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Multi-stack Machine

1. Formal Description
M:(Q! 1 ’a’qanO'Ek)

where:
Q - Set of states,
)y - Input Alphabet,
r - Stack Alphabet,
0 - Transition function,
do - Start state,
Zo - End of stack symbol,
F - Set of final states,
k - Number of stacks,

The transition function is:
0(q, a, X, X2,..., %) = (P, Wi, Y2,-.-,Yk)

where:
q - Current state,
a - Current input,
Xi - Symbol on top of stack i,
p - New state,
Vi - New symbol on top of stack i,

2. Chomsky Hierarchy

Depending on the number of stacks, a multi-stack machmeecagnize different
languages.

* O-stack machine & FSA < Accepts Regular Languages.

 1-stack machine <~ PDA< Accepts Context-Free Languages.

» 2 or more stack machine TM < Accepts Recursive Enumerable Languages.

Theorem 1 (Theorem 8.13—page 349):

If a languagd. is accepted by a Turing Machine, tHeis accepted by a 2-stack
machine.

Theorem 2 (Theorem 8.9—page 338):

Every language accepted by a multi-tape Turing Machine igrRieely
Enumerable.



Theorem 3:

If languagel is accepted by k-stack machine, thenis also accepted bykatape
Turing Machine.

Proof: Take ak-stack machine, and simulate each stack as a separatsmtape
Turing Machine. The alphabet of each tape is the statiabét of the multi-stack
machine. The idea is that the cursor on each tapgoeuiit to the rightmost
element on the tape, thus simulating the fact thkestack machine can look at
only the topmost element on each stack. If the stachime:

* pushes elemermton stack, then the TM will move cursarto the right
(R), writea, move R, then move L. Thus the cursor is on the new
elementa.

* pops elemend from stacki, then the TM will write a blank (B) and
move cursof to the L. However, i = Z; (i.e. the element popped is the
end of stack marker), then the TM does not do anything.

By using this conversion, any language accepted bk-sit@ck machine, will be
accepted by thk-tape TM.

Theorem 4:

If languagel is accepted by kstack machine, thenis also accepted by a
2-stack machine.

Proof: The languagé accepted bi-stack machine, will be accepted bi-tape
Turing Machine, by Theorem 3. Sojs accepted by a single tape Turing
Machine, by Theorem 2. And al&ais accepted by a 2-stack machine, by
Theorem 1.
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The 0-stack machine is equivalent (i.e. accepts the sangadges and not more) to
the Finite State Automata, the 1-stack machine is equivedehe Push Down
Automata, and the 2 or more stack machine is equivaléghetTuring Machine, as
proved above.



3. Multi-Stack Algorithm

The multi-stack machine can be considered an algorithcaulse it can simulate a
sequence of steps that always finishes and producesvaerafer example a
multi-stack machine can compute subtractions and give @itdednswer. Consider

_ m-n, if m>n _ :
the function:f = _using unary notation.
0, otherwise

Answer:
M = ({do, 1, &b, &, Oy G, G}, {0, 1}, {0, 1, Zo}, 0, 0, Zo, {1}, 2)
Whereo is:
* Pushing string on stack 1
0 (G, 0, X, X) - {(go, OX, X) }
0 (%o, 1, X, X) - {(do, 1X, X) }
0 (0, » X, X) - {(qs, X, X) }

* Flip Everything
0 (qu, A, 0, X) - { (g1, X, 0X) }
0 (aqu, A, 1, X) - { (g1, X, 1X) }
0 (i, A, Zo, X) - {(d2, Zo, X) }

e See f0"
0 (g A, X, 0) - {(gs X, €) }
0 (0, A, X, 0) - {(gs, 0X,€) }
0(0 A, X, 1) - {(gs, 1X,€) }
0 (B, A, X, Zo) > {(qa, X, Zo) }

« Pop 20
0 (G A, 0, X) - {(q, T, X) }
0(m A, LX) {(gr, 0, X) } *FINAL

e Ifn m
0 (kA X 1) - {(gs5 X, ) }
0 (g A, X, 0) - {(gs, X, &) }
0 (0, A, X, Zo) - {(dr, X, Zo) }  *FINAL

4. Examples

KEY: A - means no input
€ - means pop the stack
X - means any stack element
g - means final state



a) L={ww"|wisin{a, b}}
This language is an example of a Context Free Languageuhaulti-stack
machine can solve deterministically.

M = ({do G, B, B, Gk, G, G, O}, {@, b}, {a, b, Z}, 9, o, Zo, {a1}, 2)

* Pushing string on stack 1
a (qO! a, x1 %) - { (qO, aX, Z)) }
a (qO! b’ X’ ZO) - {(q01 bX, ZO) }

* Done pushing everything on stack 1
0 (0o, A, X, X) = {(q1, X, X) }

e See “a” on Stack 1, then POP it
0 (g, A, a X) - {(qs & X) }

* Push everything on stack 2
0 (0 A, & X) - {(gs & ax) }
0 (g A, b, X) — {(ds, & bX) }

* Done pushing on stack 2
0 (03, A, Zo, X) - { (a4, Zo, X) }

e See “a” on Stack 2, then POP it
0 (04, A, Zo, @) - { (05, Zo, €) }

* Push everything back to Stack 1
0 (G A, X, @) - {(gs, aX,€) }
0 (G, A, X, b) —» {(gs, bX, €) }

* Done pushing. Go back tq q
0 (05 A, X, Zo) - { (g1, X, Z0) }

e See “b" on Stack 1, then POP it
0 (A, b, X) - {(d2 & X) }

* Push everything on stack 2
0 (0 A, & X) - {(92 & ax) }
0 (%, A, b, X) — { (02 & bX) }

* Done pushing on stack 2
0 (0 A, Zo, X) - {(de Zo, X) }

e See “b" on Stack 2, then POP it



0 (06 Ay Zo, b) - { (a5, Zo, €) }

Push everything back to Stack 1
0 (G A, X, @) - { (g5, aX,€) }
0 (G, A, X, b) — {(gs, bX, €) }

Done pushing. Go back ta q
0 (0 A, X, Zo) - { (a1, X, Zo) }

Going to Final state
0 (0, A, Zo, X) - {(dr, 0, X)}  *FINAL
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b) L={00(0+1)*}
This is an example of a Regular Language.

M = ({do. &, &}, {0, 1}, {Zo}, 9, O, Zo, {q1}, 2)

0 (Qo, 0, %, Zo) — { (q1, Zo, Zo) }

0 (01, 0,%, Zo) - {(arn, Zo,Z0)}  *FINAL
0(or 0, 2%, Z0) - {(ar, Zo,Zo)}  *FINAL
0(or 1, %, 2Z0) - {(ar, Zo,Zo)}  *FINAL



0, Zo/Zo, Zol Zo
1, 2o/Zo, Zol Zo

>@ 0, Zo/Zo, Zol Zo =@ 0, Zo/Zo, Zol Zo >

c) L={a'blc*|i=jorj=kori=k}
This is an example of a Non-Context Free Language ¢aismg a 3-stack Machine.

M= ({do, % % Gs G . G, G, {2, b, ¢}, {a, b, ¢, 8}, 0, &b, Zo, {a}, 3)

Push “a” on stack 1
9 (0o, @, X, X, X) - {(go, aX, X, X) }

Push “b” on stack 2

0 (qo, b, X, X, X) - {(q1, X, bX, X)}
0 (i, b, X, X, X) - { (g1, X, bX, X) }
Push “c” on stack 3

a (ql, C, X, X, X) - {(q21 X, X! CX) }
0 (ks €, X, X, X) > { (92, X, X, cX) }

Done Pushing
0 (% A, X, X, X) - {(qs, X, X, X) }

Start Popping all three stacks simultaneously
0(0s A a b c)- {(as € €€}

0(0s A a, b, 2) —~{(qs a,b, 2)}
0 (0, A, Zo, Zo, €) — {(af, Zo, Zo,C) } *FINAL
0 (g, A, Zo, b, ¢) > {(qs, Zo, b,C) }
0(0 A, a %, 2) - {1 a, % Z)} *FINAL
0 (B A, &, %, C) - {(ds, A, %,0) }
0 (0 A, Zo, b, Z0) - { (a1, Zo, b, Z) } *FINAL

0 (A a b, 2) - {(qs0¢ Z)}

0 (0, A, Zo, Zo, Zo) — { (A1, Zo, Zo, Zo) }  *FINAL
0 (0s, A, Zo, b, ¢) - { (05, Zo, €,€) }

0 (05, A, Zo, Zo, Zo) ~ { (A1, Zo, Zo, Zo) }  *FINAL
0 (% A, @, %, C) - {(de, U, Zo, €) }

0 (06, A, Zo, Zo, Zo) — { (A1, Zo, Zo, Zo) }  *FINAL



a. X/aX. XIX. XIX b. X/X. X/bX. X/X c. XIX. XIX. XlcX

b. XIX. XIbX. XIX [\ e XIX. XIX. X/eX -

Qo V\Q_l/ » O

A XIX. XIX. XIX

A. ak. bl. cle O3
Al 20/201 ZO/ZO1 C/C

A, ZolZo, blb, 4/Z¢
A, a/a, Z/Zo, Z()/Zo

A, ala, blb, dZ, , ala, 4lZ, clc

A, ak, ble, Zo/Z, A, ZolZo, bk, cle

y
ONNENC

A, ZolZo, ZolZo, ZolZ,

A, ak, Z()/Zo, clk

A, ZolZo, ZolZo, ZolZg

N, ZolZo, ZolZo, ZolZ,

5. Non-deterministic vs. deterministic machines

Every non-deterministic multi-stack machiii can be converted to a deterministic
multi-stack machin®p by using the following constructioMp will have 2 pairs of
stacks, where each pair simulates a tape. The firssipaulates a queue which stores
the sequence of IDs My that need to be processed, while the second pair is used for
scratch work. At the beginning of executidfp will have the starting ID ofly in the
queue. AlsoMp will have a mark at the current ID that it is lookirtg a

To process the current IMp does the following:



1. Mp examines the state and the scanned symbol of the cibrdBiilt into
the finite control oMp is the knowledge of what choices of mdwg has
for each state and symbol. If the state in the culi2ig accepting, then
Mp accepts and simulat®&sy no further.

2. Howeuver, if the state is not accepting and the statéssl combination
hask moves, theiMp uses its second pair of stacks to copy the ID and
then makek copies of that ID at the end of the sequence of IDhefirst
pair of stacks.

3. Mp modifies each of thodelDs according to a different one lbthoices
of move thatMy has from its current ID.

4. Mp returns to the mark, current ID, erases the mark, aneéesrthe mark
to the next ID to the right. The cycle then repeath atiep 1.

Since a non-deterministic 0-stack machine is equivalemtNBSA and NFSAs are
equivalent to DFSAs, then non-deterministic O-stack nmeshare as powerful as
deterministic O-stack machines.

Since a non-deterministic 1-stack machine is equivalemtNBDA and NPDAs are
more powerful than DPDAs, then non-deterministic Tistaachines are more
powerful than deterministic 1-stack machines.

Since a non-deterministic 2 or more-stack machine is elguivep a deterministic 4-
stack machine, then non-deterministic 2 or more-stack machmeeas powerful as
deterministic 4-stack machines.

. Quiz questions

a) Lwew
Create a multi-stack machine that recognizes the Nome®bFRree
Languagd.,., = fwew [wO L{(0+1)" )}

by L={a"b"c"|n21}
Create a machine that recognizes this language. This is-&blatext Free
Language.

. Answers to quiz questions

KEY: A - means no input
€ - means pop the stack
X - means any stack element
g - means final state

a) Lwow
M = ({do, G, %, G G &, G, G}, {0, 1, ¢}, {0, 1, Z}, 0, b, Zo, {at}, 2)
* Push everything on stack 1

0 (0o, 1, X, Z) - {(qo, 1X, Z) }
0 (%o, 0, X, Z) - {(qo, OX, Z) }



0 (o, A, X, X) - {(q1, X, X) }

If see “0” on stack 1
0 (A0, X) - {(ds & X) }

Push everything on stack 2 until we see a “c”
0 (o A, 0, X) - {(ds, € 0X) }
00 A LX) - {(as & 1X) }
0 (03, A, ¢, X) - { (04 & cX) }

Saw “c”, so check if next letter is a “0”
0 (g A, 0, X) - {(gs & X) }

Pushing everything back to stack 1
0 (05, A, X, €) - {(gs cX,€) }

0 (05 A, X, 0) - {(gs, 0X,€) }

0 (05 A, X, 1) - {(gs, 1X,€) }

0 (0 A, X, Zo) - {(gu, X, Zo) }

If see “1” on stack 1
0@ A LX) - {(d2¢g X) }

Push everything on stack 2 until we see a “c”
0 (% A, 0, X) - {(d2 € 0X) }
0 (A LX) - {(az2 & 1X) }
0 (0 A, ¢, X) - {(ge € CX) }

Saw “c”, so check if next letter is a “1”
0 (G A, 1, X) - {(gs & X) }

Pushing everything back to stack 1
0 (05 A, X, €) - {(gs cX,€) }

0 (05 A, X, 0) - {(gs, 0X,€) }

0 (05 A X, 1) - {(gs, 1X,8) }

0 (0 A, X, Zo) - {(gu, X, Zo) }

Going to the final state
0(qu, A, c, X) - {(arn & X)} *FINAL
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by L={a"b"c"|n21}

M = ({do. i, %, &, G}, {@, b, ¢}, {a, b, ¢, 8}, 0, q, Zo, {qs}, 3)

Push “a” on stack 1
9 (0o, @, X, X, X) - {(go, aX, X, X) }

Push “b” on stack 2

0 (0o, b, X, X, X) - { (g, X, bX, X) }
0 (i, b, X, X, X) - { (g1, X, bX, X) }
Push “c” on stack 3

0 (0, ¢, X, X, X) - { (g2, X, X, cX) }
0 (% ¢, X, X, X) - { (g2, X, X, cX) }

Done Pushing
0 (% A, X, X, X) - {(qs, X, X, X) }

Start Popping all three stacks simultaneously
0(0s A a b c)- {(as € €€}

0 (08, A, Zo, Zo, Zo) — {(Q1, Zo, Zo, Zo)}  *FINAL
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