
&RUUHFWLRQ WR 7KUHH�YDOXHG GHULYHG ORJLFV IRU FODVVLFDO SKDVH VSDFHV

0LFKDHO '� :HVWPRUHODQG

'HSDUWPHQW RI 0DWKHPDWLFV� 'HQLVRQ 8QLYHUVLW\� *UDQYLOOH� 2KLR �����

%HQMDPLQ :� 6FKXPDFKHU

'HSDUWPHQW RI 3K\VLFV� .HQ\RQ &ROOHJH� *DPELHU� 2KLR �����

'HnQLWLRQ �� )RU D VHW 3L LQ WKH WRSRORJLFDO VSDFH ;� ZH GHnQH WKH SURSR�

VLWLRQ FRUUHVSRQGLQJ WR 3L �GHQRWHG E\ 3 � WR EH WKH HTXLYDOHQFH FODVV

>3L@ GHnQHG E\ WKH HTXLYDOHQFH UHODWLRQ RI KDYLQJ WKH LQWHULRU DQG WKH

VDPH ERXQGDU\ DV 3L� ,�H�� 3M z 3L �DQG VR 3M � >3L@  3 � LI DQG

RQO\ LI LQW3M  LQW3L DQG #3M  #3L�

7KH YHULnFDWLRQ WKDW WKH FRQGLWLRQ ?VDPH LQWHULRU DQG VDPH ERXQGDU\ DV�

JLYHV DQ HTXLYDOHQFH UHODWLRQ LV VWUDLJKWIRUZDUG� 8QIRUWXQDWHO\� WKLV GHnQLWLRQ

GRHV QRW DOORZ IRU GHnQLWLRQV RI FRQQHFWLYHV LQ WHUPV RI VHW RSHUDWLRQV DV LV WKH

FDVH IRU RWKHU GHULYHG ORJLFV IRU FODVVLFDO V\VWHPV ZKLFK KDYH EHHQ SUHYLRXVO\

GHVFULEHG� 7KLV VLWXDWLRQ LV UHPHGLHG E\ WKH IROORZLQJ WZR GHnQLWLRQV DQG

UHVXOW� WKHVH SURYLGH D XVHIXO FKDUDFWHUL]DWLRQ RI DOPRVW DOO �WKLV UHVWULFWLRQ

ZLOO EH PDGH FOHDU E\ 'HnQLWLRQ ��� RI WKH HTXLYDOHQFH FODVVHV�
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'HnQLWLRQ �� /HW 6 EH D VHW LQ WKH WRSRORJLFDO VSDFH ;� 7KHQ D SRLQW \ LQ

WKH ERXQGDU\ RI 6 LV D UHFUHDQW SRLQW LI DQG RQO\ LI \ LV QRW DQ DGKHUHQW

SRLQW RI 6 DQG HYHU\ QHLJKERUKRRG RI \ FRQWDLQV D SRLQW RI WKH LQWHULRU

RI 6F� 7KH VHW RI DOO WKH UHFUHDQW SRLQWV RI 6 LV GHQRWHG E\ UFW6�

'HnQLWLRQ �� /HW 6 EH D VHW LQ WKH WRSRORJLFDO VSDFH ;� 7KHQ D SRLQW \

LQ WKH ERXQGDU\ RI 6 LV D SHQXPEUDO SRLQW LI DQG RQO\ LI \ LV QRW DQ

DGKHUHQW SRLQW RI 6 DQG WKHUH H[LVWV D QHLJKERUKRRG 8 RI \ VXFK WKDW

LQW �6FDS8�  � DQG LQW �6FFDS8�  �� 7KH VHW RI DOO SHQXPEUDO

SRLQWV RI 6 LV GHQRWHG E\ SQPE�6��

7KHRUHP �� 7KH ERXQGDU\ RI D VHW 6 LV WKH GLVMRLQW XQLRQ RI WKH DGKHU�

HQW� UHFUHDQW� DQG SHQXPEUDO SRLQWV RI 6� L�H��

#6  DGK�6� > UFW�6� > SQPE�6�

DQG DGK�6� ? UFW�6�  UFW�6� ? SQPE�6�  DGK�6� ? SQPE�6�  ��

3URRI� %\ WKH GHnQLWLRQV� WKH VHWV DGK�6� DQG UFW�6� DUH GLVMRLQW� ,I

[ � DGK�6� WKHQ HDFK QHLJKERUKRRG RI [ KDV D QRQHPSW\ LQWHUVHFWLRQ ZLWK

LQW6� 6R� IRU HYHU\ QHLJKERUKRRG 8 RI [ ZH KDYH

LQW6 ? 8  LQW6 ? LQW8  

LQW6 ? 8 � ��

WKXV [  � SQPE�6� KHQFH DGK�6� ? SQPE�6�  �� 6LPLODUO\� LI [ � UFW�6�

WKHQ HYHU\ QHLJKERUKRRG RI [ KDV D QRQHPSW\ LQWHUVHFWLRQ ZLWK LQW6F� 6R�

IRU HYHU\ QHLJKERUKRRG 8 RI [ ZH KDYH

LQW6F ? 8  LQW6F ? LQW8  
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LQW6F ? 8 � ��

WKXV [  � SQPE�6� KHQFH UFW�6� ? SQPE�6�  ��

7KDW DGK�6� > UFW�6� > SQPE�6� t #6 IROORZV GLUHFWO\ IURP WKH GHn�

QLWLRQV� WKXV� ZH QHHG RQO\ WR SURYH WKH UHYHUVH FRQWDLQPHQW� $VVXPH WKDW

[ � #6 EXW [  � DGK�6�� 7KXV� WKHUH H[LVWV D QHLJKERUKRRG RI 8 RI [ VXFK WKDW

8 ? LQW6  HPSW\VHW� $V [ � #6� HYHU\ QHLJKERUKRRG RI [ KDV D QRQHPSW\

LQWHUVHFWLRQ ZLWK 6F� (LWKHU� HYHU\ QHLJKERUKRRG RI [ PXVW LQWHUVHFW LQW6F

RU WKHUH LV D QHLJKERUKRRG 9 RI [ VXFK WKDW 9 ? LQW6F  �� ,I WKH IRUPHU

FRQGLWLRQ KROGV� [ � UFW�6�� ,I WKH ODWWHU FRQGLWLRQ KROGV WKHQ:  �8 ?9 �

LV D QHLJKERUKRRG RI [ VXFK WKDW: ? LQW6  � DQG: ? LQW6&  �� 7KXV�

[ � SQPE�6�� 7KXV� #6 t DGK�6� > UFW�6� > SQPE�6� DQG HTXDOLW\ QRZ

IROORZV� (

7KHRUHP �� )RU VHWV 6L� 6M� VXFK WKDW SQPE�6L�  �  SQPE�6M� WKH

FRQGLWLRQ >LQW �6L� > UFW�6L�@  >LQW �6M� > UFW�6M�@ LV HTXLYDOHQW WR WKH

FRQGLWLRQ WKDW LQW �6L�  LQW �6M� DQG #6L  #6M�

3URRI� 6XSSRVH WKDW >LQW �6L� > UFW�6L�@  >LQW �6M� > UFW�6M�@ DQG OHW

[ � LQW �6L�� :H ZLVK WR VKRZ WKDW [ � LQW �6M�� $V WKH LQWHULRU RI D VHW

DQG LWV ERXQGDU\ DUH GLVMRLQW VHWV� LW LV WKH FDVH WKDW HLWKHU [ � LQW �6M� RU

[ � UFW�6M�� EXW QRW ERWK� $VVXPH WKDW [ � UFW�6M�� WKH FRQWUDGLFWLRQ ZH

REWDLQ SURYHV WKDW [ � LQW �6M��

%\ GHnQLWLRQ� WKHUH H[LVW QHLJKERUKRRGV 1[L RI [ VXFK WKDW 1[L t LQW6L

DQG 1[M RI [ VXFK WKDW 1[M ? LQW6F
M � �� $V [ � 1[L ? 1[M ZH NQRZ

WKDW 1[L ? 1[M � �� $OVR� VLQFH 1[L ? 1[M LV D QHLJKERUKRRG RI [ DQG

[ LV D UHFUHDQW SRLQW RI 6M ZH NQRZ WKDW �1[L ? 1[M� ? LQW6F
M � �� $V

HYHU\ VHW DSSHDULQJ LQ �1[L ? 1[M� ? LQW6F
M LV RSHQ� ZH KDYH WKDW WKH VHW
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8  �1[L ? 1[M� ? LQW6F
M LV DQ RSHQ VHW� :H QRWH WKDW 8 t LQW �6L�

DQG WKDW 8 t LQW �6F
M�� 7KXV� HYHU\ SRLQW RI 8 LV LQ LQW �6L� DQG VR LV QRW

LQ UFW�6L�� $OVR� HYHU\ SRLQW RI 8 LV LQ LQW �6F
M� DQG VR LV QRW LQ LQW �6M� DQG

LV QRW LQ #�6M�� LQ SDUWLFXODU� QR SRLQW RI 8 LQ UFW�6M�� 7KXV� WKHUH LV VRPH

SRLQW X � 8 VXFK WKDW X � �LQW �6L� > UFW�6L�� DQG X  � �LQW �6M� > UFW�6M���

7KLV FRQWUDGLFWLRQ RI RXU DVVXPSWLRQ SURYHV WKDW [ � LQW �6M�� $V [ LV DQ

DUELWUDU\ HOHPHQW RI LQW �6L�� ZH KDYH VKRZQ WKDW LQW �6L� t LQW �6M�� $

V\PPHWULF DUJXPHQW SURYHV WKDW LQW �6M� t LQW �6L�� 7KXV ZH KDYH WKDW

LQW �6L�  LQW �6M��

$V WKH LQWHULRU RI D VHW DQG LWV ERXQGDU\ DUH GLVMRLQW WKLV UHVXOW DOVR

\LHOGV WKH IDFW WKDW >LQW �6L� > UFW�6L�@  >LQW �6M� > UFW�6M�@ LPSOLHV WKDW

UFW�6L�  UFW�6M�� 2XU UHVXOW WRJHWKHU ZLWK 7KHRUHP ,,,�� RI >"@ DOVR LPSOLHV

WKDW DGK�6L�  DGK�6M�� 7KDW #6L  #6M QRZ IROORZV E\ 7KHRUHP � DQG

WKH FRQGLWLRQ WKDW SQPE�6L�  �  SQPE�6M��

:H QRZ SURYH WKH FRQYHUVH� LQW �6L�  LQW �6M� DQG #6L  #6M LPSOLHV

WKDW >LQW �6L� > UFW�6L�@  >LQW �6M� > UFW�6M�@� $V SQPE�6L�  �  SQPE�6M�

DQG #6L  #6M ZH RQO\ QHHG WR VKRZ WKDW DGK�6L�  DGK�6M� VLQFH 7KHRUHP

�� WKHQ LPSOLHV WKDW UFW�6L�  UFW�6M� DQG VR WKH UHVXOW ZLOO IROORZ� $VVXPH

WKDW WKHUH LV D SRLQW [ VXFK WKDW [ � DGK�6L� EXW [  � DGK�6M�� $V [  � 6M ZH

FRQFOXGH WKDW WKHUH LV D QHLJKERUKRRG 8 RI [ VXFK WKDW 8 ? LQW6M  �� $V

LQW �6L�  LQW �6M� ZH WKHQ FRQFOXGH WKDW 8 ?LQW6L  � VR [  � DGK�6L� ZKLFK

FRQWUDGLFWV WKH DVVXPSWLRQ DERXW [� 7KXV DGK�6L� t DGK�6M�� D V\PPHWULF

DUJXPHQW VKRZV WKDW DGK�6M� t DGK�6L� DQG VR DGK�6L�  DGK�6M� (

7KH FRQGLWLRQ SODFHG RQ WKH SHQXPEUDO SRLQWV LQ 7KHRUHP �� PRWLYDWHV

WKH IROORZLQJ GHnQLWLRQ�

'HnQLWLRQ �� $ SURSRVLWLRQ 3 LV VDLG WR EH SURSHU LI DQG RQO\ LI SQPE�3L�  
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� IRU HYHU\ HOHPHQW 3L RI 3 ��
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