUGV DQG LQFUHDVH WKH LQIRUPDWLRQ FRQYH\HG SHU SKRWRQ WR
%RE�
7KLV H[DPSOH VKRZV WKDW LW LV VRPHWLPHV SRVVLEOH WR LQFUHDVH WKH DFFHVVLEOH

LQIRUPDWLRQ SHU HOHPHQWDU\ VLJQDO E\

q XVLQJ FRGHZRUGV FRPSRVHG RI VHYHUDO HOHPHQWDU\ VLJQDOV� DQG
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q GHOHWLQJ VRPH RI WKH SRVVLEOH FRGHZRUGV LQ WKH HQVHPEOH� ZKLOH UHVSHFW�
LQJ WKH JLYHQ HOHPHQWDU\ VLJQDO IUHTXHQFLHV�

7KH UHFHLYHU WKHQ FKRRVHV D GHFRGLQJ REVHUYDEOH RSWLPL]HG WR GLVWLQJXLVK
DPRQJ WKH FRGHZRUGV DFWXDOO\ XVHG� 1RWH WKDW WKLV REVHUYDEOH ZLOO W\SLFDOO\
QRW EH UHDOL]DEOH DV D VHW RI VHSDUDWH PHDVXUHPHQWV RQ WKH LQGLYLGXDO HOH�
PHQWDU\ VLJQDOV� UDWKHU� LW ZLOO EH D MRLQW PHDVXUHPHQW RQ WKH ZKROH VHW RI
VLJQDOV FRQVWLWXWLQJ D FRGHZRUG�
7KHVH FRQVLGHUDWLRQV OHDG XV WR DVN ZKHWKHU LW LV SRVVLEOH IRU $OLFH DQG

%RE WR XVH WKLV VWUDWHJ\ WR DSSURDFK WKH .KROHYR ERXQG� 7KDW LV� JLYHQ
DQ D SULRUL HQVHPEOH RI SXUH�VWDWH VLJQDOV ZLWK HQWURS\ +�|�� FDQ $OLFH DQG
%RE FKRRVH D VHW RI FRGHZRUGV UHVSHFWLQJ WKH RULJLQDO SUREDELOLWLHV RI WKH
VLJQDOV� WRJHWKHU ZLWK D GHFRGLQJ REVHUYDEOH� VR WKDW LQIRUPDWLRQ LV UHOLDEO\
WUDQVPLWWHG DW D UDWH DSSURDFKLQJ +�|� SHU HOHPHQWDU\ VLJQDO" 7KH DQVZHU
LV \HV� 0RUHRYHU� ZH ZLOO VHH WKDW IRU QR VXFK FRGH FDQ WKH WUDQVPLVVLRQ UDWH
H[FHHG +�|��
:H QRZ JLYH D SUHFLVH IRUPXODWLRQ RI RXU PDLQ UHVXOW� 6XSSRVH ZH DUH

JLYHQ DQ HQVHPEOH ( RI OHWWHU VWDWHV M DL RI DQ HOHPHQWDU\ TXDQWXP V\VWHP
�QRW QHFHVVDULO\ D SKRWRQ� ZLWK D SULRUL SUREDELOLWLHV SD� 7KH OHWWHU HQVHPEOH
KDV D GHQVLW\ PDWUL[

|  
;

D

SD M DL KD M � ���

ZLWK YRQ 1HXPDQQ HQWURS\ +�|�  b7U | ORJ |�
$ FRGH �?�1� O��FRGH�� FRQVLVWV RI WZR WKLQJV� �L� D VHW RI 1 FRGHZRUGV

IM VLL � L  �� � � � �1J ZKHUH HDFK FRGHZRUG LV D VHTXHQFH �L�H� SURGXFW� RI O
OHWWHU VWDWHV �EXW QRW DOO VXFK VHTXHQFHV RI OHWWHU VWDWHV DUH FRGHZRUGV�� DQG
�LL� DQ D SULRUL SUREDELOLW\ SVL DVVLJQHG WR HDFK FRGHZRUG� 7KH WROHUDQFH ~ RI
WKH FRGH LV GHnQHG E\�

~  PD[
D
MID b SDM ���

ZKHUH ID LV WKH RYHUDOO IUHTXHQF\ RI RFFXUUHQFH RI WKH OHWWHU M DL DPRQJ WKH
1O OHWWHUV RI DOO WKH FRGHZRUGV� WDNLQJ LQWR DFFRXQW WKH D SULRUL SUREDELOLWLHV
RI WKH FRGHZRUGV� 7KDW LV�

ID  
�

1O

1;

L �

SVL �QXPEHU RI RFFXUUHQFHV RI OHWWHU M DL LQ FRGHZRUG M VLL�� ���

$ ORZ WROHUDQFH FRGH ZLOO XVH XS WKH OHWWHUV DSSUR[LPDWHO\ ZLWK WKHLU JLYHQ
D SULRUL SUREDELOLWLHV SD LQ WKH FRQVWUXFWLRQ RI WKH FRGHZRUGV�
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7KHQ ZH PD\ FRQVLGHU WKH LQIRUPDWLRQ WUDQVPLVVLEOH XVLQJ WKH HQVHPEOH RI
FRGHZRUG VWDWHV� 7KH LQIRUPDWLRQ SHU OHWWHU LV MXVW WKH DFFHVVLEOH LQIRUPDWLRQ
RI WKH FRGHZRUG HQVHPEOH GLYLGHG E\ O� :H VKDOO VKRZ�

7KHRUHP� /HW ,p EH WKH OHDVW XSSHU ERXQG RQ WKH LQIRUPDWLRQ SHU OHWWHU
WUDQVPLVVLEOH ZLWK DQ\ FRGH KDYLQJ WROHUDQFH � p� 7KHQ

OLP
p��

,p  +�|� (

7KLV 7KHRUHP JLYHV D SUHFLVH LQIRUPDWLRQ^WKHRUHWLF LQWHUSUHWDWLRQ RI YRQ
1HXPDQQ HQWURS\ LQ TXDQWXP PHFKDQLFV� 7R SXW LW LQ VRPHZKDW ORRVHU EXW
PRUH IDPLOLDU WHUPV� WKH WKHRUHP VD\V WKDW LI $OLFH LV UHTXLUHG WR XVH FHUWDLQ
TXDQWXP VWDWHV DV VLJQDOV ZLWK FHUWDLQ VSHFLnHG IUHTXHQFLHV RI RFFXUUHQFH�
WKH QXPEHU RI ELQDU\ GLJLWV VKH FDQ FRQYH\ WR %RE SHU SDUWLFOH FDQ EH PDGH
DUELWUDULO\ FORVH WR� EXW QRW JUHDWHU WKDQ� WKH YRQ 1HXPDQQ HQWURS\ RI WKH
HQVHPEOH RI VLJQDOV�
%HIRUH SURYLQJ WKH WKHRUHP� LW LV LQWHUHVWLQJ WR FRPSDUH RXU UHVXOW WR WKH

&KDQQHO &DSDFLW\ 7KHRUHP IRU FODVVLFDO FKDQQHOV >��@� ZKLFK GHVFULEHV WKH
UHOLDEOH WUDQVPLVVLRQ RI LQIRUPDWLRQ WKURXJK D QRLV\ FODVVLFDO FKDQQHO� )RU D
JLYHQ VHW RI LQSXW OHWWHUV� WUDQVPLVVLEOH WKURXJK D QRLV\ FKDQQHO �EXW ZLWK WKH
D SULRUL SUREDELOLWLHV XQVSHFLnHG�� WKH FODVVLFDO FKDQQHO FDSDFLW\ & LV GHnQHG
WR EH WKH PD[LPXP DWWDLQDEOH PXWXDO LQIRUPDWLRQ� ZKHUH WKH PD[LPXP LV
WDNHQ RYHU DOO SRVVLEOH FKRLFHV RI SUREDELOLW\ GLVWULEXWLRQ RI WKH LQSXW OHWWHUV�
7KHQ WKH FODVVLFDO WKHRUHP VWDWHV WKDW & LV WKH PD[LPXP SRVVLEOH UDWH DW
ZKLFK LQIRUPDWLRQ FDQ EH UHOLDEO\ WUDQVPLWWHG WKURXJK WKH QRLV\ FKDQQHO�
,Q RXU TXDQWXP 7KHRUHP DERYH� ZH KDYH FRQVLGHUHG D n[HG SUREDELOLW\

GLVWULEXWLRQ SD IRU WKH LQSXW OHWWHUV M DL ZKLFK DOORZV XV WR FKDUDFWHULVH WKH
YRQ 1HXPDQQ HQWURS\ RI WKH OHWWHU HQVHPEOH� +RZHYHU ZH PD\ FRQVLGHU
WKLV GLVWULEXWLRQ WR EH YDULDEOH �IRU D n[HG VHW RI OHWWHU VWDWHV� DQG GHnQH

WKH FDSDFLW\ & RI WKH TXDQWXP FKDQQHO WR EH WKH PD[LPXP YRQ 1HXPDQQ
HQWURS\ DWWDLQDEOH IURP WKH JLYHQ OHWWHU VWDWHV E\ IUHH FKRLFH RI WKH D SULRUL

SUREDELOLWLHV�
& � PD[

SD
+�|� ���

7KHQ DFFRUGLQJ WR RXU 7KHRUHP� & LV WKH PD[LPXP UDWH DW ZKLFK FODVVLFDO
LQIRUPDWLRQ PD\ EH WUDQVPLWWHG WKURXJK WKH TXDQWXP FKDQQHO �WKH FKDQQHO
EHLQJ FKDUDFWHULVHG HQWLUHO\ E\ LWV DOORZHG OHWWHU VWDWHV�� %HORZ� LQ WKH FRXUVH
RI WKH SURRI RI WKH TXDQWXP 7KHRUHP ZH ZLOO VKRZ WKDW IRU DQ\ LQSXW GLVWUL�
EXWLRQ SD DQG IRU DQ\ q� p ! � WKHUH H[LVWV D FRGH DQG D GHFRGLQJ REVHUYDEOH
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VXFK WKDW WKH DPRXQW RI LQIRUPDWLRQ WUDQVPLWWHG SHU OHWWHU LV JUHDWHU WKDQ
+�|� b p DQG WKH SUREDELOLW\ RI HUURU LV OHVV WKDQ q� �,Q IDFW WKLV ZLOO EH
DFKLHYHG ZLWK FRGHZRUGV KDYLQJ HTXDO D SULRUL SUREDELOLWLHV�� 7KXV LQIRUPD�
WLRQ PD\ EH UHOLDEO\ WUDQVPLWWHG DW UDWH & DQG QR PRUH� ZKLFK LV IRUPDOO\
VLPLODU WR WKH VWDWHPHQW RI WKH &ODVVLFDO &KDQQHO &DSDFLW\ 7KHRUHP DQG MXV�
WLnHV WKH GHnQLWLRQ ��� DERYH� RI TXDQWXP FKDQQHO FDSDFLW\ LQ WKH SUHVHQW
FRQWH[W�
'HVSLWH WKLV VLPLODULW\ EHWZHHQ FODVVLFDO FKDQQHO FDSDFLW\ DQG WKH DERYH

QRWLRQ RI TXDQWXP FKDQQHO FDSDFLW\� WKHUH DUH DOVR HVVHQWLDO GLmHUHQFHV� LQ
SDUWLFXODU WKH RULJLQ RI WKH FRQGLWLRQDO SUREDELOLWLHV LQ HTXDWLRQ ���� ,Q WKH
FODVVLFDO VHWWLQJ WKHVH SUREDELOLWLHV DUH n[HG� EHLQJ FKDUDFWHULVWLF RI WKH QRLVH
LQ WKH FKDQQHO� 2Q UHFHLYLQJ WKH �SDUWLDOO\ FRUUXSWHG� VLJQDOV� %RE VLPSO\
UHFRUGV WKHP DQG WKH LVVXH RI KLV PHDVXUHPHQW LV WULYLDO� ,Q FRQWUDVW LQ RXU
TXDQWXP VHWWLQJ� OHWWHU VWDWHV DUH WUDQVPLWWHG WR %RE ZLWKRXW DOWHUDWLRQ� L�H��
WKHUH LV QR ?QRLVH�� 7KH SUREOHP QRZ LV WKDW QRQ�RUWKRJRQDO TXDQWXP VWDWHV
DUH QRW SHUIHFWO\ GLVWLQJXLVKDEOH E\ DQ\ PHDVXUHPHQW� %RE KDV PXFK IUHH�
GRP LQ KLV FKRLFH RI GHFRGLQJ PHDVXUHPHQW DQG WKH FRQGLWLRQDO SUREDELOLWLHV
LQ HTXDWLRQ ��� DULVH IURP WKH SUREDELOLVWLF QDWXUH RI TXDQWXP PHDVXUHPHQWV�
2XU QRWLRQ RI TXDQWXP FKDQQHO FDSDFLW\ ��� FRUUHVSRQGV WR RSWLPL]LQJ RYHU
FKRLFH RI LQSXW GLVWULEXWLRQ DQG RI GHFRGLQJ REVHUYDEOH� LQ FRQWUDVW WR FODVVL�
FDO FKDQQHO FDSDFLW\ ZKLFK LQYROYHV PD[LPL]LQJ RQO\ RYHU LQSXW GLVWULEXWLRQ�
,QGHHG LQ WKH TXDQWXP FDVH� HYHQ LI WKH LQSXW GLVWULEXWLRQ LV YLHZHG DV EH�
LQJ n[HG �DV LQ RXU 7KHRUHP DERYH� WKH FRQGLWLRQDO SUREDELOLWLHV LQ ��� DUH
VWLOO YDULDEOH DV ZH QHHG WR RSWLPL]H RYHU DOO SRVVLEOH FKRLFHV RI GHFRGLQJ
REVHUYDEOH� ,W LV WKLV UHTXLUHPHQW WKDW QHFHVVLWDWHV WKH GLVFXVVLRQ LQ 6HFWLRQ
��
7KH SURRI RI WKH 7KHRUHP SUHVHQWHG KHUH LV VLPLODU LQ VRPH UHVSHFWV WR WKDW

RI WKH FODVVLFDO &KDQQHO &DSDFLW\ 7KHRUHP� ERWK UHO\ RQ WKH FRQFDWHQDWLRQ
RI OHWWHU VWDWHV WR REWDLQ FRGHZRUGV DQG WKH SUXQLQJ RI WKH VHW RI DOO SRVVLEOH
FRGHZRUGV WR REWDLQ WKH FRGHV WR EH XVHG LQ WKH FKDQQHO� ,Q WKH FODVVLFDO
VHWWLQJ WKH DLP RI SUXQLQJ LV WR LQFUHDVH UHGXQGDQF\ ZKHUHDV LQ WKH TXDQWXP
VHWWLQJ� LW LV WR LQFUHDVH GLVWLQJXLVKDELOLW\ RI WKH FRGHZRUG VWDWHV� ,W VKRXOG
EH HPSKDVL]HG WKDW WKLV FRQFDWHQDWLRQ DQG SUXQLQJ GRHV QRW UHVXOW LQ D
FKDQQHO ZKLFK GLmHUV IURP WKH RULJLQDO� ,Q ERWK VLWXDWLRQV WKH TXHVWLRQ LV�
,I ZH DOORZ IRU UHSHDWHG WUDQVPLVVLRQ RI HOHPHQWDU\ OHWWHU VWDWHV� ZKDW LV WKH
PD[LPXP UDWH DW ZKLFK LQIRUPDWLRQ FDQ EH FRQYH\HG" %RWK SURRIV XWLOLVH
D PHWKRG RI UDQGRP FRGLQJ WR GHPRQVWUDWH WKH H[LVWHQFH RI D FRGH ZLWK

�



GHVLUHG SURSHUWLHV� 7KLV LV PHUHO\ D WHFKQLTXH RI SURRI DQG QRW D PHWKRG RI

VLJQDOOLQJ� &RQVLGHULQJ DYHUDJHV RYHU UDQGRP FRGHV LV D PHDQV RI EULQJLQJ
VWDWLVWLFDO DUJXPHQWV WR EHDU XSRQ WKH SUREOHP� ,W GRHV QRW SURYLGH D PHDQV
RI FRQVWUXFWLQJ WKH UHTXLUHG FRGH�
,Q WKH QH[W nYH VHFWLRQV ZH GHVFULEH WKH PDFKLQHU\ QHFHVVDU\ WR FRPSOHWH

WKH SURRI� LQFOXGLQJ W\SLFDO VXEVSDFHV RI TXDQWXP HQVHPEOHV� D VXpFLHQWO\
RSWLPDO FKRLFH RI GHFRGLQJ REVHUYDEOH� DQG WKH WHFKQLTXH RI ?UDQGRP FRGLQJ��
7KH nQDO VHFWLRQV GLVFXVV VRPH RI WKH FRUROODULHV DQG FRQVHTXHQFHV RI WKH PDLQ
UHVXOW�

� 7\SLFDO VXEVSDFHV

6XSSRVH ZH KDYH WKH HQVHPEOH RI OHWWHU VWDWHV M DL LQ D +LOEHUW VSDFH + ZLWK
SUREDELOLWLHV SD� DV GHVFULEHG DERYH� )L[ q� p ! �� :H FDQ FRQFDWHQDWH OHWWHUV
LQWR ZRUGV RI OHQJWK O� DQG LI O LV ORQJ HQRXJK>�� �@ WKHQ WKH +LOEHUW VSDFH
+O  + l + l ��� l + �WKH OWK RUGHU WHQVRU SRZHU RI +� IRU WKH ZRUGV
FDQ EH GHFRPSRVHG LQWR WZR VXEVSDFHV� D ?W\SLFDO� VXEVSDFH e DQG WKH
SHUSHQGLFXODU VXEVSDFH e"� KDYLQJ WKH IROORZLQJ SURSHUWLHV�

q %RWK e DQG e" DUH VSDQQHG E\ HLJHQVWDWHV RI |O  |l |l ���l | �WKH
OWK RUGHU WHQVRU SRZHU RI |��

q $OPRVW DOO RI WKH ZHLJKW RI WKH HQVHPEOH OLHV ZLWKLQ e� 7Uge|Oge !
�bq DQG 7Uge"|

Oge" � q� �+HUH ge DQG ge" DUH WKH SURMHFWLRQV RQWR
e DQG e"��

q 7KH HLJHQYDOXHV wQ RI |
O IRU HLJHQVWDWHV LQ e IDOO ZLWKLQ D ?QDUURZ�

UDQJH�
�bO�+�|��p� � wQ � �bO�+�|�bp�� ����

�2I FRXUVH� +�|O�  O +�|���

q 7KH QXPEHU RI GLPHQVLRQV LQ WKH W\SLFDO VXEVSDFH LV ERXQGHG EHWZHHQ�

��b q� �O�+�|�bp� � GLPe � �O�+�|��p�� ����

7KH W\SLFDO VXEVSDFH e LV FRQVWUXFWHG DV IROORZV� 7KH HLJHQYDOXHV TL RI
WKH RQH�OHWWHU GHQVLW\ RSHUDWRU | IRUP D ?SUREDELOLW\ GLVWULEXWLRQ� IRU WKH

�



HLJHQVWDWHV RI |� IRU ZKLFK WKH FODVVLFDO �6KDQQRQ� HQWURS\ LV MXVW WKH YRQ
1HXPDQQ HQWURS\ +�|�� (LJHQVWDWHV RI |O DUH VHTXHQFHV RI | HLJHQVWDWHV� %\
WKH :HDN /DZ RI /DUJH 1XPEHUV� ZH FDQ nQG D VHW RI ?W\SLFDO� HLJHQVWDWHV RI
|O LQ ZKLFK WKH IUHTXHQFLHV RI WKH | HLJHQVWDWHV DUH FORVH WR WKH ?SUREDELOLWLHV�
TL� e LV WKH VXEVSDFH VSDQQHG E\ WKHVH W\SLFDO HLJHQVWDWHV�
6XSSRVH ZH VXP WKH VTXDUHV RI WKH HLJHQYDOXHV RI |O� EXW UHVWULFW RXUVHOYHV

WR WKH W\SLFDO VXEVSDFH� 7KHQ ZH JHW

7Uge�|
O��ge � �GLPe�

r
�bO�+�|�bp�

s�
� �bO�+�|�b�p�� ����

7KLV LQHTXDOLW\ ZLOO EH XVHIXO EHORZ LQ FRQQHFWLQJ WKH SUREDELOLW\ RI HUURU IRU
D FRGLQJ VFKHPH WR WKH HQWURS\ +�|��

� $ 'HFRGLQJ 2EVHUYDEOH

6XSSRVH WKDW $OLFH LV XVLQJ D FRGH ZLWK ZRUGV ORQJ HQRXJK IRU WKH W\SLFDO
VXEVSDFH WR H[LVW DQG KDYH WKH SURSHUWLHV RXWOLQHG DERYH� $OLFH PD\ QRW EH
XVLQJ DOO RI WKH SRVVLEOH FRGHZRUGV� 'HQRWH DQ LQGLYLGXDO FRGHZRUG E\ M VLL�
,Q RUGHU WR UHDG $OLFH
V PHVVDJHV� %RE ZLOO KDYH WR HPSOR\ D GHFRGLQJ RE�

VHUYDEOH WR GHWHUPLQH ZKLFK VLJQDO M VLL LV SUHVHQW� 7KLV GHFRGLQJ REVHUYDEOH
ZLOO LQ JHQHUDO EH D ?SRVLWLYH RSHUDWRU� PHDVXUHPHQW �RU 320�>��� ��@� %RE
ZLOO ZDQW WR FKRRVH KLV GHFRGLQJ REVHUYDEOH VR WKDW KH ZLOO GHGXFH $OLFH
V
PHVVDJH ZLWK DV VPDOO D SUREDELOLW\ RI HUURU DV SRVVLEOH�
%RE
V HVVHQWLDO SUREOHP LV WR GLVWLQJXLVK EHWZHHQ D FROOHFWLRQ RI YHFWRUV

LQ WKH +LOEHUW VSDFH +O� /HW IM�NLJ EH D FROOHFWLRQ RI VXFK YHFWRUV �SRVVLEO\
QRW QRUPDOL]HG�� &RQVLGHU WKH RSHUDWRU

j  
;
N

M�NL K�N M ����

ZKLFK LV D SRVLWLYH RSHUDWRU ZKRVH VXSSRUW LV WKH VXEVSDFH VSDQQHG E\ WKH
YHFWRUV M�NL� 2Q WKLV VXEVSDFH j� � H[LVWV DQG LV LQYHUWLEOH� VR ZH FDQ IRUP
WKH YHFWRUV>��@

MxNL  jb� � M�NL ����

�



FRUUHVSRQGLQJ WR SRVLWLYH RSHUDWRUV MxNL KxN M� 7KHVH SRVLWLYH RSHUDWRUV DUH
HDVLO\ VKRZQ WR EH D UHVROXWLRQ RI WKH LGHQWLW\ RQ WKLV VXEVSDFH�

;
N

MxNL KxN M  
;
N

jb� � M�NL K�N Mjb� �

 jb� �
�;

N

M�NL K�N M
�
jb� �

 jb� �jjb� �  �� ����

7KH RSHUDWRUV MxNL KxN M� VXSSOHPHQWHG E\ D SURMHFWLRQ RQWR WKH VXEVSDFH
SHUSHQGLFXODU WR WKH VSDQ RI IM�NLJ� WKXV IRUP WKH RXWFRPH RSHUDWRUV RI D
320�
7KH YHFWRUV M�NL VSHFLI\ D SDUWLFXODU 320 WKDW HPSOR\V WKH RXWFRPH

RSHUDWRUV MxNL KxN M� 7KLV LV WKH 320 WKDW %RE FKRRVHV LQ RUGHU WR GLVWLQJXLVK
DPRQJ WKH YHFWRUV� 7KLV LV D UHDVRQDEOH FKRLFH� ,I WKH YHFWRUV M�NL DUH
RUWKRJRQDO DQG WKXV FRPSOHWHO\ GLVWLQJXLVKDEOH� WKH UHVXOWLQJ PHDVXUHPHQW
GRHV LQGHHG GLVWLQJXLVK WKHP SHUIHFWO\� �7KHUH LV QR NQRZQ ZD\ RI VSHFLI\LQJ
WKH EHVW REVHUYDEOH LQ JHQHUDO� EXW WKLV REVHUYDEOH ZLOO EH JRRG HQRXJK IRU
RXU SXUSRVHV��
7KH MxNL YHFWRUV KDYH DQRWKHU LQWHUHVWLQJ DQG �IRU XV� XVHIXO SURSHUW\�

/HW 6MN EH WKH PDWUL[ RI LQQHU SURGXFWV DPRQJ WKH M�NL YHFWRUV�
6MN  K�M M �NL � ����

,I WKHUH DUH 1 YHFWRUV� WKLV LV DQ 1 d1 FRPSOH[ PDWUL[ ZLWK SRVLWLYH HLJHQ�
YDOXHV� 7KH MxNL YHFWRUV DUH UHODWHG WR WKH VTXDUH URRW RI WKLV PDWUL[ E\

�
S
6�MN  KxM M �NL � ����

,Q IDFW� WKLV SURSHUW\ RI WKH MxML YHFWRUV FDQ EH WDNHQ DV DQ LPSOLFLW GHnQLWLRQ
IRU WKHP�
7R GHFRGH $OLFH
V PHVVDJH� %RE ZLOO HPSOR\ DQ REVHUYDEOH WR GLVWLQJXLVK

EHWZHHQ KHU VLJQDO VWDWHV M VLL� %XW ZH ZLOO nQG LW PRUH XVHIXO WR VXSSRVH
WKDW KH GLVWLQJXLVKHV EHWZHHQ SURMHFWLRQV RI WKH VLJQDO VWDWHV LQWR WKH W\SLFDO
VXEVSDFH e_WKDW LV� EHWZHHQ QRQ�QRUPDOL]HG YHFWRUV M }LL  ge M VLL� 7R GR
WKLV KH ZLOO HPSOR\ WKH ?VTXDUH URRW� PHDVXUHPHQW MXVW GHVFULEHG� 6LQFH WKH
W\SLFDO VXEVSDFH FRQWDLQV ?DOPRVW DOO� RI WKH VHW RI DYDLODEOH FRGHZRUGV �LQ
WKH VHQVH RI WKH SUHYLRXV VHFWLRQ�� WKLV UHnQHPHQW LQWURGXFHV QHJOLJLEOH HUURU�

��



DV ZH VKDOO VKRZ� 7KXV� ZH GHnQH WKH PDWUL[ 6LM  K}L M }ML� DQG FRQVWUXFW
WKH MxLL YHFWRUV �ZKLFK OLH ZLWKLQ e� VR WKDW

KxL M VML  KxL M }ML  �
S
6�LM� ����

/HW XV DOVR GHnQH QL  6LL  K}L M }LL� WKH QRUP RI WKH SURMHFWHG FRGHZRUGV�
7KH MxNL YHFWRUV� WRJHWKHU ZLWK WKH SURMHFWLRQ RQWR WKH VXEVSDFH SHUSHQGLF�
XODU WR DOO WKH YHFWRUV M }LL� GHnQH %RE
V 320�

� 7KH 3UREDELOLW\ RI (UURU

$OLFH
V FRGH ZLOO FRQVLVW RI 1 FRGHZRUGV M VLL� HDFK XVHG ZLWK HTXDO IUHTXHQF\�
7KH LQIRUPDWLRQ FRQWHQW RI D VLQJOH FRGHZRUG LV WKHUHIRUH ORJ1 � (DFK FRGH�
ZRUG LV D VHTXHQFH RI O OHWWHUV FKRVHQ IURP WKH VHW RI SRVVLEOH OHWWHUV� �)RU
QRZ� ZH ZLOO GLVUHJDUG WKH SUREDELOLWLHV RI WKRVH OHWWHUV LQ WKH JLYHQ HQVHP�
EOH�� %RE GHYLVHV KLV GHFRGLQJ REVHUYDEOH DV GHVFULEHG DERYH�
$OLFH VHQGV WKH VLJQDO M VLL ZLWK SUREDELOLW\ � 1 � %RE ZLOO FRUUHFWO\ LQ�

WHUSUHW WKH VLJQDO_WKDW LV� KH ZLOO REWDLQ WKH xL RXWFRPH LQ KLV GHFRGLQJ
320_ZLWK SUREDELOLW\

S�xLMVL�  7U MxLL KxL M VLL KVL M
 M KxL M VLL M�� ����

:H QRWH WKDW KxL M VLL LV UHDO DQG QRQ�QHJDWLYH� 7KH DYHUDJH SUREDELOLW\ RI
HUURU LV WKXV

3(  �b;
L

�

1
KxL M VLL�

 
�

1

;
L

��b KxL M VLL��� � KxL M VLL�

� �

1

;
L

��b KxL M }LL�� ����

,Q WHUPV RI WKH 6LM PDWUL[� WKLV LV

3( � �

1

;
L

��b �
S
6�LL�� ����
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7KH VTXDUH URRW IXQFWLRQ LV ERXQGHG EHORZ E\ D SDUDEROD� IRU [ w ��
S
[ w �

�
[ b �

�
[�� ����

7KH PDWUL[ 6 LV D PDWUL[ ZLWK QRQ�QHJDWLYH HLJHQYDOXHV� VR WKLV LQHTXDOLW\
PD\ EH DSSOLHG WR LW� S

6 w �

�
6 b �

�
6�� ����

7KLV PHDQV WKDW� IRU D FRPSOH[ 1 �YHFWRU ZLWK FRPSRQHQWV ]N�

;
NO

]eN�
S
6�NO]O w �

�

;
NO

]eN6NO]O b �
�

;
NOM

]eN6NM6MO]O� ����

)RU D JLYHQ L� ZH FDQ FKRRVH ]L  � DQG ]N  � IRU N � L� 7KLV \LHOGV

�
S
6�LL w �

�
6LL b �

�

;
M

6LM6ML

 
�

�
QL b �

�
Q�L b

�

�

;
M� L

6LM6ML� ����

7KHUHIRUH
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1

;
L

�
#�b �

�
QL �
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�
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;
M� L

6LM6ML
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1

;
L

�
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6LM6ML
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;
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#��b QL� �
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;
M� L

6LM6ML

�
$ � ����

� 5DQGRP &RGHV

,Q WKLV VHFWLRQ DQG WKH QH[W ZH ZLOO SURYH RXU PDLQ UHVXOW� :H ZLOO VKRZ
WKDW $OLFH FDQ FKRRVH 1 FRGHZRUGV ZLWK 1 VXpFLHQWO\ ODUJH VR WKDW ORJ1
LV DSSUR[LPDWHO\ O +�|�� VXFK WKDW %RE �XVLQJ WKH VFKHPH DERYH� KDV SURED�
ELOLW\ RI HUURU 3( QHDUO\ HTXDO WR ]HUR� )XUWKHUPRUH ZH ZLOO VHH WKDW $OLFH
V

��



FRGH FDQ EH FKRVHQ WR KDYH DUELWUDULO\ VPDOO WROHUDQFH ~ DV GHnQHG LQ ����
)LQDOO\ ZH ZLOO VKRZ WKDW DQ LQIRUPDWLRQ UDWH RI +�|� ELWV SHU OHWWHU FDQQRW
EH H[FHHGHG LQ WKH OLPLW RI YDQLVKLQJ WROHUDQFH�
7R VKRZ WKH H[LVWHQFH RI VXFK D FRGH� ZH ZLOO LQ IDFW VKRZ WKDW DOPRVW

DQ\ FRGH ZLOO GR WKH MRE� 7KDW LV� ZH ZLOO FDOFXODWH WKH DYHUDJH SUREDELOLW\
RI HUURU IRU DQ HQVHPEOH RI UDQGRP FRGHV RI 1 ZRUGV� :H JHQHUDWH D UDQGRP
FRGH LQ WKLV ZD\� (DFK RI WKH 1 FRGHZRUGV LV D VHTXHQFH RI O OHWWHU VWDWHV
JHQHUDWHG XVLQJ WKH D SULRUL SUREDELOLWLHV IRU WKH OHWWHUV� 7KH SUREDELOLW\
WKDW WKH LWK FRGH ZRUG M VLL  M D�D� c c c DOL LV MXVW S�D��S�D�� c c c S�DO�� (DFK
FRGHZRUG LV JHQHUDWHG LQGHSHQGHQWO\ RI WKH RWKHUV� :H DUH LQ HmHFW GUDZLQJ
1 FRGHZRUGV DW UDQGRP ZLWK UHSODFHPHQW IURP WKH D SULRUL HQVHPEOH�
'HQRWH DQ DYHUDJH RYHU UDQGRP FRGHV E\

'
c c c

(
F
� )LUVW� ZH QRWH WKDW�

IRU DQ\ SDUWLFXODU FRGHZRUG M VLL�'
M VLL KVL M

(
F
 |O� ����

1H[W ZH WDNH WKH DYHUDJH RI 3( RYHU UDQGRP FRGHV�

'
3(

(
F
� �

1

;
L

�
#�b '

QL

(
F
�
�
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;
M� L

'
6LM6ML

(
F

�
$ � ����

(DFK RI WKH DYHUDJHV LQ WKLV H[SUHVVLRQ LV VWUDLJKWIRUZDUG WR FDOFXODWH�
7KH DYHUDJH QRUP

'
QL

(
F
RI WKH LWK SURMHFWHG FRGHZRUG LV

'
QL

(
F
 

'
7U �ge M VLL KVL Mge�

(
F

 7U
r
ge|

Oge
s

w �b q� ����

)RU M � L� WKH FRGHZRUGV M VML DQG M VLL DUH LQGHSHQGHQW� VR WKDW
'

6LM6ML

(
F
 

'
KVL Mge M VML KVM Mge M VLL

(
F
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7U �ge M VLL KVL M M VML KVM Mge�

(
F

 7Uge�|
O��ge� ����

�:H KDYH XVHG WKH IDFW WKDW ge FRPPXWHV ZLWK |O��
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(DFK WHUP LQ WKH XSSHU ERXQG IRU
'

3(

(
F
LV LQGHSHQGHQW RI L� VR WKDW

WKH VXP RYHU L \LHOGV D PXOWLSOLFDWLYH IDFWRU RI 1 � 7KH M VXP \HLOGV D IDFWRU
RI 1 b �� 7KXV '

3(

(
F
� �q�1 7Uge�|

O��ge� ����

:H XVH WKH SURSHUWLHV RI W\SLFDO VXEVSDFHV �HTXDWLRQ �� DERYH� WR REWDLQ

'
3(

(
F
� �q�1 �bO�+�|�b�p�� ����

,I WKH DYHUDJH SUREDELOLW\ RI HUURU LV EHORZ WKLV ERXQG� WKHQ $OLFH DQG
%RE ZLOO EH DEOH WR nQG VRPH SDUWLFXODU FRGH IRU ZKLFK

3( � �q�1 �bO�+�|�b�p�� ����

,I O LV YHU\ ODUJH �SHUKDSV PXFK ODUJHU WKDQ ZH DFWXDOO\ QHHG WR IRUP WKH
W\SLFDO VXEVSDFH e�� $OLFH FDQ PDNH 1  �O�+�|�b�p� DQG VWLOO KDYH 3( � �q�
,Q WKLV FDVH� $OLFH HQFRGHV+�|�b�p ELWV SHU OHWWHU� 7KLV SURYHV WKH H[LVWHQFH
RI FRGHV DOORZLQJ WUDQVPLVVLRQ DW DQ DV\PSWRWLF UDWH RI +�|� ELWV SHU OHWWHU�
ZLWK DUELWUDULO\ ORZ HUURU�

5HPDUN� ,Q IDFW� ZH FDQ GR HYHQ EHWWHU� ZH FDQ PRGLI\ D FRGH ZLWK D ORZ
DYHUDJH SUREDELOLW\ RI HUURU WR JLYH D FRGH ZLWK D ORZ PD[LPXP SUREDELOLW\
RI HUURU� /HW XV WKURZ DZD\ WKH ZRUVW KDOI RI WKH FRGHZRUGV LQ WKH RSWLPL]LQJ
FRGH� 6LQFH WKH DYHUDJH SUREDELOLW\ RI HUURU IRU WKLV FRGH LV OHVV WKDW �q� ZH
KDYH

�

�+�|�
;
L

��b S�xLMVL�� � �q� ����

7KLV LPSOLHV WKDW DW OHDVW KDOI WKH FRGHZRUGV PXVW KDYH FRQGLWLRQDO SURE�
DELOLW\ RI HUURU RI OHVV WKDQ �q� RWKHUZLVH� WKHVH FRGHZRUGV ZRXOG FRQWULEXWH
DW OHDVW �q WR WKH VXP� 7KXV� LQ WKH UHGXFHG FRGHERRN ZH KDYH �1+�|�b�

FRGHZRUGV� %\ WKURZLQJ RXW KDOI RI WKH FRGHZRUGV ZH KDYH FKDQJHG WKH UDWH
IURP +�|� WR +�|�b �

1
� D QHJOLJLEOH GLmHUHQFH IRU ODUJH 1 �(

� /HWWHU )UHTXHQFLHV DQG &KDQQHO &DSDFLW\

7KH DUJXPHQW LQ WKH SUHYLRXV 6HFWLRQ LV QRQ�FRQVWUXFWLYH� :H KDYH QRW
H[SOLFLWO\ FRQVWUXFWHG D FRGH ZLWK ORZ SUREDELOLW\ RI HUURU� ZH KDYH PHUHO\

��



VKRZQ WKDW VXFK D FRGH PXVW H[LVW� 7KHUHIRUH ZH GR QRW NQRZ PXFK DERXW
LWV GHWDLOHG SURSHUWLHV� +RZHYHU ZH QRZ VKRZ WKDW WKH FRGH PD\ EH FKRVHQ
WR KDYH DUELWUDULO\ VPDOO WROHUDQFH�
1RWH nUVW WKDW WKH JHQHUDWLRQ RI D UDQGRP FRGH FRQVLVWLQJ RI1 FRGHZRUGV

RI OHQJWK O DPRXQWV WR DQ LQGHSHQGHQW FKRLFH RI 1O OHWWHUV DFFRUGLQJ WR WKH
D SULRUL SUREDELOLW\ GLVWULEXWLRQ� 6LQFH HDFK FRGHZRUG LV XVHG HTXDOO\ RIWHQ�
WKH QXPEHU RI WLPHV D JLYHQ OHWWHU DSSHDUV LQ WKH OLVW RI 1 FRGHZRUGV WHOOV
XV LWV IUHTXHQF\ RI RFFXUUHQFH ZKHQ WKH FRGH LV XVHG E\ $OLFH DQG %RE� :H
FDQ DSSO\ WKH :HDN /DZ RI /DUJH 1XPEHUV WR WKH VHW RI FRGHV DV IROORZV� LI
1O LV VXpFLHQWO\ ODUJH� WKH VHW RI DOO UDQGRP FRGHV PD\ EH GLYLGHG LQWR WZR
FODVVHV�

q $ VHW RI ?W\SLFDO� FRGHV� LQ ZKLFK WKH OHWWHU IUHTXHQFLHV DSSUR[LPDWH
WKH D SULRUL SUREDELOLWLHV WR ZLWKLQ D n[HG WROHUDQFH� DQG

q $ VHW RI ?DW\SLFDO� FRGHV� ZKLFK DUH JHQHUDWHG E\ UDQGRP FRGLQJ ZLWK
VPDOO WRWDO SUREDELOLW\�

7KH ?DW\SLFDO� FRGHV� KDYLQJ VPDOO WRWDO SUREDELOLW\� FRQWULEXWH YHU\ OLWWOH
WR WKH RYHUDOO DYHUDJH SUREDELOLW\ RI HUURU

'
3(

(
F
HVWLPDWHG DERYH� 7KXV�'

3(

(
F
PXVW DOVR EH YHU\ VPDOO HYHQ LI $OLFH DQG %RE DUH UHVWULFWHG WR

XVLQJ ?W\SLFDO� FRGHV_HYHU\ RQH RI ZKLFK KDV OHWWHU IUHTXHQFLHV PDWFKLQJ
WKH D SULRUL SUREDELOLWLHV SD WR ZLWKLQ DQ\ VSHFLnHG WROHUDQFH�
$ GLmHUHQW FRQVLGHUDWLRQ DULVHV LI $OLFH DQG %RE DUH QRW UHTXLUHG WR XVH

DQ\ SDUWLFXODU OHWWHU IUHTXHQFLHV EXW DUH IUHH WR DGMXVW WKHP DV WKH\ SOHDVH
LQ RUGHU WR PD[LPL]H WKH LQIRUPDWLRQ SHU OHWWHU FRQYH\HG E\ WKHLU FKDQQHO�
)RU WKDW FDVH� DV GLVFXVVHG LQ 6HFWLRQ �� ZH PD\ GHnQH WKH FKDQQHO FDSDFLW\
& RI D TXDQWXP FKDQQHO ZLWK D SDUWLFXODU DOSKDEHW IM DLJ WR EH

&  PD[
SD

+�|� ����

ZKHUH |  
3

D SD M DL KD M� 2XU DUJXPHQW DERYH LPSOLHV WKDW $OLFH PD\ FRP�
PXQLFDWH ZLWK DUELWUDULO\ ORZ SUREDELOLW\ RI HUURU� XS WR & ELWV SHU OHWWHU WR
%RE XVLQJ WKH OHWWHU VWDWHV IM DLJ �
7R FRPSOHWH WKH SURRI RI WKH PDLQ UHVXOW ZH QRZ VKRZ WKDW WKH LQIRUPD�

WLRQ UDWH +�|� ELWV SHU OHWWHU FDQQRW EH H[FHHGHG LQ WKH OLPLW RI YDQLVKLQJ
WROHUDQFH� &RQVLGHU DQ\ �1� O� FRGH KDYLQJ �VPDOO� WROHUDQFH p LQ ZKLFK WKH
FRGHZRUGV M VLL L  �� � � � � 1 KDYH D SULRUL SUREDELOLWLHV SVL �QRW DVVXPHG WR

��



EH HTXDO�� /HW |FRGH DQG +FRGH GHQRWH WKH GHQVLW\ PDWUL[ DQG YRQ 1HXPDQQ
HQWURS\ RI WKH FRGHZRUG HQVHPEOH�
/HW (� EH WKH HQVHPEOH RI OHWWHU VWDWHV ZKLFK DSSHDU DV nUVW OHWWHUV LQ WKH

FRGHZRUGV� L�H�� ZH ORRN DW WKH nUVW OHWWHU RI HDFK RI WKH 1 FRGHZRUGV DQG
QRWH WKH IUHTXHQF\ I ���D RI RFFXUUHQFH RI HDFK OHWWHU M DL WDNLQJ LQWR DFFRXQW
WKH D SULRUL SUREDELOLWLHV RI WKH FRGHZRUGV� /HW |� DQG +� EH WKH GHQVLW\
PDWUL[ DQG HQWURS\ RI (�� 7KXV

|�  
;
D

I ���D M DL KD M � ����

6LPLODUO\ GHnQH (N� |N DQG+N IRU HDFK SRVLWLRQ N  �� � � � � O LQ WKH FRGHZRUGV�
1RZ HDFK ZRUG LV D SURGXFW VWDWH RI OHWWHUV VR WKDW |N LV WKH UHGXFHG VWDWH

RI |FRGH� REWDLQHG E\ SDUWLDO WUDFLQJ RYHU DOO OHWWHU SRVLWLRQV H[FHSW WKH NWK

SRVLWLRQ� +HQFH VXE�DGGLWLYLW\ RI YRQ 1HXPDQQ HQWURS\ >��@ JLYHV�

+FRGH � +� � c c c�+O� ����

5HPDUN� (TXDWLRQ ���� KROGV UHJDUGOHVV RI DQ\ WROHUDQFH FRQVWUDLQWV DQG
DOUHDG\ LPSOLHV WKDW WKH TXDQWXP FKDQQHO FDSDFLW\ &� DV GHnQHG LQ ��� LV DQ
XSSHU ERXQG RQ WKH LQIRUPDWLRQ UDWH SHU OHWWHU� ,QGHHG� VLQFH HDFK (N LV DQ
HQVHPEOH RI OHWWHU VWDWHV� LW IROORZV IURP WKH GHnQLWLRQ RI & WKDW +N � &�
)URP ���� ZH JHW�

+FRGH O � �+� � c c c�+O� O � & ����

DQG WKH .KROHYR WKHRUHP DSSOLHG WR WKH FRGHZRUG HQVHPEOH JLYHV WKDW WKH
WUDQVPLWWHG LQIRUPDWLRQ SHU OHWWHU LV OHVV WKDQ +FRGH O� 7KXV DQ LQIRUPDWLRQ
UDWH RI & ELWV SHU OHWWHU FDQQRW EH H[FHHGHG DQG WKH UDQGRP FRGLQJ DUJXPHQW
LQ WKH SUHYLRXV 6HFWLRQ VKRZV WKDW WKLV XSSHU ERXQG LV WLJKW�(
/HW XV QRZ LQFRUSRUDWH WROHUDQFH FRQVWUDLQWV� /HW XV VXSSRVH WKDW WKH

WROHUDQFH p LV H[WUHPHO\ VPDOO� 7KLV PHDQV WKDW WR KLJK DFFXUDF\ WKH DYHUDJH
GHQVLW\ PDWUL[ RI DOO 1O OHWWHUV LQ DOO WKH FRGHZRUGV LV |�

|  
�

O

O;
N �

|N� ����

1RZ FRQFDYLW\ RI YRQ 1HXPDQQ HQWURS\ >��@ JLYHV
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O
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7KHQ ���� DQG ���� JLYH +FRGH O � +�|� VR WKDW E\ WKH .KROHYR WKHRUHP�

LQIRUPDWLRQ�OHWWHU � HQWURS\�OHWWHU  +FRGH O � +�|�� ����

DV UHTXLUHG�
(T� ���� LV VWULFWO\ WUXH RQO\ LI WKH WROHUDQFH LV ]HUR� )RU VPDOO QRQ�]HUR

WROHUDQFH ���� UHPDLQV H[DFW EXW ���� EHFRPHV

�

O

O;
N �

|N  |e� ����

ZKHUH M+�|e�b+�|�M � � DV p � �� (TXDWLRQ ���� EHFRPHV

LQIRUPDWLRQ�OHWWHU � +�|e� ����

DQG RXU GHVLUHG UHVXOW DSSHDUV LQ WKH OLPLW DV p � �� 7KLV FRPSOHWHV WKH
GHPRQVWUDWLRQ RI RXU PDLQ WKHRUHP�

� 6XSHUGHQVH &RGLQJ

:H FDQ DSSO\ RXU UHVXOWV WR DQ LQWHUHVWLQJ TXDQWXP FRPPXQLFDWLRQ VFKHPH
SURSRVHG E\ %HQQHWW DQG :LHVQHU >��@� ZKLFK KDV EHHQ FDOOHG ?VXSHUGHQVH
FRGLQJ�� 6XSHUGHQVH FRGLQJ PDNHV XVH RI WKH TXDQWXP HQWDQJOHPHQW EHWZHHQ
V\VWHPV WR HQKDQFH WKHLU LQIRUPDWLRQ FDSDFLW\�
7KH VLPSOHVW H[DPSOH ZRUNV OLNH WKLV� $OLFH DQG %RE LQLWLDOO\ VKDUH D SDLU

RI WZR�VWDWH V\VWHPV_H�J�� D SDLU RI VSLQV_ZKLFK DUH LQ DQ HQWDQJOHG VWDWH�
6XSSRVH WKDW WKLV VWDWH LV RQH RI WKH IRXU RUWKRJRQDO ?%HOO VWDWHV�� JLYHQ E\

nnnkh
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�
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nnnkh
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�
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)RU GHnQLWHQHVV� ZH LPDJLQH WKDW WKH LQLWLDO VWDWH LV WKH VLQJOHW MkbL�
$OLFH PDQLSXODWHV KHU RZQ VSLQ DQG WKHQ WUDQVPLWV LW WR %RE� ZKR SHU�

IRUPV D PHDVXUHPHQW RQ ERWK VSLQV� 2UGLQDULO\� WKH WUDQVPLVVLRQ RI D VLQJOH
VSLQ FRXOG RQO\ FRPPXQLFDWH RQH ELW RI LQIRUPDWLRQ WR %RE �E\ D VLPSOH DS�
SOLFDWLRQ RI WKH .KROHYR WKHRUHP�� +RZHYHU� LQ WKLV FDVH WKH SUH�HVWDEOLVKHG

��



HQWDQJOHPHQW EHWZHHQ WKH SDLU RI VSLQV ZLOO DOORZ $OLFH WR VHQG WZR ELWV RI
LQIRUPDWLRQ WR %RE� 7KLV FDQ KDSSHQ EHFDXVH $OLFH FDQ FRQYHUW WKH LQLWLDO
VWDWH MkbL LQWR DQ\ RQH RI WKH IRXU %HOO VWDWHV E\ D VXLWDEOH XQLWDU\ WUDQVIRU�
PDWLRQ RQ RQO\ RQH RI WKH VSLQV� DQG %RE FDQ GLVWLQJXLVK EHWZHHQ WKH IRXU
RUWKRJRQDO %HOO VWDWHV E\ D FRKHUHQW PHDVXUHPHQW RI WKH SDLU RI VSLQV� $OLFH
V
IRXU�ZD\ FKRLFH HQFRGHV D WZR�ELW PHVVDJH WKDW LV SHUIHFWO\ UHFRYHUDEOH E\
%RE��

:H DUH LQWHUHVWHG LQ D PRUH JHQHUDO VLWXDWLRQ� $OLFH DQG %RE ZRUN ZLWK
1�VWDWH TXDQWXP V\VWHPV LQVWHDG RI VSLQV� DQG WKH\ PD\ SRVVHVV D FRQVLGHU�
DEOH VXSSO\ RI WKHP �VR WKDW WKH\ PD\ XVH EORFN FRGLQJ RI PDQ\ LQGHSHQGHQW
PHVVDJHV�� ,I $OLFH ZHUH WR VHQG PHVVDJHV WR %RE E\ VHQGLQJ 1�VWDWH TXDQ�
WXP V\VWHPV� VKH FRXOG VHQG XS WR ORJ1 ELWV SHU V\VWHP� +RZHYHU� VXSSRVH
WKDW $OLFH DQG %RE VKDUH PDQ\ SDLUV RI V\VWHPV ZKLFK DUH HDFK LQ VRPH HQ�
WDQJOHG SXUH VWDWH �ZKLFK PD\ RU PD\ QRW EH ?PD[LPDOO\ HQWDQJOHG� OLNH WKH
%HOO VWDWHV�� :KDW LV WKH LQIRUPDWLRQ FDSDFLW\ RI WKHVH HQWDQJOHG V\VWHPV IRU
VXSHUGHQVH FRGLQJ"
:H FDQ ZULWH WKH LQLWLDO VWDWH RI RQH RI WKH HQWDQJOHG SDLUV XVLQJ WKH

6FKPLGW GHFRPSRVLWLRQ�

Mk�L  
1;

N �

S
SN M DNENL ����

ZKHUH M DNL LV DQ RUWKRQRUPDO EDVLV IRU $OLFH
V V\VWHP DQG M ENL LV D EDVLV
IRU %RE
V V\VWHP� 7KH GHQVLW\ PDWUL[ IRU %RE
V V\VWHP JLYHQ E\ D SDUWLDO
WUDFH RYHU $OLFH
V V\VWHP KDV HLJHQYDOXHV SN� :H ZLOO FDOO WKH HQWURS\ +(

RI WKDW GHQVLW\ PDWUL[ WKH HQWURS\ RI HQWDQJOHPHQW RI WKH V\VWHP� +( ZLOO
EH EHWZHHQ ]HUR �IRU D SURGXFW VWDWH� DQG ORJ1 �IRU D PD[LPDOO\ HQWDQJOHG
VWDWH��
$OLFH FDQ SHUIRUP D XQLWDU\ WUDQVIRUPDWLRQ RQ KHU V\VWHP� DIWHU ZKLFK

VKH GHOLYHUV LW WR %RE� :H PLJKW LPDJLQH KHU SHUIRUPLQJ GLmHUHQW WUDQVIRU�
PDWLRQV ZLWK GLmHUHQW D SULRUL SUREDELOLWLHV� OHDGLQJ WR DQ HQVHPEOH RI VWDWHV
IRU WKH SDLU RI V\VWHPV WKDW %RE PHDVXUHV� 2XU WKHRUHP HVWDEOLVKHV WKDW� E\
MXGLFLRXV FRGLQJ �DQG FKRLFH RI %RE
V GHFRGLQJ REVHUYDEOH�� $OLFH PD\ FRQYH\
DQ DPRXQW RI LQIRUPDWLRQ XS WR WKH HQWURS\ RI WKLV HQVHPEOH� +RZ ELJ PD\
WKLV HQWURS\ EH_L�H�� ZKDW LV WKH LQIRUPDWLRQ FDSDFLW\ RI WKLV VFKHPH"

�7KH DSSDUHQW GRXEOLQJ RI WKH LQIRUPDWLRQ FDSDFLW\ LQ WKH SUHVHQFH RI HQWDQJOHPHQW

PRWLYDWHV WKH QDPH ?VXSHUGHQVH FRGLQJ��

��



,W LV HDV\ WR VHH WKDW WKH HQWURS\ FDQ EH QR ODUJHU WKDQ +( � ORJ1 �
VLQFH $OLFH
V PDQLSXODWLRQV RI KHU V\VWHP GR QRW DmHFW WKH GHQVLW\ PDWUL[ IRU
%RE
V V\VWHP� 7KH WRWDO HQWURS\ IRU WKH SDLU RI V\VWHPV FDQQRW EH JUHDWHU
WKDQ WKH HQWURS\ RI %RE
V V\VWHP �ZKLFK LV +(� SOXV WKH ODUJHVW SRVVLEOH
HQWURS\ IRU $OLFH
V V\VWHP �ZKLFK LV ORJ1�� ,W FDQ DOVR EH VKRZQ WKDW D
SDUWLFXODU HQVHPEOH RI WUDQVIRUPDWLRQV FDQ PDNH WKH RYHUDOO HQWURS\ HTXDO
WR +( � ORJ1 � 2QH VXFK HQVHPEOH RI WUDQVIRUPDWLRQV ZRXOG LQFOXGH DOO
SHUPXWDWLRQV RI WKH 6FKPLGW EDVLV VWDWHV M DNL� URWDWLRQV RI WKH UHODWLYH SKDVHV
RI WKHVH VWDWHV� DQG FRPELQDWLRQV RI WKH WZR�
:H FDQ WKHUHIRUH FRQFOXGH WKDW WKH FKDQQHO FDSDFLW\ RI WKH VXSHUGHQVH

FRGLQJ VFKHPH LV +( �ORJ1 � 7KLV LV D VHQVLEOH UHVXOW� ,I WKH SDLU RI V\VWHPV
LV LQLWLDOO\ LQ D SURGXFW VWDWH� +(  � DQG VR $OLFH FDQ RQO\ VHQG ORJ1 ELWV
SHU V\VWHP� DV H[SHFWHG� ,I WKH SDLU RI V\VWHPV LV PD[LPDOO\ HQWDQJOHG� WKHQ
WKH FDSDFLW\ LV � ORJ1 � H[DFWO\ WZLFH DV JUHDW�

� 1RLV\ &KDQQHOV

6R IDU ZH KDYH DVVXPHG WKDW ZKHQ $OLFH VHQGV D OHWWHU VWDWH M DL� WKH VWDWH
DUULYHV DW %RE
V HQG XQFKDQJHG� ,Q PDQ\ SUDFWLFDO DSSOLFDWLRQV� KRZHYHU� WKH
FKDQQHO ZLOO LQWURGXFH QRLVH DQG WKH VLJQDO ZLOO DUULYH LQ VRPH PL[HG VWDWH |D�
,Q WKDW FDVH� LW LV DV LI $OLFH ZHUH XVLQJ DQ HQVHPEOH RI PL[HG VWDWHV WR VHQG
KHU PHVVDJH UDWKHU WKDQ DQ HQVHPEOH RI SXUH VWDWHV� 2XU WKHRUHP GRHV QRW
DSSO\ WR HQVHPEOHV RI PL[HG VWDWHV� EXW LW VXJJHVWV WKH IROORZLQJ FRQMHFWXUH
FRQFHUQLQJ WKLV FDVH�
/HW $OLFH EH JLYHQ DQ HQVHPEOH ( RI OHWWHU VWDWHV |D ZLWK D SULRUL SURE�

DELOLWLHV SD� DQG OHW | EH WKH WKH GHQVLW\ PDWUL[ RI WKH ZKROH HQVHPEOH�
|  

3
D SD|D� :H FRQMHFWXUH WKDW WKH DPRXQW RI LQIRUPDWLRQ $OLFH FDQ FRQYH\

SHU OHWWHU FDQ EH PDGH DUELWUDULO\ FORVH WR WKH TXDQWLW\ � GHnQHG E\

�  +�|�b;
D

SD+�|D�� ����

1RWH WKDW � LV WKH XSSHU ERXQG WKDW DSSHDUV LQ WKH JHQHUDO IRUP ��� RI WKH
.KROHYR WKHRUHP�
7R DUJXH IRU WKLV FRQMHFWXUH� LW LV KHOSIXO WR FRQVLGHU WZR GLmHUHQW HQVHP�

EOHV� WKH HQVHPEOH ( RI PL[HG VWDWHV WKDW $OLFH LV JLYHQ� DQG WKH HQVHPEOH
( � FRQVLVWLQJ RI DOO WKH HLJHQVWDWHV M D� ML RI WKH GHQVLW\ PDWULFHV |D� 7KH D

��



SULRUL SUREDELOLW\ RI WKH VWDWH M D� ML LQ ( � LV SDTDM� ZKHUH TDM LV WKH HLJHQYDOXH
RI |D FRUUHVSRQGLQJ WR M D� ML� ,Q RWKHU ZRUGV� ( � LV D UHnQHPHQW RI ( � LQ ZKLFK
HDFK PL[HG VWDWH LV UHSODFHG E\ LWV SXUH HLJHQVWDWHV�
&RQVLGHU QRZ D UDQGRP FRGH FRQVWUXFWHG IURP WKH RULJLQDO PL[HG�VWDWH

HQVHPEOH ( � 7KLV FRGH FRUUHVSRQGV WR D VSHFLnF FRGH FRQVWUXFWHG IURP ( �� LQ
SODFH RI HDFK (�FRGHZRUG� VXEVWLWXWH WKH VHW RI DOO FRUUHVSRQGLQJ ( ��FRGHZRUGV
�LQ ZKLFK HDFK |D LV UHSODFHG E\ RQH RI LWV HLJHQVWDWHV�� ZLWK SUREDELOLWLHV
GHWHUPLQHG E\ WKH HLJHQYDOXHV� 7KHUH LV QR SK\VLFDO GLmHUHQFH EHWZHHQ WKHVH
WZR FRGHV DV UHJDUGV WKH VHW RI SRVVLEOH WUDQVPLVVLRQV� :KDW LV GLmHUHQW LQ
WKH ( ��FRGH LV WKDW $OLFH NQRZV ZKLFK SXUH VWDWH VKH VHQGV�
/HW XV VXSSRVH IRU QRZ WKDW RXU PDLQ WKHRUHP DSSOLHV WR ( ��FRGHV FRQ�

VWUXFWHG LQ WKLV ZD\� 7KDW LV� LI $OLFH KDG WKH DELOLW\ WR NQRZ ZKLFK SXUH
VLJQDO VKH ZDV VHQGLQJ� WKHQ VKH FRXOG FRQYH\ XS WR +�|� ELWV SHU OHWWHU XVLQJ
D W\SLFDO ( ��FRGH FRQVWUXFWHG DV DERYH� ,QFOXGHG LQ WKLV LQIRUPDWLRQ� KRZHYHU�
LV WKH LQIRUPDWLRQ WKDW %RE ZRXOG REWDLQ DERXW ZKLFK VSHFLnF HLJHQVWDWHV
ZHUH XVHG� ,Q DFWXDOLW\� $OLFH NQRZV RQO\ WKH PL[HG (�FRGHZRUG� VR WKDW WKH
LQIRUPDWLRQ %RE REWDLQV DERXW ZKLFK HLJHQVWDWHV ZHUH XVHG LV LUUHOHYDQW WR
$OLFH
V PHVVDJH� 1RZ� WKH DPRXQW RI LQIRUPDWLRQ %RE FRXOG KDYH REWDLQHG
SHU OHWWHU DERXW WKHVH HLJHQVWDWHV LV WKH DYHUDJH HQWURS\ RI WKH PL[HG VLJQDO
VWDWHV |D� WKDW LV�

3
D SD+�|D�� 7KXV� IURP WKH DGGLWLYLW\ RI LQIRUPDWLRQ LW

IROORZV WKDW WKH DPRXQW RI LQIRUPDWLRQ %RE DFWXDOO\ REWDLQV DERXW ZKLFK
(�FRGHZRUG $OLFH VHQW FDQ EH PDGH DUELWUDULO\ FORVH WR

+�|�b;
D

SD+�|D�� ����

ZKLFK LV ZKDW ZH ZDQWHG WR VKRZ�
8QIRUWXQDWHO\ RXU WKHRUHP DV LW VWDQGV GRHV QRW DSSO\ WR WKH ( ��FRGHV

EHFDXVH RI WKH ODFN RI VWULFW LQGHSHQGHQFH DPRQJ WKH FRGHZRUGV� +RZHYHU� LW
LV SODXVLEOH WKDW D PRGLnHG DUJXPHQW FRXOG DFFRXQW IRU WKLV FDVH DQG WKHUHE\
SURYH WKH FRQMHFWXUH�

� &RQFOXVLRQ

:H KDYH VKRZQ WKDW WKH YRQ 1HXPDQQ HQWURS\ +�|� RI DQ HQVHPEOH RI SXUH
TXDQWXP VWDWHV LV HTXDO WR WKH FDSDFLW\ RI D TXDQWXP FKDQQHO WR WUDQV�
PLW FODVVLFDO LQIRUPDWLRQ ZKHUH WKH TXDQWXP FKDQQHO WUDQVPLWV WKH VWDWHV

��



ZLWK WKHLU JLYHQ D SULRUL SUREDELOLWLHV� 7KLV FRQFOXVLRQ KROGV LQ VSLWH RI
WKH IDFW WKDW IRU DOO QRQ�RUWKRJRQDO HQVHPEOHV� WKH DPRXQW RI LQIRUPDWLRQ
RQH FDQ REWDLQ E\ D PHDVXUHPHQW RQ D VLQJOH V\VWHP LV VWULFWO\ OHVV WKDQ
+�|�>�@� 2QH DFKLHYHV WKH LQFUHDVHG FDSDFLW\ E\ KDYLQJ WKH UHFHLYHU GLVFULP�
LQDWH DPRQJ ZKROH FRGHZRUGV UDWKHU WKDQ WU\LQJ WR GLVWLQJXLVK WKH LQGLYLGXDO
VLJQDO VWDWHV�
&RQVLGHULQJ WKH LPSRUWDQFH RI HQWURS\ LQ RWKHU FRQWH[WV� LW LV VDWLVI\LQJ

WKDW LQ WKLV FRPPXQLFDWLRQ SUREOHP WKH HQWURS\ WXUQV RXW WR EH WKH DFWXDO
FKDQQHO FDSDFLW\� DQG QRW PHUHO\ DQ XSSHU ERXQG�
5�-� DFNQRZOHGJHV VXSSRUW RI WKH /HYHUKXOPH 7UXVW DQG WKH 5R\DO 6RFLHW\�

/RQGRQ�
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